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Abstract

Over the past decades, hemodynamics simulators have become tools of choice for
studying cardiovascular systems and are routinely used to simulate whole-body
hemodynamics from physiological parameters. Nevertheless, solving the corre-
sponding inverse problem of mapping waveforms back to plausible physiological
parameters remains challenging. Motivated by advances in simulation-based in-
ference (SBI), we cast this inverse problem as statistical inference. Our study
highlights the potential of estimating new biomarkers from standard-of-care mea-
surements and reveals practically relevant findings that cannot be captured by
standard sensitivity analyses, such as the existence of sub-populations for which pa-
rameter estimation exhibits distinct uncertainty regimes. In addition, we study how
such insights obtained in-silico transfer to in-vivo with the MIMIC-III database.
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Figure 1: SBI enables uncertainty analysis at the level of individual measurements and reveals two sub-
populations with, respectively, uni-modal and bi-modal uncertainty distributions. a: Whole-body hemodynamics
simulator. b: Measurements generated from a simulated population of humans. c: Neural posterior estimation
provides posterior distributions of the parameters of interest given the digital PPG. d: Two posterior distributions
respectively corresponding to an individual measurement from each identified sub-population, highlighting the
benefit of uncertainty representation at the individual level. e: Sub-sets of measurements corresponding to the
two identified sub-population, revealing distinct morphological characteristics in each sub-group.

1 Introduction

Nowadays, biophysical models can describe cardiac function with 3D models [6], or even emulate
hemodynamics in the entire human arterial system [39, 12, 1]. These models have moved from paper
calculations [4, 48] to complex numerical simulations [60, 39, 12, 1] and support the development
of personalized monitoring and treatment of cardiovascular (CV) diseases. While whole-body 1D
hemodynamics simulators [39, 12] establish a clear path from latent physiological variables to
measurable biosignals, their use for scientific inquiry, or precision medicine, necessitates solving the
corresponding inverse problem of inferring latent biomarkers from measurable biosignals.

Recent works have studied these inverse problems with variance-based sensitivity analysis, high-
lighting which biomarkers have the most decisive influence on measured biosignals [41, 53, 50]. In
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parallel, machine learning approaches, relying on sophisticated patterns for predicting biomarkers
from biosignals, have gained popularity [11, 26, 7, 25, 8]. While these approaches provide an essential
step towards a better understanding of the inverse problem, they do not address the challenges caused
by the non-deterministic and multi-modal nature of inverse solutions. Motivated by breakthroughs in
simulation-based inference [SBI, 15, 58], which has addressed similar challenges in other scientific
fields, we go beyond producing point-estimates for such inverse problems and consider instead a
distributional perspective supported by neural posterior estimation [36]. As a result, the SBI method-
ology provides a consistent, multi-dimensional and, individualized representation of uncertainty and
naturally handles ambiguous inverse solutions, as showcased in Figure 1.

2 Background on Hemodynamics and SBI

2.1 Inverting Whole-body 1D Cardiovascular Simulations

We define a simulator as a forward generative process g : �! X that inputs a vector of parameters
� 2 � and returns a simulation x 2 X . Simulators may depend on a large number of parameters and
be stochastic. In practice, we split the parameters � = (�;  ) 2 � = ��	 into variables of direct
interest � 2 � and nuisance parameters  2 	 that are necessary to run the simulations but are not
of direct interest for the downstream task.

We rely in this work on the simulator from [12], describing the hemodynamics in the 116 largest
human arteries. The model’s parameters describe the blood out-flowing the left ventricle, uni-
dimensional physical properties of each artery, and a lumped-element model of the vascular beds, see
Appendix A.1 for more details about this model. We study the identifiability of the parameters � 2 �
of physiological interest (a.k.a. biomarkers), from a given measurement x 2 X (a.k.a. biosignals).
The biomarkers considered are the heart rate [HR, 29], the left ventricular ejection time [LVET,
3], the average diameter of the arteries [Diameter, 47], the pulse wave velocity [PWV, 55], and the
systemic vascular resistance [SVR, 14]; which are all relevant to assess CV health as supported by
the provided references [29, 3, 47, 55, 14]. We consider biosignals that are commonly collected in
intensive care units (ICUs) or in medical studies: the arterial pressure waveform (APW) at the radial
artery and the photoplethysmograms (PPGs) at the digital and the radial arteries.

We study a virtual population aged 25 to 75 with several (up to 100s of) free parameters � that model
heterogeneous cardiac and arterial properties. In this context, a consistent representation of the
solution’s uncertainty is key, in order to capture 1. the effect of nuisance parameters, responsible
for the forward model stochasticity; 2. the symmetries of the forward model, leading to non-unique
inverse solutions; 3. the lack of sensitivity, magnifying small output uncertainty into high input
uncertainty; and 4. the heterogeneity of the population considered, leading to distinct uncertainty
profiles.

2.2 Simulation-based Inference (SBI)

SBI [15] has established itself as an essential tool in various domains of science that rely on com-
plex simulations, e.g., in astrophysics [19, 16, 62], particle physics [10], neuroscience [34, 33],
robotics [38], and many others [23, 59, 5]. SBI extends statistical inference to statistical models de-
fined implicitly from a simulator and provides a consistent representation of uncertainty as demanded
by the four requirements listed in the previous paragraph.

While possible, applying statistical inference to simulators is challenged by the computational
complexity of likelihood evaluation, if not its complete intractability. Here, the CV simulator takes a
few minutes to run on a modern CPU, preventing the use of non-amortized inference algorithms, such
as Markov Chain Monte Carlo sampling. As a solution, SBI algorithms leverage modern machine
learning methods to tackle inference in likelihood-free settings [35, 18, 21], see [15] for a thorough
review. Here, we rely on neural posterior estimation [NPE, 36], a Bayesian and amortized method,
which learns a surrogate of the posterior distribution p(� j x) with conditional density estimation,
enabling fast and accurate approximation of the true posterior distributions for any observation.
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Figure 2:Average size of credible intervals over the test population for credibility levels68% and95% of
the learned posterior distributions. The x-axis denotes the signal-to-noise-ratio (SNR) for different types of
measurements. Results are averaged over �ve training instances, the vertical bars report one standard deviation.

3 Results

Our experiments consider both in-silico and in-vivo scenarios. We split the simulation dataset from
[12] into train (70%), validation (10%), and test sets (20%) at random. All results reported are on the
test set for the NPE models that maximize the validation likelihood, error bars report the standard
deviation over �ve training instances. As a prerequisite for a meaningful analysis, we have checked
that the posterior distributions learned are well statistically calibrated, see Appendix A.4.1.

3.1 In-silico analysis

SBI enables comprehensive population-level uncertainty analyses.Figure 2 shows the average
size of credible intervals for the parameters of interest. We consider an additive Gaussian noise
with �ve amplitudes and observe the size of intervals as a function of SNR. Comparing these to
the intervals of the prior distribution enables to quantify the information content of a measurement
about the biomarkers. Unsurprisingly, the HR is easily identi�ed from all measurements, except
for very high levels of noise. Overall, uncertainty about all parameters reduces signi�cantly as the
noise level decreases. This observation indicates that the measurements carry information about all
parameters considered, as highlighted by other studies [41, 12, 13]. The results also highlight that
each measurement has its unique information content. For instance, the digital PPG reveals more
about SVR and PWV than the radial PPG. However, it is the opposite for the Diameter for which the
Radial PPG is the most informative measurement. These results highlight that, similarly to standard
sensitivity analyses, SBI enables interpretable assessment of the predictability of biomarkers from
biosignals, in-silico, while having additional properties exempli�ed in subsequent experiments.

Figure 3: NPE (top: plain line, bottom: in red and
blue) vs. Laplace's approximation (top: dashed lines,
bottom: gray). Colors denote the different populations
considered (cf. Figure 1), black lines denote the true
value of the parameter, and the white star is the point
estimate. NPE is better calibrated than the Laplace's
approximation (left top plot) and yields tighter credible
intervals (right top plot).

SBI enables per-individual uncertainty quan-
ti�cation. Figure 3 compares the estimation of
uncertainty provided by NPE and Laplace's ap-
proximation [37] around the expectation of the
posterior distribution, which is representative of
the underlying assumptions made in variance-
based sensitivity analyses (VBSAs). Similarly
to VBSAs, Laplace's approximation models un-
certainty through a second-order statistic over
the population considered. NPE's credible in-
tervals are tighter and better calibrated than
Laplace's ones, which are either overcon�dent
for measurements that lead to multi-modal pos-
terior distributions or under-con�dent otherwise.
We argue that an inconsistent quanti�cation
of uncertainty, e.g., as obtained under over-
simpli�ed assumptions made by VBSAs, may
be misleading.

Figure 1 sketches the use of SBI to study the
relationship between the digital PPG and the
SVR and LVET. The �gure highlights distinc-
tive aspects of posterior distributions within the
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population studied for which we tested multi-modality [22]. While the uncertainty about the value
of SVR and LVET can be reduced substantially for approximately half of the test population, for
the other half, the posterior is multi-modal. Although a point estimator is reasonable for the �rst
sub-population, it is a poor guess for the multi-modal sub-population. Together, Figure 3 and Figure 1
demonstrate that the consistent, multi-dimensional, and individualized representation of uncertainty,
provided by NPE, yields essential insights from CV models that are left unnoticed by VBSAs.

3.2 In-vivo analysis

Models are never a perfect representation of real-world data [9]. Misspeci�cation, as it becomes more
signi�cant, may hamper the practical relevance of insights extracted from a model [66]. Nevertheless,
conclusions that are independent of the most critical sources of misspeci�cation are often valid both
in-silico and in-vivo. We now consider real-world data from the MIMIC-III dataset [28] and evaluate
how observations made in-silico can translate to real-world insights.

MIMIC-III results. In Figure 4, we assess the performance of surrogate posterior distributions
learned on simulations in predicting HR and LVET using 8-second waveforms from the MIMIC-
III dataset [28]. Examples of such waveforms are showcased in Appendix A.3. As the posterior
distributions are uni-modal for the LVET and HR, we focus on point estimates obtained by taking
the expectation of the posterior distributions. While we can accurately determine HR by counting
the number of beats, we only get noisy labels for LVET [17, 3]. Although these labels are not very
accurate, they serve as a baseline for comparison. We evaluate the mean absolute error (MAE) and
correlation between the point estimates and the labels. We observe successful transfer of posterior
distributions to real-world data for HR but not for LVET. The MAE of LVET approaches that of the
prior distribution, indicating limited improvement. However, the remaining correlation between the
predicted and real LVET values suggest a partial transfer of information.

Figure 4:Mean absolute error (MAE) and correlation between
the labels and point estimates extracted from the posterior dis-
tributions trained for different SNR values. The LVET's per-
formance is compared to the predictions of a prior distribution
conditioned on age and HR.The features predicting HR gen-
eralizes better than the one for LVET. The HR MAE decreases
with decreasing SNR, indicating the posterior gains robustness
to misspeci�cation with decreasing SNR. The features extracted
for LVET do not generalize to real-world data but seems to in-
form more than only age and HR as the posterior's correlation
is higher than the prior one.

On the one hand, in-silico and in-vivo
results consistently show that HR esti-
mation performs steadily well if SNR is
higher than 5dB. On the other hand, they
mismatch for the LVET, suggesting that
the LVET effect is signi�cantly misrepre-
sented. Investigating and alleviating this
misspeci�cation with the appropriate mod-
i�cations to the model might be crucial to
successfully transferring �ndings from in-
silico to in-vivo. This iterative process
of 1. model analysis,2. real-world ex-
perimentation,3. comparison with ob-
servations, and4. model re�nement; ex-
empli�es the scienti�c method. Our re-
sults demonstrate that SBI facilitates more
scrutiny in applying the scienti�c loop to
numerical CV models, in extracting scien-
ti�c hypotheses from the model (step1.);
and comparing theoretical predictions and
real-world data (step3.).

4 Conclusion

We have introduced a simulation-based inference methodology to analyze complex cardiovascular
simulators. Our results show that our simulation-based inference method yields additional insights
about 1D hemodynamics models, beyond the standard sensitivity analyses. This is done by con-
sidering the complete posterior distribution, which provides a consistent and multi-dimensional
quanti�cation of uncertainty for individual measurements. This uncertainty representation enables us
to recognize ambiguous inverse solutions, study the heterogeneity of sensitivity in the population
considered, and understand dependencies between biomarkers in the inverse problem. Supported by
results on real-world data, we have illustrated and discussed the challenge of model misspeci�cation
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in scienti�c inquiry. In summary, simulation-based inference enables scientists to address inverse
problems in CV models, accounting for complex forward model dynamics and individualized uncer-
tainty. This extended abstract provides foundations for a more effective use of CV simulations for
scienti�c inquiry and personalized medicine.
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A Materials & Methods

A.1 1D hemodynamics of the human arterial network

The full-body arterial model introduced in [2], on which [12] relies, describes the arterial pulse wave
propagation into116arterial segments, making up the largest arteries of the thorax, limbs, and head.
This model is a good compromise between faithfulness to the real-world system and complexity [1].
It enables forward simulating APWs and PPGs at multiple locations, given a set of physiological
parameters describing the geometrical and physical properties of the cardiovascular system. Running
a simulation takes a few minutes on any standard CPU [41], allowing [12] to release a dataset of
4374simulated healthy individuals aged25 to 75.

Compared to 3D and 0D models, 1D models offer a better balance between expressivity and ef�ciency.
While 1D simulations may be less accurate than 3D models (e.g., they cannot model atherosclerosis
as they do not consider wall shear stress), they trade a modest and well-studied decrease in accuracy
against much lighter simulation costs [67, 1]. Furthermore, the tractable parameterization and ef�cient
simulation of 3D whole-body hemodynamics remain two open research questions [49, 32]. On the
other side of the CV modeling spectrum, 0D simulations [27, 54] rely on a lumped-element model to
describe the relationship between blood �ow at one location (e.g., left ventricle out�ow) and blood
pressure and �ow at other locations. In addition to ignoring signi�cant physical effects such as wave
propagation and re�ection, 0D models are partially parameterized by non-physiological quantities.
Generating a representative population, such as the one considered in [12], can thus be challenging
with these models.

Model description. In [2], the authors consider the compartmentalized arterial model made of
the following sub-models:1. the heart function;2. the arterial system;3. the geometry of arterial
segments;4. the blood �ow; and5. the vascular beds.The heart functiondescribes the blood volume
along time at the aorta as a �ve-parameter function.The arterial systemis described as a graph, the
heart is the parent root, and then arteries branch out into the body. Every branch of the network
represents an arterial segment. Segments are coupled so that the conservation of mass and momentum
hold in the complete system. Additionally, the heart function de�nes the boundary condition on the
parent root of the arterial network. The vascular bed describes the boundary condition on the leaf
nodes.The geometry of arterial segmentsassumes the segments are axial-symmetric and tapered
tubes. Hence, the geometry of each arterial segment can be described using 1D parameters such as
radius and thickness of the arterial wall.The blood �owin the 1D segments follows �uid dynamics,
which depends on the geometry and visco-elastic properties of the arterial wall.The vascular beds
are modeled using 0D approximations, i.e., the geometrical description is being lumped into a
space-independent parametric transfer function.

The main state parameters of whole-body 1D hemodynamics models are the volumetric �ow rate
Q(z; t), the blood pressureP(z; t), and the vessel cross-sectional areaA(z; t) at axial positionz and
time t, in each artery considered. Based on the conservation of mass and momentum, one can derive
the partial differential equations (PDEs)
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+
@Q
@z

= 0 (1)
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�
�
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�
+
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�
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@z

= � 2
�
�

(
 � + 2)
Q
A

; (2)

where� is the Coriolis' coef�cient,� is the blood dynamic viscosity, and
 � is a parameter de�ning
the shape of the radial velocity pro�le. A third relationship of the arterial wall mechanics relates
pressure and cross-section area as

P(A) = Pext + �
� p

A �
p

A0

�
+

�
p

A

@A
@t

; (3)

where� =
4
3

p
�Eh 0

A0
and� =

2
3

p
�'h 0

A0
(4)

respectively denote the elastic and viscous components of the Voigt-type visco-elastic tube law,
Pext is the reference pressure at which the geometry is described by the cross-sectional areaA0
and thickness of the arterial wallh0. The elastic modulusE and wall viscosity' characterize the
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mechanical properties of the wall. In addition to these PDEs, boundary conditions are formulated by
coupling each artery segment with the parents and children in the arterial network. For further details,
see [40, 12, 2].

The considered 1D hemodynamics model constitutes a complex simulator with many parameters.
As described in Section 2, only a subset of these parameters are of direct interest. Other parameters
are considered nuisance effects. In addition, we consider a measurement model that generates
biosignals similar to the one in MIMIC-III. Appendix A.6 provides additional details on the parameters
distributions and the measurement model considered.

A.2 Simulation-based inference

Neural Posterior Estimation (NPE). As mentioned in Section 2, NPE [43, 36] is a Bayesian and
amortized SBI algorithm. It trains a parametric conditional density estimator for the parameters of
interestp! (� j x ) on a datasetD := f (� i ; x i )gN

i =1 of samples from the joint distributionp(�; x) =R
p(�;  )p(x j �;  )d . In this work, we rely on a rich class of neural density estimators called

normalizing �ows [NF, 57, 56, 51, 31, 44], from which both density evaluation and sampling is
possible.

Given an expressive class of neural density estimatorsf p! (� j x ) : ! 2 
 g, NPE aims to learn an
amortized posterior distributionp! ? (� j x ) that works well for all possible observationx 2 X , by
solving

! ? 2 arg min
! 2 


Ex [KL [p(� j x) k p! (� j x )]] (5)

() ! ? 2 arg min
! 2 


Z
p(x)p(� j x)

�
log

p(� j x)
p! (� j x )

�
dxd� (6)

() ! ? 2 arg max
! 2 


Z
p(x)p(� j x) log p! (� j x )dxd� (7)

() ! ? 2 arg max
! 2 


E( �; x ) [logp! (� j x )] : (8)

In practice, NPE approximates the expectation in(8) with an empirical average over the training setD
and relies on stochastic gradient descent to solve the corresponding optimization problem. Assuming
� 2 Rk and unpacking the evaluation of the NF-based conditional density estimator, the training loss
is

`(D; ! ) =
1
N

NX

i =1

logpz

�
f !

�
� i ; x i

�
�

+ log jJf ! (� i ; x i )j; (9)

following from the change-of-variables theorem [56]. The symbolpz denotes the density function of
an arbitraryk-dimensional distribution (e.g., an isotropic Gaussian),f ! : Rk � X ! Rk denotes a
continuous function invertible for its �rst argument� , parameterized by a neural network, andjJf ! j
denotes the absolute value of the Jacobian's determinant off ! with respect to its �rst argument. In
addition to density evaluation, as in(9), the NF enables sampling from the modeled distribution by
inverting the functionf ! .

In our experiments, we combine a convolutional neural network encoding the observationsx with
a three-step autoregressive af�ne NF [45] which offers a good balance between expressivity and
sampling ef�ciency as demonstrated in [64]. These models have an inductive bias towards simple
density functions [61], which support that the multi-modality and diversity of posterior distributions
observed in the population is not an artifact of our analysis but follows from the 1D cardiovascular
model and prior considered. We provide additional details on the parameterization off and the
sampling algorithm in Appendix A.7.

Uncertainty analysis with SBI. Uncertainty analysis [52, 24] regards identi�ability as a continuous
attribute of a model which allows ranking models by how much information the modeled observation
process carries about the parameter of interest. We move away from the classical notion of statistical
identi�ability – convergence in probability of the maximum likelihood estimator to the actual
parameter value – because this binary notion is not always relevant in practice and mainly applies
to studies in the large sample size regime. In contrast, uncertainty analysis directly relates to the
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mutual information between the parameter of interest and the observation as expressed by the model
considered. It captures that biased or noisy estimators are informative and may suf�ce for downstream
tasks.

As is standard in Bayesian uncertainty analyses, we look at credible regions� � (x) at different levels
� , which are directly extracted from the posterior distributionp(� j x). Formally, a credible region
is a subset,� � , of the parameter space� over which the conditional density integrates to� , i.e.,
� � :

R
� 2 � � (x ) p(� j x)d� = �; � � � � . In this paper, we consider the smallest covering union of

regions, denoted by� � , which is always unique in our case and in most practical settings.

Size of credible intervals (SCI). We rely on the SCI to shed light on the uncertainty of a parameter
given a measurement process. The SCI at a level� is the expected size of the credible region at this
level: Ex [k~� � (x)k], wherek � k measures the size of a subset of the parameter space. In practice,
we split the parameter space into evenly sized cells and count the number of cells belonging to the
credible interval, as detailed in Appendix A.5.2. SCI is easier to interpret for domain experts than
mutual information, as the former is expressed in the parameter's units. In addition, SCI is robust to
multi-modality in contrast to point-estimator-based metrics (e.g., mean squared/absolute error) that
cannot discriminate between two posterior distributions if they lead to the same point estimate.

Calibration. Given samples from the joint distributionp(�; x), credible intervals are expected
to contain the true value of the parameter at a frequency equal to the credibility level� , that is,
Ep( �; x ) [1� � (� )] = � , where1 is the indicator function. In this work, we do not have access to
the true posterior but a surrogate~p of it. Hence, the coverage property of credible regions, which
support the interpretation of uncertainty, may be violated, even when the forward model and the
prior accurately describe the data. The calibrationC(~p(� j x); D) of a surrogate posterior~p is
a metric, computed on a setD := f (� ?

j ; x j )gN
j =1 , that measures whether the surrogate's credible

regions respect coverage. We compute calibration as

C(~p(� j x); D) =
1
k

kX

i =1

�
�
�
�

i
k

�
1
N

NX

j =1

1~� i
k

(� ?
j (x j ))

�
�
�
� ;

where ~� i
k

(x j ) is the credible region at level� = i
k corresponding to the surrogate posterior

distribution~p(� j x j ). The calibration directly relates to how much the surrogate posterior model
violates the coverage property over all possible levels� 2 ]0; 1].

A.3 In-vivo vs in-silico data

In this section we provide an overview of the generation of in-silico data, in Figure 5, and a few
examples of the real-world data considered from MIMIC, in Figure 6. We observe that real-world
data contains degenerated beats. Moreover, another source of variation between beats comes from
physiological parameter dynamics, which can vary from one beat to another. These observations
motivate the introduction of noise on top of the deterministic simulation as discussed in the main
paper and shown in Figure 5.

Figure 5: Generation of a digital PPG observation in-silico. From left to right: a PPG signal is
extracted from the 1D hemodynamics simulator, the same wave is concatenated to reach a length of
10 seconds, the 10-second segment is cropped randomly by two seconds, additive Gaussian noise is
added (SNR� 11dB).

12


	Introduction
	Background on Hemodynamics and SBI
	Inverting Whole-body 1D Cardiovascular Simulations
	Simulation-based Inference (SBI)

	Results
	In-silico analysis
	In-vivo analysis

	Conclusion
	Materials & Methods
	1D hemodynamics of the human arterial network
	Simulation-based inference
	In-vivo vs in-silico data
	Supplementary results
	Calibration and MAE
	Posterior distributions

	Metrics
	Calibration
	Size of credible intervals
	Mutual information and SCI

	Whole-body hemodynamics model
	Parameterization
	Measurement model

	Normalizing flows
	Training setup
	Neural network architecture



