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a(N) = (2N � 3)!!
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Wikipedia-DoubleFactorial

Cancer Genomics
• Model subtypes of cancer to help determine prognosis and 

treatment plans.  

• Hierarchical clustering is a common clustering approach for gene 

expression data. 

• Standard approach uses uses a greedy agglomerative or divisive 

heuristic to build a tree.

•Essentially every collision at the Large Hadron Collider at CERN has 

one or more jets (sprays of particles from quarks & gluons). 

•Jets originate from a showering process where an initial (unstable) 

particle goes through successive binary splittings, represented by a 

tree structure (hierarchical clustering).  

•Inverting this showering process is a common task in data analysis, 

i.e. to infer the underlying tree structure of a jet. 

•Current algorithms are greedy and based on heuristics.

[Stefan Hoche 1411.4085]

Jet

Challenge
• Number of clustering histories for N elements grows                   

super-exponentially

Hierarchical Cluster Trellis Algorithm

P (H|X) =
�(X|H)
Z(X)

with �(X|H) =
Y

XL,XR2siblings(H)

 (XL, XR)
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•Directed acyclic graph data structure for exact inference in hierarchical 

clustering. 

•Consider an energy-based probabilistic model.  

•Measure the compatibility of each pair of sibling nodes for dataset   , 

described by a potential function 

•Probability of hierarchical clustering  

 : 2X ⇥ 2X ! R+
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Z(X) =
X

H2H(X)

�(X|H)
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Partition Function

•Computed for every vertex in a 

bottom-up approach, 

memoizing the partial value at 

each vertex.

Maximum Likelihood Hierarchical Clustering

H
?(X) = argmax

H2H(X)P (H|X)
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Experiments
Jet Physics

•The trellis allows us to find 

the exact maximum 

likelihood, which improves 

on greedy and beam search 

baselines. 

• The trellis allows us to 

obtain the partition function.

Cranmer, Macaluso 
& Pappadopulo

Cancer Genomics

• Energy model as the sum of the positive edges from elements in one 

child to elements in the other one, minus the negative edges between 

two elements in the same child. 

•Prediction Analysis of Microarray 50 (pam50) gene expression dataset.
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• Also computed for every vertex in a bottom-up approach.

• We use simulated datasets from a toy generative model for 

jet physics, Ginkgo.  

• Ginkgo captures essential ingredients of generative models 

in full physics simulations and has a tractable likelihood.

Average difference in maximum likelihood 
computation over 5000 datasets.

https://en.wikipedia.org/wiki/Double_factorial
https://genome.unc.edu/
https://arxiv.org/abs/2002.11661
https://github.com/SebastianMacaluso/ToyJetsShower

