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Abstract

We present an application of the Balanced Neural Ratio Estimation (BNRE) algo-
rithm to improve the statistical validity of parameter estimates used to characterize
the Epoch of Reionization, where the common assumption of a multivariate Gaus-
sian likelihood leads to overconfident and biased posterior distributions. Using
a two-parameter model of the Lyα forest autocorrelation function, we show that
BNRE yields posterior distributions that are significantly better calibrated than
those obtained under the Gaussian likelihood assumption, as verified through the
Test of Accuracy with Random Points (TARP) and Simulation-Based Calibration
(SBC) diagnostics. These results demonstrate the potential of Simulation-Based
Inference (SBI) methods, and in particular BNRE, to provide statistically robust
parameter constraints within existing astrophysical modeling frameworks.

1 Introduction

The Epoch of Reionization (EoR) corresponds to the time in cosmic history when the neutral hydrogen
in the intergalactic medium (IGM) was ionized by the first luminous sources [see e.g. 1]. One of
the primary probes of the late stages of the EoR is the Lyman-α (Lyα) forest, a series of redshifted
absorption features observed in the spectra of distant quasars caused by the presence of neutral
hydrogen along the line of sight [2, 3]. Typically, two-point summary statistics of the Lyα forest
(such as the one-dimensional power spectrum and the autocorrelation function) are used to understand
the properties of the IGM during the EoR [e.g. 4, 5, 6, 7]. In standard analyses, parameter estimation
relies on the assumption of a multivariate Gaussian likelihood for these statistics, an approximation
that has been shown to yield overconfident or biased posteriors [e.g. 8, 9]. Such miscalibrations could
lead to incorrect scientific conclusions, making it important to seek solutions that properly address this
issue. Fortunately, the recent development of machine learning powered Simulation-Based Inference
(SBI) methods has provided an alternative by directly leveraging forward simulations, allowing us
to let go of explicit likelihood assumptions [10]. In this work, we present our preliminary results
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obtained by applying Balanced Neural Ratio Estimation (BNRE) to a two-parameter model of the
EoR, demonstrating its potential to improve the statistical validity in parameter inference problems
within cosmology.1

2 Modeling the Epoch of Reionization

We adopt the model introduced in [8], which combines simulations of the IGM with semi-numerical
calculations of the Ultraviolet Background (UVB). For our study, we focus on the redshift z = 5.5,
where this EoR model can be used to generate the mean autocorrelation function of the Lyα forest
ξm as a function of two parameters: the mean free path of ionizing photons λmfp, and the mean
transmitted flux ⟨F ⟩. We refer the reader to [8] for specific details, but in summary, the model
employs Nyx cosmological hydrodynamical simulations [11, 12] to model the underlying density,
temperature, and velocity fields, while the method from [13] is used to create spatially varying UVB
realizations parameterized by λmfp. Forward modeling is used to incorporate instrumental resolution,
noise, and sightline lengths consistent with realistic observational data (e.g., the XQR-30 data from
[14]). For each choice of θ = {λmfp, ⟨F ⟩}, the model produces ensembles of mock observations
of the autocorrelation function of the Ly-α forest ξi, the mean autocorrelation function ξm and the
corresponding covariance matrix Σξ.

A crucial aspect of this modeling approach is that each parameter combination is represented not
by a single deterministic output, but by an arbitrarily large number of mock realizations required
to properly sample the subsets of randomly selected sightlines and the observational noise. These
mocks are already necessary for constructing model-dependent covariance matrices in traditional
analyses, but they also naturally define a stochastic simulator. This makes the model ideally suited
for Simulation-Based Inference (SBI), where the availability of many forward-modeled realizations
per parameter point enables the training of neural estimators without additional modifications.

3 Parameter Estimation

Our goal is to infer the astrophysical parameters θ = {λmfp, ⟨F ⟩} given an observed Lyα forest
autocorrelation function ξobs. Using a Bayesian framework, the posterior distribution is given by:

p(θ | ξobs) ∝ L(ξobs | θ) p(θ), (1)

where L(ξobs | θ) is the likelihood function and p(θ) is the prior over the model parameters. The
choice of likelihood is therefore central to parameter inference, as it directly impacts the statistical
validity of the resulting posterior distributions.

We evaluate the statistical validity of the posterior distributions using two methods. First, we use
coverage tests, which assess whether the credible intervals of the inferred posterior distributions
contain the true parameters with the expected frequency. Given our set of mock observations, coverage
can be tested directly since we have access to their corresponding true θ. We employ the Test of
Accuracy with Random Points [TARP, 15], which provides a diagnostic for posterior miscalibration
by repeatedly comparing inferred credible regions against ground-truth parameter values. Second,
we apply Simulation-Based Calibration [SBC, 16, 17], which evaluates whether the ranks of true
parameters within their corresponding posterior samples are uniformly distributed. While TARP
quantifies global coverage performance, SBC provides a check of local miscalibration across the
parameter space. Using both methods as inference tests provides a robust check on the statistical
validity of the posteriors.

In what follows, we first describe the standard assumption of a multivariate Gaussian likelihood
function adopted in previous works (Section 3.1), before describing an SBI method based on Balanced
Neural Ratio Estimation (Section 3.2).

3.1 Assuming a Gaussian Likelihood

A common approach in Lyα forest analyzes is to assume that the summary statistic of choice (ξ
in this case) follows a multivariate Gaussian distribution with fixed model parameters. Under this

1All code and analysis scripts are available at https://github.com/diego-gonher/laf_sbi_bnre.
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Figure 1: Given a set of parameters θ, the model generates a set of mock Lyα forest autocorrelation
functions. These mocks can be used to: (i) compute the mean autocorrelation function ξm and
the corresponding covariance matrix Σξ required to evaluate an assumed multivariate Gaussian
likelihood, or (ii) train a neural ratio estimator (BNRE in this study). Both approaches yield posterior
distributions via MCMC sampling (emcee in the Gaussian case, and HMC/NUTS in the BNRE case).

assumption, the likelihood function can be written as:

L(ξobs | θ) ∝ exp
[
− 1

2 (ξobs − ξm(θ))
⊤
Σξ(θ)

−1 (ξobs − ξm(θ))
]
, (2)

Where ξm(θ) and Σξ(θ) denote the mean and covariance of the autocorrelation function evaluated at
θ. In practice, these quantities are typically precomputed on a grid in parameter space, and inference
is carried out using Markov Chain Monte Carlo (MCMC). Following [8], we use a grid of 557 distinct
parameter combinations spanning θ = {λmfp, ⟨F ⟩}, with each grid point having its own ξm and
Σξ. We then use the emcee package [18] with a nearest-grid-point interpolation scheme to evaluate
ξm and Σξ between grid points. As mentioned above, this likelihood assumption often leads to
overconfident or biased posteriors [see Fig. 9 and Appendix C in 8].

3.2 Balanced Neural Ratio Estimation

Neural Ratio Estimation algorithms are a subset of SBI methods that bypass the need for an explicit
likelihood function by training neural networks to approximate the ratio between the joint distribution
p(ξ,θ) and the product of marginals p(ξ)p(θ) [10]. Balanced Neural Ratio Estimation (BNRE)
[19] extends this framework by introducing a tunable hyperparameter γ in the loss function, which
balances likelihood-ratio estimation accuracy against posterior calibration. By adjusting γ, BNRE
can be made to nearly satisfy coverage tests.

We use the BNRE implementation in the sbi Python package [20, 21]. The training dataset consists
of 557× 500 mock realizations ξi, where 557 corresponds to the same θ combinations on the grid
described above (see Section 3.1), and for each θ we have 500 distinct mocks (a random subset
of the mocks used to estimate each Σξ, which means no extra computations were required for the
creation of this dataset). We use a 70–30 split for the training and validation sets and train the ratio
estimator. The architecture for our estimator is the default ResNet-based classifier provided in the
sbi package, which constructs a residual network with two blocks of 50 hidden units and ReLU
activations, operating on the concatenated (ξi,θ) inputs. For the training, we set γ = 100 (although
we tested the effect of using γ = {10, 1000}, see Section 5 and Appendix B). Once trained, the ratio
estimator defines the posterior via:

p(θ | ξobs) ∝ rϕ(ξobs,θ) p(θ), (3)

Where rϕ denotes the learned likelihood ratio. Because rϕ is differentiable with respect to θ, we can
efficiently sample from the posterior using Hamiltonian Monte Carlo [HMC, 22, 23]. Specifically, we
use the No-U-Turn Sampler [NUTS, 24] implementation from the pyro library [25], which exploits
gradient information to explore parameter space more effectively. Consequently, the combination of
BNRE with HMC is able to achieve both statistically valid and computationally efficient parameter
estimations.

To summarize, both inference approaches rely on the same underlying dataset of mock autocorrelation
functions, but use them in different ways: either to compute mean statistics and covariances for a
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Figure 2: Corner plots of the posterior distributions obtained with both inference methods for two
separate mock observations. The red text under the legend indicates the corresponding true parameter
values (λmfp, ⟨F ⟩)true. Contours denote the 68% and 95% credible regions.

Gaussian likelihood, or to train a neural ratio estimator. A schematic overview of both inference
methods is provided in Figure 1.

4 Results

To evaluate the performance of the two inference methods described above, we perform parameter
inference on randomly selected mock observations (such that ξobs = ξi). For the MCMC sampling,
we use four chains with 2000 samples each, discarding the first 1000 as “burn-in”. This allows us to
make a direct comparison of both inference methods, and test their statistical validity. As illustrative
examples, Figure 2 shows the posterior distributions obtained by either assuming a Gaussian likelihood
or using our trained likelihood ratio estimator on two different mock observations, with additional
examples shown in Figure 4 in Appendix A.

To quantitatively assess posterior calibration, we apply both parameter inference methods to a
common set of 500 independent mock observations that were not used in training the BNRE’s ratio
estimator. The resulting posteriors are used to perform the inference tests presented below.

4.1 Coverage Test

As mentioned in Section 3, we use TARP as our main coverage test. To estimate the statistical
uncertainty in the coverage curves, we follow the bootstrapping procedure explained in [26]. For
both inference methods, we resample the set of mock observations and their associated posterior
samples, recompute the TARP curve for each bootstrap realization, and use the resulting distribution
to construct confidence intervals.

The right panel of Figure 3 shows the results of our coverage test. As can be seen, assuming a
Gaussian likelihood leads to clearly overconfident or biased posterior distributions (shown in black).
For the EoR model that we are using, this result is in agreement with the coverage test done in [8].
In contrast, the coverage probability obtained with BNRE (shown in light blue) is close to the ideal
curve, demonstrating that the posterior distributions obtained by this method are significantly less
overconfident or biased. The corresponding shaded bands show the 16th–84th percentile ranges for
both methods across 100 bootstrap replicates.

4.2 Simulation Based Calibration

As described in Section 3, we also perform SBC to further verify posterior validity. The left panel of
Figure 3 shows the SBC rank histograms computed using all posteriors obtained by both methods,
with the shaded region indicating the expected variation under perfect uniformity [16, 17]. Assuming a

4



0 2000 4000

Rank of λmfp

F
re

q
u
en

cy

BNRE

Gaussian Likelihood

Ideal

0 2000 4000

Rank of 
〈
F
〉

BNRE with γ= 100

0.0 0.2 0.4 0.6 0.8 1.0

Credibility level α

0.0

0.2

0.4

0.6

0.8

1.0

E
x
p
ec

te
d
 C

o
v
er

a
g
e 

P
ro

b
a
b
il
it
y

Ideal Coverage

Gaussian Likelihood

BNRE with γ= 100

Figure 3: Left: SBC rank histograms for λmfp and ⟨F ⟩ obtained by both parameter inference methods.
Uniform posteriors indicate correct calibration, with the shaded region showing the expected range
under sampling variability. Right: Coverage probabilities obtained by using TARP on a set of
posterior distributions obtained with both methods. The shaded regions represent the respective
16th–84th percentile ranges obtained via bootstrap sampling.

Gaussian likelihood produces a skewed rank distribution for λmfp and a slightly U-shaped distribution
for ⟨F ⟩, indicating that this approach leads to biased posteriors for λmfp and slight overconfidence
for ⟨F ⟩. These results are consistent with the shape of the corresponding coverage curve. In contrast,
the BNRE rank distributions for both parameters lie largely within the ideal uniformity region.

5 Conclusions

Our results provide encouraging evidence that the BNRE algorithm can improve the statistical validity
of parameter inference in cosmological models of the Epoch of Reionization. Although our study
focuses on a two-parameter model, it is representative of common Lyα forest studies and serves as
a non-trivial test for evaluating different inference methods. As mentioned in Section 3.2, we also
train the same BNRE architecture with γ = {10, 1000} to examine the sensitivity of our results to
this hyperparameter. Despite minor variations in the rank distributions of ⟨F ⟩ (see Figures 5 and 6
in Appendix B), all trained ratio estimators yield posterior distributions that are substantially better
calibrated than those obtained under the Gaussian likelihood assumption.

To obtain a simple performance comparison between BNRE and a different SBI algorithm, we also
train a Neural Posterior Estimation (NPE) and evaluate its performance (see Appendix C for details).
The resulting posteriors are clearly overconfident. We emphasize that this result is not representative
of NPE’s overall potential. We expect that with adequate hyperparameter tuning and the use of a
balanced objective [as seen in 27], NPE could likely achieve a comparable performance. Nonetheless,
training the NPE density estimator is substantially more computationally demanding than training the
BNRE classifier, which constitutes a practical advantage for BNRE2

In future work, we will explore the application of BNRE and other SBI methods to more complex,
higher-dimensional reionization models. Importantly, standard modeling techniques across different
subfields of astrophysics require little to no modifications to adopt SBI methods, as the same mock
observations used to test inference pipelines can be repurposed for training different SBI algorithms.
Our results therefore highlight how SBI methods such as BNRE can serve as a practical and reliable
tool for enabling statistically robust scientific inference.

2In this study, training required approximately 7.9 CPU hours for NPE and 1.2 CPU hours for BNRE.
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A Additional Corner Plots

Figure 4 presents four additional (randomly selected) examples comparing the posterior distributions
obtained using the Gaussian likelihood and BNRE with γ = 100.0. These examples show the typical
differences in posterior shape and coverage across independent mock observations.
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Figure 4: Corner plots of the posterior distributions obtained using the Guassian likelihood and
BNRE with γ = 100.0 for four randomly selected mock observations. The true parameter values are
shown in red for each case respectively. The contours denote the 68% and 95% credible regions.

B Performance of BNRE with γ = 10 and γ = 1000

Using the same training set and architecture described in Section 3.2, we train two additional
ratio estimators with γ = {10, 1000}. Following the procedure outlined in Section 4, we perform
parameter inference with both estimators to obtain two respective sets of 500 posterior distributions,
and then apply TARP and SBC to directly compare their performance. The corresponding results are
shown in Figures 5 and 6.

Both models produce coverage curves that are close to ideal, demonstrating that the calibration
of the posterior distributions is robust to moderate changes in γ. The SBC histograms show that
the rank distributions for λmfp and ⟨F ⟩ also remain largely within the ideal region. However, the
rank distribution for ⟨F ⟩ exhibits a slight U-shape for the γ = 10 case and a slight inverted U-
shape for γ = 1000. This behavior is expected, as increasing γ reduces the relative weight of the
likelihood-ratio loss term, leading to less confident posteriors [see 19].
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Figure 5: Left: SBC rank histograms for λmfp and ⟨F ⟩ obtained using BNRE with γ = 10. Uniform
posteriors indicate correct calibration, with the shaded region showing the expected range under
sampling variability. Right: Coverage probabilities obtained by using TARP on a set of posterior
distributions obtained with both methods. The shaded regions represent the respective 16th–84th
percentile ranges obtained via bootstrap sampling.
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Figure 6: Left: SBC rank histograms for λmfp and ⟨F ⟩ obtained using BNRE with γ = 1000. Uniform
posteriors indicate correct calibration, with the shaded region showing the expected range under
sampling variability. Right: Coverage probabilities obtained by using TARP on a set of posterior
distributions obtained with both methods. The shaded regions represent the respective 16th–84th
percentile ranges obtained via bootstrap sampling.

9



0 2000 4000

Rank of λmfp

F
re

q
u
en

cy

BNRE

Gaussian Likelihood

Ideal

0 2000 4000

Rank of 
〈
F
〉

NPE

0.0 0.2 0.4 0.6 0.8 1.0

Credibility level α

0.0

0.2

0.4

0.6

0.8

1.0

E
x
p
ec

te
d
 C

ov
er

ag
e 

P
ro

b
ab

il
it
y

Ideal Coverage

Gaussian Likelihood

NPE

Figure 7: Left: SBC rank histograms for λmfp and ⟨F ⟩ obtained NPE. Uniform posteriors indicate
correct calibration, with the shaded region showing the expected range under sampling variability.
Right: Coverage probabilities obtained by using TARP on a set of posterior distributions obtained
with both methods. The shaded regions represent the respective 16th–84th percentile ranges obtained
via bootstrap sampling.

C Neural Posterior Estimation

To provide a simple comparison against an alternative simulation-based inference (SBI) method,
we also train a Neural Posterior Estimation (NPE) algorithm. In NPE, a density network is used to
model the posterior p(θ | ξ) directly. We use the same training and validation datasets as for the
BNRE networks (see Section 3.2) to train a posterior estimator, employing the NPE method from
[28] available in the sbi package [20].

We use the default configuration for the density estimator provided in sbi, which consists of a
Masked Autoregressive Flow (MAF) composed of five affine autoregressive transforms with random
permutations between them. Each transform uses fully connected layers with 50 hidden units and
tanh activations. The model is optimized using maximum likelihood with early stopping based on
the validation loss, again using the default settings in sbi.

To evaluate its performance, we use the trained density estimator to infer posterior distributions for
the same 500 mock observations as in Section 4, drawing 4000 samples per mock. Figure 7 shows
the results of the TARP and SBC tests.

The rank distributions for both parameters exhibit a strong U-shape, indicating that the trained
NPE model is overconfident, consistent with the shape of the corresponding coverage curve. This
overconfidence a well-known issue in some standard SBI algorithms [29]. However, we strongly
emphasize that this result is not representative of NPE’s overall potential. We expect that with
appropriate hyperparameter tuning or the use of a balanced objective [as proposed by 27], NPE could
likely achieve substantially better calibration.
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