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Abstract

Recent advances in scientific machine learning (SciML) have established neural
operators (NOs) as powerful surrogates for partial differential equations (PDEs)
governed dynamics. However, existing methods largely ignore the fundamental
physical principles underlying these equations. We propose a multiphysics training
framework that jointly learns from both full PDEs and their simplified basic forms.
This approach improves data efficiency, reduces predictive error, and enhances
out-of-distribution (OOD) generalization, including parameter shifts and synthetic-
to-real transfer. Our method is architecture-agnostic and achieves over 11.5% and
up to 67.5% improvement in nRMSE across diverse PDEs. Through extensive
experiments, we show that explicitly incorporating fundamental physics knowledge
substantially strengthens the generalization of neural operators. We will release
models and data at https://sites.google.com/view/sciml-fundemental-pde/home.

1 Introduction

Recent advances in scientific machine learning (SciML) have broadened traditional machine learning
(ML) for modeling physical systems, using deep neural networks (DNNs) especially neural operators
(NOs) [20, 130, [19} 4] as fast, accurate surrogates for solving partial differential equations (PDEs)
(331112} [18] [30]. However, compared to numerical methods, a key disadvantage of recent data-
driven SciML models is their limited integration of fundamental physical knowledge. Numerical
solvers, though tailored to specific PDEs or discretizations, inherently preserve physical laws (e.g.,
conservation, symmetry), ensuring consistent simulations across diverse conditions (physical parame-
ters, boundaries, geometries, etc.) [17, 14} 26, |16]]. In contrast, data-driven models, despite learning
across PDE types (e.g., via multiphysics pretraining in SciML foundation models [23}[15]), remain
sensitive to training distributions, degrading under distribution shifts [36, 3] and requiring large,
diverse datasets. This gap introduces three key challenges: 1) High data demands; 2) Physical
inconsistency in long-term predictions; 3) Poor generalization with unseen simulation settings.

Motivated by the above challenges, we asked two core scientific questions:

Q1: Can neural operators understand both original PDEs and fundamental physics knowledge?
Q2: Can neural operators benefit from explicit learning of fundamental physics knowledge?

By evaluating publicly released SciML foundation models (Fig. [T}, we find a strong correlation
(0.967) between errors on original PDEs and their basic terms. Yet, because these basic terms are
absent from the training data, absolute errors remain much higher, indicating that although the models
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transfer across multiple physics, they fail to capture the fundamental PDE components underlying
more complex equations.

Our finding in (Fig. [T) motivates us to explicitly
enforce the understanding of fundamental physical 0.06 Jvena
knowledge in neural operators. The key idea is to
identify physically plausible basic terms that can be
decomposed from original PDEs, and explicitly incor-
porate their simulations during training. Our exper-
iments demonstrate that these fundamental physical
terms encode rich physical knowledge, which can not
only be utilized without incurring additional compu-
tational costs, but also widely offer substantial and

multifaceted benefits, including 1) data efficiency, 2) e o5 050 o35 030
long-term physical consistency, 3) strong general- Decomposed Convection Term of

. . . . 2D Navier Stokes (nRMSE)
ization in OOD and and real-world scenarios. Figure 1: Neural operators and SciML founda-

tion models (MPP [23], DPOT [[15], Hyena [31]])
Related Works. Prior work advanced PINNs [33]  exhibit correlated yet worse performance on funda-
and NOs (DeepONet [22], FNO [20]), but these mental physics (2D incompressible Navier Stokes).
approaches struggled with optimization or required
large datasets. Recent SciML foundation models [23} [15] extended to multiphysics training, yet
primarily focused on generalization rather than data efficiency. Meanwhile, OOD studies showed
that NOs remain fragile under parameter shifts [36} 3]]. In contrast, we explicitly incorporate funda-
mental physical knowledge via decomposed PDE forms, leading to principled, architecture-agnostic
improvements in both data efficiency and generalization.
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2 Methods

For time-dependent PDEs, the solution is a vector-valued mapping v : 7 x S x © — R?, de-
fined on temporal domain 7, spatial domain S, and parameter space ©, with d the number of
dependent variables. Numerical solvers compute vy(t,-) from ¢ > 1 past steps, enabling finite-
difference approximations: Ny = [vg(t — £ - At,-),...,vg(t — At,-)] — wvg(t,-), where At is
the temporal resolution. SciML aims to learn a surrogate operator Ny 4, parameterized by physi-
cal parameters 6 and learnable weights ¢, that approximates this mapping. Given /N simulations,
D = {v(i)([() Stmax), ) [T=1,... 7N}, the model is trained by minimizing a loss L, often the
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normalized root mean squared error: nRMSE = oI

, where vpq is the model prediction.

Defining Fundamental Physical Knowledge of PDEs. Let us consider the second-order PDE:
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edge as any simplified variant of Equation
obtained by removing high-order, nonlinear, Figure 2: Visualizations of simulations of PDEs and their

or forcing terms. These basic forms simulate decomposed basic forms. From left to right: activator
concentration, velocity, and density.
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far more efficiently yet remain physically relevant, serving as cost-effective physics-based data
augmentation. Unlike recent SciML foundation models that pretrain on unrelated PDEs [23|[15]], our
method exploits decomposed forms of the target PDE, ensuring task-aligned efficiency.

PDE 1: Diffusion-Reaction. The Diffusion—Reaction equation models activator—inhibitor systems
that arise in chemistry, biology, and ecology, describing how species diffuse through a medium while
undergoing local reactions. In our work, we adopt the FitzHugh—Nagumo variant:

Oru = Dy Orzztt + Dy Oyyu +u — u—k—v, 0w = Dy0yv+ Dy,0yyv +u —v. 2)

where u and v represent the concentrations of activator and inhibitor, respectively, D,, D, are
diffusion coefficients and k = 5 x 1073,

Decomposed Basic Form. We simplify Equation 2]by omitting nonlinear reaction terms, yielding pure
diffusion: Oyu = Dy (0pptt + Oyytt), Opv = Dy (0pev + Oyyv). The diffusion term is the primary
source of pattern formation, facilitating transport and stabilization. It encapsulates critical properties
like isotropic spreading and mass conservation, providing inductive bias. Nonlinear reaction terms
will introduce stiffness, resulting in increasing computational cost. By omitting nonlinear terms, the
system becomes linear and more amenable to efficient numerical solutions.

Physical Scenarios. Pattern formation depends on the ratio of g” [29, [1} [13]. Classical Turing
instability arises when D, >> D,,. Following prior work [24], we set D,, = 10~ and study % =5

(in-distribution) and &= € {1,100} (OOD).

PDE 2: Incompressible Navier-Stokes. The Navier—Stokes equations govern the dynamics of
fluid flow by enforcing mass conservation and the momentum of fluid parcels.

1
aa—ltl' = —(u-V)u+vViu— ;Vp+ f. 3)

u is the velocity field, v the dynamic viscosity, p the density, p the pressure, and f the external force.

Decomposed Basic Form. To isolate fundamental nonlinear transport mechanisms and reduce
computational complexity, we simplify Equation [3| by omitting the pressure term (incompressibility
via projection) %Vp and diffusion term vV2u: %—"j = —(u - V)u + f. This form emphasizes
inertial advection with external forcing, approximating high Reynolds number flows where viscosity
is negligible. Pressure projection requires solving large linear systems, while diffusion introduces
stiffness and substeps. Removing both accelerates simulation while retaining convection which is the

main driver of nonlinear transport and turbulence.

Physical Scenarios. Dynamics are set by viscosity v (or Reynolds number Re = %). Smaller v
yields more turbulence. Following prior work [35} |18} 28], we study v = 0.01 in-distribution and
v € {0.001,0.05} for OOD generalization. We also test a 3D case to assess robustness on complex
spatiotemporal dynamics (Appendix [D.2).

Joint Learning with Fundamental Physical Knowledge We adopt a multi-task setup, jointly
training neural operators on simulations of both the original PDE and its decomposed basic form.
Since basic forms are much cheaper to simulate (Table[I)), we can trade expensive PDE samples for a
larger number of basic-form samples under the same cost. We define the Sample Mixture Ratio as
the ratio of their simulation costs, ensuring that replacing one original sample with the corresponding
number of basic-form samples maintains a comparable simulation budget relative to the baseline.

Table 1: Summary of simulations of PDEs and their decomposed basic forms. GPU: NVIDIA RTX 6000 Ada.

Spatial Temporal Simulation Costs ~ Sample Mixture Ratio

PDE Resolution Steps Target Variables (sec. per step) (PDE : Basic Form)
Diffusion-Reaction (Eq. 2] o 1.864x 1072 )
Basic Form 128 x 128 100 Activator u, Inhibitor v 6.610 x 10-3 1:3
Navier-Stokes (2D) (Eq. r o orn . . 2.775 .
Basic Form (2D) l 256 x 256 1000 Velocity u, Density s 0113 1:24

We mainly consider Fourier Neural Operator (FNO) [20] and transformer as our neural architec-
ture [[10, |38} 23] 16]]. We make our method agnostic to specific architectures of neural operators, with
the structure of sharing the backbone of the model but the last prediction layer.



3 Experiments

Training Settings. We summarize our training details in Appendix[C] In our method, we “exchange’
half of the simulation budget of baseline model in the training to simulate basic forms with the
sample mixture ratio defined in Table[I] and importantly, for both learning the original PDE and its
decomposed basic form, we use the same hyperparameters and keep their optimization costs (number
of gradient descent steps) the same, which both make their training fairly comparable. Since our goal
is to evaluate performance on the original PDE, we use data from the basic form PDE only during
training. All testing is conducted exclusively on the original PDE data.

i

Data Efficiency. We mainly consider the following methods: 1) “Baseline”: Neural operators that
are only trained on simulations of the original PDE. 2) Ours: Replace simulations of original PDE
with its decomposed basic form, allowing total simulation cost of training data can be comparable
or even reduced. 3) “Spatiotemporal Downsampling”: Neural operators trained on a mix of full-
resolution and low-resolution simulations (upsampled by interpolation), reducing simulation costs

through coarser Spatiotemporal data. 2D Diffusion-Reaction 2D Incompressible Navier-Stokes
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triangle) yields additional efficiency,
surpassing the downsampled baseline
(yellow diamond). For 2D Navier—Stokes with the Transformer, our method still outperforms both
the baseline and spatiotemporal downsampling at comparable cost.

Figure 3: Joint training neural operators on data of the original PDE
and the basic form improves performance and data efficiency.
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time. As shown in Figure [l with jyference at different unrolled steps.
losses aggregated over five steps, our

method maintains its improvements from Figure[3] demonstrating stronger long-term consistency.

Out-of-Distribution (OOD) Generalization. We next evaluate the generalization of our method in
out-of-distribution (OOD) settings, where simulation parameters are significantly shifted. As shown
in Tablg2] our approach improves both in-distribution accuracy and robustness to unseen physical
dynamics, resulting in more reliable neural operators. Due to the page limit, we will show more
results for long-term consistency and OOD in Appendix

Table 2: Comparisons of OOD generalization on 2D Diffusion-Reaction using FNO.

PDE Model Source OOD Target 1 OOD Target 2
Setting nRMSE  Setting nRMSE Setting nRMSE
Baseline 0.0289 0.0413 0.0770
Diffusion Reaction (2D) Baseline @ Spatiotemporal Bv _5 0.0234 BL — 0.0303 % — 100 0.0663
Ours “ 0.0231 " 0.0331 “ 0.0538
Ours @ Spatiotemporal 0.0218 0.0298 0.0596




Conclusion. We propose a principle- and architecture-agnostic approach to improve neural opera-
tors by explicitly incorporating fundamental physical knowledge during training. Experiments across
diverse PDEs and architectures highlight the value of fundamental physics as an inductive bias for
building reliable, cost-effective, and generalizable surrogate models in real-world simulations.
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A More Simulation Settings

To ensure a fair comparison under equivalent simulation costs with the basic form of each PDE,
we downsample the original PDE simulations both spatially and temporally. We also introduce the
settings for the corresponding reduced spatiotemporal resolution simulations. Note that the simulation
cost of these downsampled settings is matched to that of the basic form, which implies that their
sample mixture ratios in joint training remain equivalent.

Diffusion—-Reaction We follow [37] using PyClaw [17] (finite volume solver). The domain is
Q = [—1,1]? with resolution 128 x 128. We simulate for 5 seconds and recorde at 100 steps. Initial
conditions are Gaussian noise with homogeneous Neumann boundaries.

We downsample to 96 x 96 spatial grids and 50 time steps, then upsample to 128 x 128 x 100
via bilinear interpolation. The total simulation interval is maintained at 5 seconds, preserving the
underlying physical dynamics.

Similarly, we can further simulate our decomposed basic form of Diffusion-Reaction at low spa-
tiotemporal resolution (green curve in Figure[3)), with a sample mixture ratio of 1:8 (Table3).

Table 3: Summary of 2D Diffusion-Reaction simulations and its decomposed basic forms with reduced spa-
tiotemporal resolution. GPU: NVIDIA RTX 6000 Ada.

Spatial Temporal Target Variables Simulation Costs ~ Sample Mixture Ratio

PDE

Resolution Steps (sec. per step) (PDE : Basic Form)
Diffusion-Reaction (Eq. 128 x 128 100 1.864 x 1072
Basic Form with 96 % 96 50 Activator u, Inhibitor v 2,390 x 10-3 1:8

Reduced Spatiotemporal Resolution

2D Incompressible Navier—Stokes We follow [37]] using PhiFlow [16]. The domain is Q = [0, 1]?
with resolution 256 x 256. We simulate for 5 seconds using dt = 5 x 10~° and saved at 1,000 frames.
Initial velocity ug and forcing f are isotropic Gaussian random fields (low-frequency scale 0.15/0.4,
smoothness 3.0/1.0), with Dirichlet boundaries.

We lower the spatial resolution to 100 x 100, then upsample to 256 x 256. For temporal downsampling,
we increase the step size to dt = 5 X 104, reduce steps from 100,000 to 10,000, and decrease the
frame interval from 100 to 10, preserving 5 seconds total duration and 1,000 outputs. This reduces
computational cost by ~10x.

B Model Structure
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last prediction layer, which is agnostic to specific architectures of neural operators. This task-specific
output layer is a very well-known and widely adopted configuration in multi-task learning. It has been
highlighted in survey papers that hard parameter sharing (one input, shared hidden layers, multiple
outputs) is the standard setup for multi-task learning due to its efficiency and representational benefits
(34 9].
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C More Implementation Details

We summarize our training details in Table ] We conducted our experiments on NVIDIA RTX 6000
Ada GPUs, each with 48 GB of memory.

The number of training samples in baseline ranges from 2 to 128 for the Diffusion-Reaction equation
and from 2 to 64 for the Navier-Stokes equations. We use Adam optimizer and Cosine Annealing
learning rate scheduler. We consistently use 100 samples for testing [37]]. To train our neural
operators, we use nRMSE defined in Section E}

Table 4: Training details. “DR”: Diffusion-Reaction.“NS”: Navier Stokes.

2D DR 2D DR 2D NS 2D NS 3D NS 3D NS

(FNO) (Transformer) (FNO) (Transformer) (FNO) (Transformer)
Input Shape Format HxWxTxC(C=2) HxWxTxC(C=3) XXYXZxTxC(C=4)
Number of Training Samples (PDE Simulations) 2,4,8,16,32,64, 128 2,4,8,16, 32,48, 64 2,4,8,16, 32,48, 64
Input Time Steps (£ in Section 10 10 10 10 10 10
Sample Mixture Ratio 1:3 1:3 1:24 1:6 1:3 1:3
Learning Rate 0.001 0.0003 0.001 0.001 0.001 0.00015
Batch Size for Primary Data 4 8 16 16 8 8
Epochs 100 60 20 30 20 80
Auxiliary Task Loss Weight 0.7 0.7 0.7 0.7 0.7 0.7
Training Hours 0.08 ~ 1.83 0.6 ~7 1~29 1.5~45 05~6.5 16 ~ 120

Gradient Descent Steps Per Epoch

f 46 ~ 2912 23 ~ 1456 124 ~ 3960 124 ~ 3960 70 ~ 2240 70 ~ 2240
(Baseline and Ours)

D More Results

D.1 Long-term Physical Consistency and Out-of-Distribution Generalization

. . 2D Diffusion-Reaction 2D Incompressible Navier-Stokes
Figure [6] shows the long-term consis- (Transformer) (Transformer)
tency results from the Transformer, gg}i | B014] e Baseline

IR o 0.12 o) o
and Table [ reports the out-of- gouj. %010 e
distribution (OOD) generalization re- 5009 : 5008 T
. . £ 0.08 --e-- Baseline £ 0.06 Jisccans
sults across both the 2D Diffusion-  5o0s ours Booa|
. . 0.06
Reaction (Transformer) and Navier- 10 15 2.0 25 3.0 35 40 45 50 10 15 2.0 25 3.0 35 40 45 50
Rollout Rollout

Stokes S(.FNIO’ Trz;lnsformler). equa- Figure 6: Joint training neural operators on data of the original
tions. Similar to the results in Fig-  ppE 4n4 the basic form improves performance with autoregressive

ure EI.(FNO) and in Table 2 (2D inference at different unrolled steps.
Diffusion-Reaction (FNQO)), here we

can see that our approach not only achieves stronger long-term consistency but also consistently
enhances generalization to simulations of unseen physical parameters. This robustness holds across
both FNO and Transformer architectures and multiple PDEs, leading to more reliable and consistent
neural operators under varying conditions.

Table 5: Comparisons of OOD generalization for different training methods with transformer. Models are
evaluated using the best checkpoints from training in Figure [3] under comparable simulation cost settings.
“Spatiotemporal“: short for “Spatiotemporal Downsampling”.

PDE Model Source Target 1 Target 2
Setting nRMSE  Setting nRMSE Setting nRMSE
Baseline 0.1056 0.1249 0.1976
Diffusion-Reaction  Baseline@Spatiotemporal 0.0542 D, 0.0698 D, 0.0812
(2D, Transformer) po=9 ——— pr=1 — Fr=10 ——
’ Ours 0.0602 0.0782 0.0853
Ours @ Spatiotemporal 0.0469 0.0489 0.0671
Baseline 0.0487 0.0825 0.0369
N(a;]‘)er‘FSl\%‘)es Bascline@Spatiotemporal 1 = 0.0 0.0442 1 =005 00743 »=00001 0.0269
’ Ours 0.0175 0.0222 0.0125
Baseline 0.0479 0.0853 0.0685
Navier-Stokes — “g_ (line@Spatiotemporal 1 — 0.01  0.0496 1 —0.05 0.0568 v —0.0001 0.0402
(2D, Transformer) 0 o "
Ours 0.0265 0.0397 0.0256




D.2 3D Navier-Stokes Extension

In real-world settings like atmospheric or smoke dynamics, buoyancy-driven flows add significant
complexity [[L1]]. To capture this, we extend to 3D incompressible Navier—Stokes in a rising plume
scenario (see Figure [2] (c)), where smoke enters from a circular inflow at the bottom center (rate
0.2 units/timestep) and rises under buoyancy. This setup tests our method on challenging 3D
spatiotemporal dynamics.

Simulation Settings Our solver is PhiFlow [16]]. We simulate in a spatial domain of Q = [0, 1]3,
with resolution 50 x 50 x 89. We simulate 150 steps with a dt = 2 x 10~%. We set the initial ug as
zero and upward buoyancy forcing term f, = 5 x 10~%. Unlike the 2D Navier-Stokes, we introduce
randomness of4 the buoyancy forcing term on horizontal directions by uniformly drawing f, f, from
[—1,1] x 10~

Table 6: Summary of 3D Navier-Stokes simulation and its decomposed forms. GPU: NVIDIA RTX 6000 Ada.

Spatial Temporal . Simulation Costs ~ Sample Mixture Ratio
PDE Resolution Steps Target Variables (sec. per step) (PDE : Basic Form)
Navier-Stokes (3D) (Eq. . . 1.047 .
Basic Form (3D) 50 x 50 x 89 150 Velocity u, Density s 0.300 1:3

Experiment Results We aim to also demonstrate three key benefits shown in Section [3]as well as
the synthetic-to-real transfer.

3D Incompressible Navier-Stokes

Data Efficiency In Figure
we can see that joint training (or-
ange square) on both the original
and basic forms of the 3D Navier-

Normalized RMSE
o o
N w

o
-

Stokes equation consistently re-

3D Incompressible Navier-Stokes
(FNO)

(Transformer)

= -=- Baseline

Ours

e o ©
Now s

Normalized RMSE
o
o

o
o

-=- Baseline
Ours

10°
Simulation Costs (Seconds)

10°
Simulation Costs (Seconds)

duces normalized RMSE from
baseline (blue circle) across vary- Figure 7: Joint training neural operators on data of the original 3D
ing simulation budgets. This im- Navier-Stokes equation and the basic form improves performance and
provement is observed for both data efficiency.

FNO and Transformer architectures, highlighting enhanced data efficiency and generalization, which

aligns with the results in Section 3] 3D Incompressible Navier-Stokes

Long-term Physical Consistency In our Figure[8] we show

0.225 3
the rollout performance of the FNO model on the 3D incom- 0200 - Baseline P
pressible Navier-Stokes equation. Here, we run the experi- =g 00 ours

ments with the best checkpoints from training in Figure %0-125 o=

Losses will be aggregated for five consecutive time steps. We — £g000]

can see that our improvements in Figure[7| further persist across = 0.s0 !

1.0 1.5 2.0 2.5 3.0 3.5 4.0 45 5.0
Rollout

Figure 8: Joint training neural operators
on data of the original 3D Navier-Stokes
equation and the basic form improves
performance with autoregressive infer-
ence at different unrolled steps.

autoregressive steps, leading to improved long-term consis-
tency.

Out-of-Distribution (OOD) Generalization In Table[/| we
show that our joint training approach significantly improves
out-of-distribution generalization on 3D Navier-Stokes across
all test settings, outperforming the baseline for both FNO and
Transformer models. Together with the results in Table[2]and[5] the consistent gains observed across
all OOD setting results underscore the effectiveness and robustness of our method in generalizing to
previously unseen physical regimes, particularly under significant shifts in simulation parameters.

Table 7: Comparisons of OOD generalization on 3D NS using different training methods.

Model Model Source Target 1 Target 2
Setting nRMSE  Setting nRMSE Setting nRMSE
Baseline 0.0675 0.0393 0.0836
FNO ous V=001 o081 V=01 0329 v = 00001 g 0602
Baseline 0.0114 0.0327 0.0816
Transformer T Ous V7 0.01 T 00064 V7 0.1 00124 Y = 0.0001 T 0032
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Synthetic-to-Real Generalization Fi-

nally, we test neural operators trained 29.92
on simulations of 3D Navier-Stokes in

real-world scenarios. Essentially, trans-

fering models trained on simulations to :

real observations is a synthetic-to-real i 0.00

generalization problem [8} [7], as domain t
gaps between numerical simulations and |
real-world measurements always persist. Scalarflow Baseline Ours

nRMSE: 0.250 nRMSE: 0.213

We study the ScalarFlow dataset [[11]],
which is a reconstruction of real-world Figure 9: Visualizations of the last time step in the ScalarFlow

smoke plumes and assembles the first and its predictions derived by baseline and our model.

large-scale dataset of realistic turbulent flows. For comparison, see our visualizations of synthetic 3D
Navier-Stokes simulations in Figure[2c1) and ScalarFlow data in Figure[2{c3).

We show the results and visualize the ground truth as well as the model predictions on smoke plumes
from ScalarFlow in Figure 0] We can see that our method outperforms the baseline model and
presents a qualitative comparison of scalar flow predictions on real data, illustrating that our jointly
trained model exhibits improved synthetic-to-real generalization performance.

D.3 More Random Seeds

2D Diffusion-Reaction 2D Incompressible Navier-Stokes
To ensure the statistical robust- (FNO) (FNO)
ness of our findings, we now run
FNO using three different ran-
dom seeds during initialization
and training. For each configu-
ration, we report the average per- ' I3 10 16

formance across the three runs Simulation Costs (Seconds) Simulation Costs (Seconds)

and include standard deviation as Figure 10: Model performance averaged over three random seeds. Dash
ines indicate the mean performance, with error bars representing stan-
1 dicate th perf th b P ting st:
dard deviation. Legends align with the descriptions in Section@

-- Baseline \ -J-- Baseline
Baseline@Spatiotemporal Baseline@Spatiotemporal
ours ours

-+ Ours@Spatiotemporal

o
o
G

0.10

Normalized RMSE

o

o

&
i

H

error bars in all plots in Figure
[T} This enables a more rigorous
evaluation of model performance, capturing the inherent variance and mitigating the risk of overinter-
pretation from single-seed outcomes. We can see that the results demonstrate that joint training of
neural operators on data from both the original PDE and its decomposed basic form yields consistent
improvements in predictive performance and data efficiency, highlighting the effectiveness of this
multiphysics learning strategy.

D.4 Loss Reweighting

In Section 2] we define our total loss for joint learning of the original PDE (Lossppg) and its
fundamental physical knowledge (decomposed basic form Losspgsic) as

Loss = Lossppg + 0.7 X Lossgasic

To test sensitivity to the auxiliary loss weight, we conducted an ablation on FNO for 2D Diffu-
sion—Reaction using weights 0.5, 0.7, and 1.0. As shown in Table @ averaged nRMSE across training
sample sizes varies only slightly. This result demonstrates that the model is largely insensitive to
the specific choice of auxiliary weight and suggests that the improvements achieved through joint
training are robust with respect to this hyperparameter. We therefore fix the auxiliary weight to 0.7 in
all experiments.

Table 8: Ablation study on the auxiliary loss weight in joint training using FNO for the 2D Diffusion-Reaction
across three settings: auxiliary weights of 0.5, 0.7, and 1.0.

Auxiliary Weights 0.5 0.7 1
Averaged nRMSE  0.0508 0.0491 0.0472
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D.5 Choice of Fundamental Term

To demonstrate the importance of the choice of drop-
ping terms, we conduct an ablation study on 2D
Diffusion-Reaction, where we simulate reaction term
instead of the fundamental diffusion term. The simula-
tion cost for reaction-only term is 2.048 x 10~2 seconds
per step, corresponding to a 1:9 sample mixture ratio
when compared to the simulation cost of the original
PDE data, making sure the comparable results.

From Figure[TT} we can find that keeping the reaction

2D Diffusion-Reaction

0200 A\\ --+- Baseline

Ours@Diffusion

0.175
H --- Ours@Reaction

2 0.150
o

01251 o
I

5 0.100
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5 0.075 L
2 .

7Y

0.050

0.025

10! 10°
Simulation Costs (Seconds)

Figure 11: Joint training with both the funda-
mental Diffusion term and Reaction shows the
importance of choice on fundamental term.

term and removing the fundamental diffusion term will damage the accuracy with up to 64% increase
of nRMSE, while applying the fundamental diffusion term keep boosting the model performance
with 11% to 24% decrease of nRMSE. This ablation study confirms that the correct fundamental
basic term can improve the data-efficiency when joint training with the original data, and proved that
the source of improvement in Figure [3]is clearly from training with the fundamental term itself.

D.6 Lie Transform Argument on 2D Imcompressible Navier Stokes

Lie symmetries offer a way to generate new, physically valid training examples by exploiting the
analytic group transformations that map one PDE solution to another. This enables the model to
learn representations that are inherently equivariant to fundamental symmetries such as translation,
rotation, and scaling. To further prove the strength of our model, we leverage the implementation of
Lie point symmetry augmentation from [} [25]], which is orthogonal to our multiphysics joint training
approach, to 2D incompressible Navier Strokes equation.

As our decomposed basic form is orthog-
onal to the Lie point symmetry augmenta-
tion, our method can serve as a complemen-
tary data augmentation. In Figure [12] we
study prediction errors (nRMSE) of neural
operators trained with different numbers of
training samples (simulations). As we have
already seen (Figure [3), our approach (or-
ange square) significantly outperforms the
baseline (blue circle). In contrast, the Lie-
transform augmentation alone (yellow dia-
mond) only marginally improves the base-

e
=
0

Normalized RMSE
o
=
o

2D Incompressible Navier-Stokes
(FNO, Lie Transform Augmentation)

o
o
a

N -e-- Baseline
\\ Baseline@LieTransformAug
RN Ours
N .
\\\ -4-- Ours@LieTransformAug
oS
A\ \\‘~\\
RN Pssss
SN TTEsal, ——
. - "
BRI B
it R -
104 10°

Simulation Costs (Seconds)

line. As a result, combining our approach
with Lie transformations (green triangle)
yields strong performance, but is compara-
ble with our approach alone, underscoring
the orthogonal and complementary benefits
of these two techniques.

Figure 12: Joint training neural operators on data of the
original PDE and the basic form, as a complementary data
augmentation orthogonal to Lie-transform augumentation,
can further improve performance and data efficiency. Y-axis:
normalized RMSE. X-axis: simulation costs (seconds).
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