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Abstract
As deep neural networks (DNN) have the ability to model the distribution of
datasets as a low-dimensional manifold, we propose a method to extract the coordinate transformation that makes a dataset distribution invariant by sampling
DNNs using the replica exchange Monte-Carlo method. In addition, we demonstrate that the canonical transformation that makes the Hamiltonian invariant (a
necessary condition for Noether’s theorem) and the symmetry of the manifold
structure of the time series data of the dynamical system are related. By integrating this knowledge with the method described above, we propose a method to
estimate the conservation laws from the time-series data. Furthermore, we verified
the efficiency of the proposed methods in primitive cases.

1

Introduction

Recently, Deep Neural Networks(DNN) models with very high performance have been developed in the fields of image classification[21, 40, 41], time series recognition[46, 14, 23], image
generation[13, 20], and reinforcement learning[39, 24]. And many study applied the DNN to physical data analysis, such as phase estimation in spin system[31, 30, 4, 8, 7, 43, 37, 45, 48], gravity wave
detection[12, 11], pre-processing and classification of observed data of astrophysics[10], constructing the generative model[6, 9, 34, 33] or classification model[1, 32] of trajectory data of calorimeter
in particle collider, detection models of topological structure or anomalous were also constructed
for the trajectory data of calorimeter, estimate the mapping function of anti-de Sitter/conformal field
theory correspondence[15], or estimating the contraction model of time series data of non-linear
dynamics[25, 36, 42, 22]. These studies worked very well in terms of classification, regression or
data generation. However, few studies exist on the extraction of physical knowledge from these
DNNs, such as conservation laws or order parameters, to represent the system property, because it is
difficult to analyze the DNN, which is a non-linear mapping function containing many parameters.
Some studies attempted to extract physical knowledge from the DNN; however, they were limited to
the indirect analysis of the activation pattern of the hidden layer units of the DNN or the parameter
patterns under the linearly approximated[7, 43, 37].
Several studies[19, 16, 3, 2, 35, 26] have suggested that deep neural networks (DNNs) have the
ability to model the distribution of datasets as manifolds and embed the manifolds into a lowdimensional Euclidean space. From this perspective, the mapping function of a DNN is considered
as a representation of data manifolds. Studies that applied DNN to physics data employed the time
series data of the phase space composed of position and momentum[47, 25, 36, 42, 22] or the spin
system data of the configuration space[31, 30, 4, 8, 7, 43, 37, 45, 48]. In such a dataset, the manifold
structure (which implies that the system has a small degree of freedom) can be constructed by physical constraints, such as a conservation law. In other words, the manifold structure modeled by the
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DNN can represent the conservation law or order of the system. In addition, in physics, Noether’s
theorem connects the symmetry of the Hamiltonian and the conservation law. In this research, based
on the assumption that the symmetry of the Hamiltonian system and that possessed by the timeseries data of the dynamical system are related, we propose a method for estimating the symmetry
of the data manifold modeled by a deep auto encoder[17], and determine the conservation laws of
the system. We applied the proposed method to three datasets corresponding to the O(2), SO(2), and
T(1) symmetries. The datasets of the symmetries T(1) and SO(2) correspond to the time series data
of constant velocity linear motion and the central force potential dynamical system, respectively.
As a result, the proposed method correctly estimated the O(2), SO(2), and T(1) symmetries, and
directly realized the estimation of the conservation law of momentum and angular momentum from
the time series data.

2

DNN and the data manifold

A manifold is a space constructed by continuously pasting Euclidean spaces called a tangent space.
An approximate example of a manifold is the Earth’s surface. We consider the Earth’s surface as a
lamination of a map that is a two-dimensional Euclidean space. Some well-trained DNNs have the
ability to model a distribution of the training dataset as a manifold. In this paper, we refer to the
manifold modeling the data distribution by a DNN as “data manifold."
We explain how a DNN models manifolds, using one of the simplest DNN cases. Additionally, we use a three-layer DNN, for which the input is of din -dimension, hidden layer is of
dh (> din ) dimension, and output is of dout (< din )-dimension. The mapping function F(x) =
(F1 (x), F2 (x), · · · , Fdout (x)) of the DNN is defined as F(x) = wh h = wh f(win x), where
h = (h1 , h2 , · · · , hdh ) is the dh -dimensional
of the hidden layer. We define f(·) as
(∑ ( output
))
din
in
in
f(w x) = (f1 , f2 , · · · , fdh ), fj = f
wij xi , where f is called the activation function.
i
Usually, the sigmoid function or the ReLU function is used as the
activation function. These activation functions are constructed
using linear and flat domains. Based on these properties of the
activation function, fj maps the input sub-space related to the linear domain of the activation function to a one-dimensional space
to align the vector (w0j , w1j · · · , wdin j ). If there are pout number of fj s sharing the same input subspace, they define the pout
dimensional sub-hyper-plane. The DNN models the data distribution by continuously pasting these sub-hyper-planes as if they Figure 1: Embedding process
were tangent space of a manifold. In other words, the DNN embeds the input space in the output space by pasting the sub-hyperplanes and compresses the tangent direction of these sub-hyper-planes (Fig. 1).
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Noether’s theorem and a data manifold of time series data

Noether’s theorem connects the continuous symmetry of the Hamiltonian system and its conservation law[29]. Considering the Hamiltonian systems in 2-d dimensional phase space (q, p), let
the system’s Hamiltonian be H(q, p). Assuming that the Hamiltonian H(q, p) and the canonical
= −ṗ and ∂H(q,p)
= q̇, are invariant for infinitesimal
equations (equations of motion), ∂H(q,p)
∂q
∂p
transformation, (t′ , qj′ , p′j ) = (t + δt, qj + δqj , pj + δpj ), where j = 1 ∼ d. Then, based on
Noether’s theorem, the conserved value G satisfies the following equation:
(
)
∂Gδ
∂Gδ
(δqj , δpj ) =
,−
.
(1)
∂pj
∂qj
The invariant transformation of the Hamiltonian system is given as (Q(q, p), P(q, p))t = Â(θ) ·
(q, p)t + b̂(θ), where θ is a transformation parameter. By the Tailor expansion of Â(θ) and b̂(θ)
∂ b̂(θ)
about θ, the infinitesimal transformation is acquired as (δqj , δpj ) = ε ∂ Â(θ)
0 + ε ∂θ |θ=⃗
0,
∂θ |θ=⃗
where ε << 1, Â(θ = ⃗0) = I, and b̂(θ = ⃗0) = ⃗0. In the following, we consider only Â(θ) · (q, p)t
for simplicity; however, it is easy to extend the discussion to Â(θ) · (q, p)t + b̂(θ).
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Next, we explain the relation between such infinitesimal transformation and the time-series data of
the dynamical system in the phase space (q, p). The coordinate transformation Â(θ), which does
not change the Hamiltonian, satisfy the condition H ′ (q, p) := H(Â−1 (θ) · (q, p)) ≡ H(q, p) ⇔
∀(q, p), H ′ (q, p) = H(q, p) ⇔ ∀E, {q, p | H(q, p) = E} = {q, p | H ′ (q, p) = E} ⇔
∀E, {q, p | H(q, p) = E} = {Q, P | H(q, p) = E}, where we assume that Â(θ) is a regular matrix.
The energy E is discretized at infinitesimal intervals, where each discretized energy is defined as Ei .
We define Âi (θ i ), which satisfies {q, p | H(q, p) = Ei } = {Q, P | H(q, p) = Ei }. Then, invariant
∩
transformation Â(θ) = i Âi (θ i ). This shows that the invariance that holds for a certain energy Ei
is a candidate for the invariance of the whole system. In the same manner, by discretizing the time,
the transformation that does not change the equation of motion is satisfied by the following condi= − (p(t + ∆t) − p(t)) , ∂H(q(t),p(t))
=
tions: ∀(q(t), p(t)), {q(t + ∆t), p(t + ∆t) | ∂H(q(t),p)(t)
∂q(t)
∂p(t)
q(t + ∆t) − q(t)} = {Q(t + ∆t), P(t + ∆t) | ∂H(q(t),p)(t)
= − (p(t + ∆t) − p(t)) , ∂H(q(t),p(t))
=
∂q(t)
∂p(t)
q(t + ∆t) − q(t)}. Therefore, candidates for transformation that simultaneously make the equation of motion and the Hamiltonian invariant are obtained, which also satisfy the following conditions: {q(t + ∆t), p(t + ∆t), q(t), p(t) | ∂H(q(t),p)(t)
= − (p(t + ∆t) − p(t)) , H(q(t), p(t)) =
∂q(t)
∂H(q(t),p(t))
= q(t + ∆t) − q(t)} = {Q(t + ∆t), P(t + ∆t), Q(t), P(t) | H(q(t), p(t)) =
∂p(t)
∂H(q(t),p(t))
Ei ,
= − (p(t + ∆t) − p(t)) , ∂H(q(t),p(t))
= q(t + ∆t) − q(t)}. Thus, a transformation
∂q(t)
∂p(t)

Ei ,

candidate that makes the Hamiltonian and the equation of motion invariant is obtained as the coordinate transformation that creates the subspace S := {q(t+∆t), p(t+∆t), q(t), p(t) | ∂H(q(t),p)(t)
=
∂q(t)
− (p(t + ∆t) − p(t)) , H(q(t), p(t)) = Ei , ∂H(q(t),p(t))
= q(t+∆t)−q(t)}, which are all possible
∂p(t)
states of the dynamical system at Ei invariant. From observation or from computational simulation,
let there be finite time series data D that is a part of the subspace S. From D, we assume that the
subspace S can be approximated by the DNN as a manifold, in addition to assuming that the invariant transformation Â(θ) is estimated by the symmetry of the manifold as modeled by the DNN. The
conservation laws obtained based on this assumption can easily be verified by confirming whether
the conserved value is invariant in the time-series data.

4
4.1

Method
Extracting the invariant transformation of a data manifold using the Monte Carlo
method

From the discussion in Sec. 2, data points that are not
on the manifold in the input space are attracted to the
manifold (Fig. 1). If the data points are attracted once
to the manifold in the hidden layer, they continue to
exist on the manifold in the output F(x). Based on
this DNN property, we proposed a method for extracting the symmetry of the data manifold using a deep
autoencoder[17]. The deep autoencoder is a model
that compresses the input space to a low-dimensional
Figure 2: The proposed method.
hidden layer, and uncompresses the layer to the output space at the same dimension as the input space. In
the uncompressing process, only the sub-space of the
input space around the data manifold is recovered because of the DNN property. Based on this property, we can evaluate whether the translated dataset
distribution {A′ (θ) · xi }N
i=1 is in the same sub-space of the data manifold or not (Fig. 2). Concretely, the evaluation is performed using the squared root error between the input distribution
∑N
2
of the dataset and its mapped distribution. Esamp (A(θ) =
i=1 [A(θ) · xi − F(A(θ) · xi )] .
A smaller Esamp value implies that A(θ) is a more invariant transformation. Using the criterion Esamp , we can estimate the invariant transformation Â(θ). The invariant transformation
is obtained by sampling the element ajk of matrix A(θ) following the probability distribution
P (a11 , a12 , a21 , · · · , app ) ∝ exp[− 2σ1 2 Esamp (a11 , a12 , a21 , · · · , app )], where p is a dimension of
the transformed space and σ is the standard deviation of the noise. To perform this sampling, we
3

need to specify σ; however, it is difficult to specify σ in advance. In addition, the target distributions
in this study are supposed to be the global flat local minimum, because the same Esamp surface exists following the invariant transformation. Generally, such target distribution is difficult to sample.
Therefore, as a sampling method[18] that could solve these problems, we used the replica-exchange
Monte Carlo method. It performs efficient sampling using parallel sampling with different noise
intensities of σ, while exchanging noise intensity with each other. The parameters of the sampling
method were set to be the same as in previous studies[28, 27].
4.2

Estimating the infinitesimal transformation of symmetry from the sampling result

Finally, from the sampling result in Sec.4.1, we propose a method for estimating the infinitesimaltransformation, which represents the invariance of the Hamiltonian and the equation of motion.
The continuous symmetry treated in Noether’s theorem forms a Lie group. Using the smooth parameter set θ = {θk }pk=1 , the representation of the Lie group is expressed as Aij (θ) = aij (θ). A vector
defined by the elements of this transformation matrix is defined as A′ (θ) = (a′1 (θ), · · · , a′d′ (θ)) =
(a11 (θ), · · · , a1d (θ), a21 (θ), · · · , a2d (θ), · · · , ad1 (θ), · · · , add (θ)), where d′ = d2 . Lie groups
correspond to p-dimensional differentiable manifolds and are constructed using the set of A′ (θ) with
different θ. The implicit function representation of this manifold is defined as f1 (a′1 , · · · , a′d′ ) =
0 ∧ f2 (a′1 , · · · , a′d′ ) = 0 ∧ · · · fp (a′1 , · · · , a′d′ ) = 0. What we wish to determine is the infinitesimal
{ transformation, which corresponds to the tangent space of the manifold at position
aij = 1 (i = j) ′
I′ =
. I is the representation of the unit matrix I in the A′ (θ) space. We
aij = 0 (i ̸= j)
estimate this tangent space from the sampling results obtained in Sec.4.1.
If the parameters of fk are defined as p parameters of subset A′ , (b1 , b2 , · · · , bp ) ⊂ A′ , the Jacobi
matrix of fk , Jkl =

∂fk (a′1 ,··· ,a′d′ )
,
∂bl

at I′ becomes non-singular. Then, based on the implicit function
′

−p
theorem, variables other than (b1 , b2 , · · · , bp ), {ck }dk=1
⊂ {A′ ∩{bl }pl=1 }, can be expressed as ck =
′
gi (b1 , · · · , bp ). If the Jacobian at I is non-singular, as the necessary conditions of this simultaneous
equations, the equations representing the manifold around I′ can be decomposed into the following
d′ − p simultaneous equations:
h1 (c1 , b1 , · · · , bp ) = 0 ∧ h2 (c2 , b1 , · · · , bp ) = 0 ∧ · · · ∧ hd′ −p (cd′ −p , b1 , · · · , bp ) = 0.
(2)

Differentiating these equations with respect to bl around point I′ yields d′ − p simultaneous partial
differential equations,
∂
∂
h1 (c1 , b1 , · · · , bp )|A′ =I′ = 0 ∧ · · · ∧
hd′ −p (cd′ −p , b1 , · · · , bp )|A′ =I′ = 0.
(3)
∂bl
∂bl
Solving this simultaneous partial differential equation gives the tangent vector of the manifold
around I′ , which is an infinitesimal transformation of the bl .
′

′

′

When L sampling results D = {a1l , a2l , · · · , adl′ }L
l=1 are obtained with the sampling method explained in Sec. 4.1, we can obtain the simultaneous equations Eq. (2) by the following procedure.
First, the upper limit of the dimension pmax of the manifold of the transformation is estimated using
Principal Component Analysis and the
elbow” method[44]. Second, we extract one variable set
(b1 , b2 , · · · , bp′ ), where p′ (≤ pmax ). Using orthogonal distance regression[5], we regress Dk ≡
l
l
l
′
{ck , bl1 , bl2 , · · · , blp′ }L
l=1 with an implicit polynomial function, f (ck , b1 , b2 , · · · , bp′ ; β, I, p ) =
∑n ∑n
∑n
ip′
i0 i1 i2
i0 =0
i1 =0 · · ·
ip′ =0 Ii0 i1 i2 ···ip′ βi0 i1 i2 ···ip′ ck b1 b2 · · · bp′ = 0, where β is the regression coefficients, and I is the indicator vector to determine whether the basis is selected or not. The indicator
vector I and the dimension of manifold p′ are determined using a model selection method, such as
the Bayesian information criterion(BIC)[38]. This gives the simultaneous equations Eq. (2). The
simultaneous differential equations are obtained from them. If the Jacobian matrix Jkl is singular,
the solution of this simultaneous equation diverges or becomes indefinite. In that case, the variable
set {bl1 , · · · , blp′ } is extracted again, and the same procedure is repeated.

5

Results and Discussion

We evaluate the proposed method using three cases: a) half sphere, b) two-dimensional center force
system, and c) one-dimensional constant velocity linear motion. Each model corresponded to O(2),
4

SO(2), or T(1) symmetry. The dataset of the case a) (shown in Fig. 2) was used for verification
of the symmetry extraction ability of the proposed method described in Sec. 4.1. The dataset
2
1
of case b) was generated according to the Hamiltonian: H = p2 + 10 |x|
to demonstrate that the
proposed method could estimate the angular momentum conservation law. The dataset of case c) was
2
generated based on H = p2 to demonstrate that the proposed method could estimate the momentum
conservation law. The data distribution space of b) and c) is (x(t + ∆t), p(t + ∆t), x(t), p(t)).
We
) the transformation
(
) (matrix A(θ),)leaving
(
)only the Euclidean space x active, such that
( limited
x1
a11 a21
x1
x′1
= A(θ)·
=
. Then, the transformation of the momentum
x′2
x2
a12 a22
x2
′
space was represented as p = A(θ) · p. As a result, there were only four parameters aij to be
sampled. In the case of b), it was not possible to transform one orbit to another with same energy
and different long axis radii using such transformation. Therefore, the time-series data with radius 1
circular motion was used. The sampling results of aij are indicated in Figs. 3,4, and 5 as black dots.
In all three cases, the dimensions of the manifold representing each Lie group was estimated to be 1
using PCA and the elbow” method. In the figures, the red curve represents the curve fitted by the
selected model based on BIC. The fitting results of the selected models are described as follows: a)
[a211 + 0.99a221 = 1, a211 + a212 = 1, a211 − a222 = 0, a221 − a212 = 0, a221 + a222 = 1, a212 + a222 = 1],
b) [a211 + 0.99a221 = 1, a211 + 0.98a212 = 1, a11 − a22 = 0, a21 + 0.99a12 = 0, a221 + 1.01a222 =
1.01, a212 + 1.02a222 = 1.02], c) [a − 0.0b = 1.0], where the significant digits are two decimal points.
Between the a) and b) cases, there were differences of the selected polynomial models in the a11 a22 and a21 -a12 spaces. The differences should represent that there is mirror symmetry. From these
fitting results, we could estimate the conservation laws. In the case of b), the simultaneous partial
differential equations Eq.(3), where bl = a12 , were
)
( obtained from the fitting results and solutions.
12
12
, 1, −1/0.99, −0.99a
⃗x =
We obtained the infinitesimal translation: δ⃗x = ε −0.98a
a11
a21
A=I

A=I

(0, ε, −1.01ε, 0)⃗x, δ⃗
p = δ(0, ε, −1.01ε, 0)⃗
p. By substituting this into Eq. (1) and solving for
it, the conserved value was estimated to be Gδ = 1.01ε(x1 p2 − x2 p1 ). This result represents
the conservation law of angular momentum. In the c) case, in the same manner, we obtained the
conservation law of momentum p.
The proposed method may have the potential to estimate the conservation laws of physical systems
for which it has been difficult to obtain the conservation law analytically, such as a Hamiltonian with
unknown symmetry and the symmetry of the effective Hamiltonian in a many-body system.

Figure 3: O(2) case

Figure 4: SO(2) case

Figure 5: T(1) case
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