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Abstract
The Fourier Neural Operator (FNO) is a learning-based method for efficiently
simulating partial differential equations. We propose the Factorized Fourier Neural
Operator (F-FNO) that allows much better generalization with deeper networks.
With a careful combination of the Fourier factorization, a shared kernel integral
operator across all layers, the Markov property, and residual connections, F-FNOs
achieve a six-fold reduction in error on the most turbulent setting of the NavierStokes benchmark dataset. We show that our model maintains an error rate of 2%
while still running an order of magnitude faster than a numerical solver, even when
the problem setting is extended to include additional contexts such as viscosity and
time-varying forces. This enables the same pretrained neural network to model
vastly different conditions.
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Introduction

From modeling population dynamics to understanding the formation of stars, partial differential
equations (PDEs) permeate the world of science and engineering. For most real-world problems,
the lack of closed-form solutions requires computationally expensive numerical solvers, sometimes
consuming millions of core hours and terabytes of storage [2].
Deep learning architectures have come full circle, from initially replacing frequency-domain representations with learned features [1] to a resurgence of Fourier operators due to the O(n log n) time
complexity of the fast Fourier transform (FFT) and its ability to represent long-range dependencies.
Two notable examples are FNet [5] for representing semantic relationships in text classification
and the Fourier Neural Operator (FNO) [7, 8] for flow simulation. FNOs, in particular, have been
shown to approximate any continuous operator [4]. However, the original FNO architecture has not
taken advantage of the separable nature of Fourier transforms in space, more parsimonious neural
representations, and the neural network’s versatility to solve more general settings. We address these
limitations through the following three contributions:
1. We propose the Factorized Fourier Neural Operator (F-FNO) (Fig. 1), which uses a separable
Fourier representation and a shared kernel integral operator across all layers to reduce the
parameter count from 100M to 1M and enable the network to grow to 24 layers on a single GPU
(Fig. 3a).
2. For the Navier-Stokes equations on the torus, our approach outperforms the state of the art,
reducing the normalized mean squared error from 15.56% to 2.29% and maintaining an error
reduction of more than 80% even when predicting 10 steps ahead. (Fig. 2).
3. F-FNOs can take additional contexts as input (Fig. 4), allowing us to solve more general NavierStokes problems with different parameters without the need to retrain. On newly created data
with a range of viscosities and time-varying forces, F-FNOs maintain an error of 2% (Table 1).
Code and datasets are released on GitHub.1
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https://github.com/alasdairtran/fourierflow

Fourth Workshop on Machine Learning and the Physical Sciences (NeurIPS 2021).

Figure 1: The architecture of the Factorized Fourier Neural Operator (F-FNO). The iterative process
(Eq. (1)) is shown at the top, with a zoomed-in operator layer (Eq. (4)) at the bottom.
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The Factorized Fourier Neural Operator

Preliminaries We are interested in learning neural operators between infinite-dimensional function
spaces. We consider the 2D Navier-Stokes equations as the guiding example, in which the function
space Ω(D; R) consists of vorticity fields ωt ∈ Ω over a bounded spatial domain, i.e. ωt : D → R
with D ⊂ R2 . The operator G : Ω → Ω would then learn to map this field ωt at some time step t to
the next time step t + 1. Motivated by the kernel formulation of the solution to linear PDEs using
Green’s functions, Li et al. [6] propose an iterative approach to map ωt to ωt+1 ,
ωt+1 = G(ωt ) = (Q ◦ L(L) ◦ L(L−1) ◦ · · · ◦ L(1) ◦ P)(ωt ),

(1)

where ◦ indicates function composition, L is the number of layers/iterations, P is the lifting operator
(0)
that maps the input function ωt into the first latent representation zt , L(ℓ) is the ℓ’th non-linear
(L)
operator layer, and Q is the projection operator that maps the last latent representation zt to the
output function ωt+1 . Fig. 1 (top) contains a schematic diagram of this iterative process. Originally,
Li et al. [7] formulate each operator layer as




(ℓ)
(ℓ)
(ℓ)
L(ℓ) zt
= σ W (ℓ) zt + b(ℓ) + K(ℓ) (zt ) ,
(2)
(ℓ)

where σ : R → R is a point-wise non-linear activation function, W (ℓ) zt +b(ℓ) is an affine point-wise
map in the spatial domain, and K(ℓ) is a kernel integral operator using the Fourier transform,




(ℓ)
K(ℓ) zt
= IFFT R(ℓ) · FFT(zt )
(3)
Note that the frequency-domain weight matrices {R(ℓ) | ℓ ∈ {1, 2, . . . , L}} take up most of the
model size, requiring O(LH 2 M 2 ) parameters, where H is the hidden size and M is the number of
top modes being kept.
F-FNO We consider a more general setting in which the operator G maps the vorticity field ωt along
with some contexts such as the viscosity ν and the forcing function ft , i.e., ωt+1 = G(ωt | ν, ft ).
Furthermore, we design the following operator layer:


h
i
(ℓ)
(ℓ)
(ℓ)
(ℓ)
(ℓ) 
(ℓ) 
(ℓ)
L(ℓ) zt
= zt + σ W2 σ W1 K zt + b1 + b2
(4)
Note that we apply the residual connection after the non-linearity to allow an easier flow of gradients.
Our kernel integral operator is shared across all layers. We also factorize the Fourier transforms over
the two spatial dimensions, giving us



 

(ℓ)
(ℓ)
(ℓ)
K zt
= IFFT Rx · FFTx (zt ) + Ry · FFTy (zt )
(5)
Our approach uses two weight matrices, Rx and Ry , that together have only O(H 2 M ) parameters,
irrespective of the number of layers. Fig. 1 (bottom) gives the overview of an F-FNO operator layer.
We will show in the next section that the factorization and weight sharing in K, along with the residual
connection in L and other deep learning techniques, allow F-FNOs to vastly outperform the state of
the art.
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Figure 2: Performance (lower is better) of six model variants on TorusConst, with error bars
showing the min and max values over three trials. In (a), we improve the original FNO [7] by using
teacher forcing, the Markov property, among other techniques, resulting in FNO++. In (b), we show
the effect of Fourier factorization and weight sharing. In (c), we show (for a four-layer network) the
error as we infer more time steps into the future.
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Figure 3: The resource usage of four model variants, in terms of the parameter count (a), training
time (b), and inference time (c). Error bars show the min and max values over three trials.
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Experiments on Navier-Stokes Equations

Datasets We test the F-FNO on three fluid dynamics datasets. TorusConst [7] is used to benchmark our model against the state of the art. TorusV and TorusVF are new datasets we generate to
test the generalization of F-FNOs across Navier-Stokes tasks with different viscosities and forcing
functions. The training split of each dataset consists of 1000 simulations of the 2D Navier-Stokes
equations on a unit torus, and each simulation contains 20 steps of a 64 × 64 grid of the vorticity
field. The viscosity is fixed at 10−5 (Re = 2000) in TorusConst, while it varies between 10−4 and
10−5 in TorusV and TorusVF. The forcing function on the torus is defined as
f (t, x, y) = 0.1

2 X
1 X
1 h
X

i
αpij sin 2πp(ix + jy) + δt + βpij cos 2πp(ix + jy) + δt

(6)

p=1 i=0 j=0

where the amplitudes αpij and βpij are sampled from the uniform distribution in TorusV and
TorusVF. Furthermore, δ is set to 0 in TorusV, making the forcing function constant across time;
while it is set to 0.2 in TorusVF, giving us a time-varying force. Finally in TorusConst, the forcing
function is fixed at f (x, y) = 0.1[sin(2π(x + y)) + cos(2π(x + y))] across all samples and time
steps.
Training details For the experiments involving the original FNO, FNO-TF (with teaching forcing),
and FNO-M (with Markov assumption), we use the same training procedure as Li et al. [7]. For all
other experiments, we train for 100,000 steps, warming up the learning rate to 2.5 × 10−3 for the
first 500 steps and then decaying it using the cosine function [9]. We use ReLU as our non-linear
activation function, clip the gradient value at 0.1, and use the Adam optimizer [3] with β1 = 0.9,
β2 = 0.999, ϵ = 10−8 . The weight decay factor is set to 10−4 and is decoupled from the learning
rate [10]. Models are implemented in PyTorch [11] and trained on a single Titan V GPU. Finally, the
PB
i −ω∥2
loss function is the normalized mean squared error, defined as N-MSE = B1 i=1 ∥ω̂∥ω∥
, where
2
∥·∥2 is the 2-norm, B is the batch size, and ω̂ is the prediction of the ground truth ω.
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Table 1: Performance of F-FNO on TorusV and
TorusVF, with ablation studies to test the contribution of each context. Each result is accompanied by the standard deviation from three trials.
N-MSE (%)

Figure 4: F-FNO solves the Navier-Stokes
equations with a range of parameters without
needing to retrain, by taking viscosity ν and
forcing function ft as input.

TorusV
Without context
With force
With force and viscosity

43.8 ± 0.9
4.48 ± 0.09
2.06 ± 0.02

TorusVF
Without context
With force
With force and viscosity

33.0 ± 0.4
4.2 ± 0.1
2.01 ± 0.05

Results against state of the art The performance on TorusConst is plotted in Figs. 2 and 3, with
more details in Appendix Table 3. First, note that in FNO, Li et al. [7] use the previous 10 steps as
input and predict the next 10 steps incrementally (by using each predicted value as the input to the
next step). We find that the teacher forcing strategy (FNO-TF, orange line), in which we always use
the ground truth as input, helps in shallow networks. Enforcing the Markov condition (FNO-M, dotted
green line), where only one step of history is used, further improves the performance. Including two
or more steps of history makes no difference to the results.
However, all of these three models (FNO, FNO-TF, and FNO-M) do not scale with network depth,
even failing to converge at 24 layers. The real improvement in deeper networks does not come until
we move the residual connection outside the non-linear activation to ease the gradient flow, and
couple it with other deep learning techniques such as normalizing the inputs, adding Gaussian noise,
and using a cosine learning rate scheduler with warmup (FNO++, cyan line). Furthermore, if we
use Fourier factorization (F-FNO-NW, yellow dashed line), the error drops by an additional 64%,
from 3.65% to 2.33%, at 24 layers (Fig. 2b), while the parameter count is reduced by an order of
magnitude (Fig. 3a). Sharing the weights in the Fourier domain (F-FNO, red line) helps the most with
the deepest network, pushing the error down to 2.29% and reducing the parameter count by another
order of magnitude to 1M. Finally, even though our models do take longer to do inference, the deepest
network is still an order of magnitude faster than the Crank-Nicholson numerical simulator (Fig. 3c).
Results on more general settings The same pretrained F-FNO can handle Navier-Stokes equations
with different viscosities (in TorusV) and time-varying forcing functions (in TorusVF). Fig. 4 shows
an example where our model takes these two contexts as additional input channels. On both datasets,
the F-FNO is able to maintain an error of 2% (Table 1). We also conduct ablation studies to show the
importance of the contexts. In particular, if we remove the viscosity information, the error doubles. If
we further remove the forcing function from the input, the error increases by an order of magnitude,
showing the substantial influence the force has on the vorticity field.
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Conclusion

The Fourier transform is a powerful tool to learn neural operators that can handle long-range
dependencies efficiently. By factorizing the transform, sharing the kernel integral operator across
layers, enforcing the Markov condition, and carefully constructing the training process, our proposed
F-FNO outperforms the state of the art by 85% and handles a range of Navier-Stokes parameters
without retraining. For future work, we plan to compare our method against baseline spectral solvers
at different resolutions to illustrate the full Pareto frontier of accuracy vs. inference speed. We are
also interested in extending the Fourier layers to irregular structures such as graphs and meshes.
Finally we would like to examine equilibrium properties of generalized Fourier layers in the limit of
an infinite number of layers.
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Broader Impact
This work focuses on fundamental technology that is typically used as a component in simulation and
control systems. Such larger systems could bring significant social benefits (e.g., weather forecast,
airplane design) or harm (e.g., missiles). The advantage of making this work available outweighs the
potential harm it could cause. Since this work does not pose an immediate risk, making the work
publicly available could help to ensure that any negative effects are anticipated and mitigated in
advance since keeping a technology secret is not a valid or effective preventative measure of harm.
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A

The Navier-Stokes Equations

Our experiments are conducted on simulations of the incompressible 2D Navier-Stokes equations on
the unit torus using the vorticity form:
∂
ωt (x, y) + vt (x, y) · ∇ωt (x, y) = ν∆ωt (x, y) + ft (x, y)
∂t
∇ · vt (x, y) = 0
ωt (x, y) = ω0 (x, y)

(7)
(8)
(9)

where x, y ∈ (0, 1) are the positions on the unit torus, t ∈ (0, T ] is the time step, ν is the viscosity,
vt (x, y) is the velocity field, ω := ∇ × v is the vorticity field, and ft (x, y) is the forcing function.
Given the forcing function
f (x, y) = 0.1[sin(2π(x + y)) + cos(2π(x + y))],

(10)

the Reynolds number is approximately
√

Re ≈

B

0.1
ν(2π)3/2

(11)

Code and Datasets

The code, pretrained models, and datasets are licensed under the MIT License. They can be found at
https://github.com/alasdairtran/fourierflow.

C

Further Results

Detailed results, including the normalized mean squared error, along with complexity measures such
as the parameter count and inference time, are shown in Table 3.
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Dataset
TorusConst [7]
TorusV
TorusVF

Size

Viscosity

1,200
1,400
1,400

−5

Forcing function varying

ν = 10
ν ∈ [10−5 , 10−4 )
ν ∈ [10−5 , 10−4 )

across samples

across time

✗
✓
✓

✗
✗
✓

Table 2: An overview of the three datasets used in our experiments, including key differences between
them. Observe that our datasets, TorusV and TorusVF, contain simulation data with a more variety
of viscosities and forces than TorusConst. Note also that Li et al. [7] do not include a validation set,
splitting the data into 1,000 training examples and 200 test examples. In our datasets, we generate
200 additional simulations to be used as validation.

No. of
Layers

No. of
Parameters

N-MSE
(%)

Training
Time (h)

Inference
Time (s)

4

266,641
7,451,724
7,451,724
414,517

27.53
22.68
19.82
15.56

-

-

FNO (reproduced)

4
8
12
16
20

926,357
1,849,637
2,772,917
3,696,197
4,619,477

13.81 ± 0.04
15.44 ± 0.09
16.84 ± 0.32
17.62 ± 0.20
18.37 ± 0.38

2.1
3.4
4.8
6.0
7.4

0.4
0.9
1.4
1.9
2.4

FNO-TF (with teacher forcing)

4
8
12
16
20

926,357
1,849,637
2,772,917
3,696,197
4,619,477

12.76 ± 0.20
11.03 ± 0.07
11.91 ± 0.10
13.82 ± 0.47
18.17 ± 2.64

2.0
3.3
4.6
6.0
7.3

0.4
0.9
1.4
1.9
2.4

FNO-M (with Markov assumption)

4
8
12
16
20

926,177
1,849,457
2,772,737
3,696,017
4,619,297

10.76 ± 0.14
8.89 ± 0.22
8.88 ± 0.31
9.95 ± 0.41
10.68 ± 0.45

1.5
2.4
3.3
4.2
5.0

0.4
0.9
1.4
1.9
2.4

4
8
12
16
20
24

16,919,746
33,830,594
50,741,442
67,652,290
84,563,138
101,473,986

4.98 ± 0.03
4.11 ± 0.02
3.89 ± 0.02
3.74 ± 0.01
3.66 ± 0.02
3.65 ± 0.04

1.4
2.2
3.1
4.0
4.8
5.7

2.5
4.9
7.2
9.6
11.9
14.3

4
8
12
16
20
24

1,191,106
2,373,314
3,555,522
4,737,730
5,919,938
7,102,146

5.06 ± 0.08
3.16 ± 0.02
2.71 ± 0.01
2.49 ± 0.02
2.40 ± 0.01
2.33 ± 0.01

1.5
2.4
3.6
4.7
5.8
6.8

3.2
6.3
9.4
12.5
15.5
18.6

4
8
12
16
20
24

404,674
538,306
671,938
805,570
939,202
1,072,834

5.70 ± 0.09
3.42 ± 0.02
2.86 ± 0.02
2.61 ± 0.01
2.41 ± 0.03
2.29 ± 0.04

1.4
2.4
3.3
4.5
5.7
6.5

3.2
6.3
9.4
12.5
15.6
18.6

ResNet [7]
TF-Net [7]
U-Net [7]
FNO [7]

FNO++ (with bags of tricks)

F-FNO-NW (without weight sharing)

F-FNO (our full model)

Table 3: Performance on TorusConst. When possible, the N-MSE is accompanied by the standard
deviation from three trials. A hyphen indicates that the data is not available.
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