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Abstract

Transformer quantum states (TQS) achieve competitive accuracy on frustrated
spin systems, yet their reliance on increasing the parameter count offers limited
systematic control of the accuracy–efficiency trade-off in variational Monte Carlo.
We propose a weight-sharing TQS that treats a single encoder block as a short
imaginary-time propagator for discrete imaginary-time evolution. Within each
block, we embed Suzuki–Trotter decompositions to increase the local approxi-
mation order, thereby improving accuracy without adding trainable parameters.
In this framework, depth sets the total imaginary time and acts as a learned low-
energy projector, providing a tunable accuracy control at fixed parameter count.
On the square-lattice J1–J2 Heisenberg model, it attains accuracy comparable to
conventional non-weight-sharing TQS while using fewer parameters.

1 Introduction

Neural-network quantum states (NQS) provide accurate variational ansätze for ground states within
variational Monte Carlo (VMC) [1, 2]. They have demonstrated effectiveness across a wide range of
quantum lattice models [3–5]. Recent work has introduced Transformer quantum states (TQS) [6, 7],
a class of NQS based on Transformer architectures, which achieve state-of-the-art performance
on challenging frustrated quantum spin models [5]. Notably, this accuracy is achieved without
introducing explicit physical priors, relying instead on the Transformer’s expressive power.

Despite strong empirical performance, these TQS treat the Transformer as a black box: accuracy is
often sought to be improved by blindly scaling up model size (e.g., depth and hidden dimension)
rather than systematic architectural controls. This practice often yields overparameterized models
and redundant capacity for target quantum systems [5]. Such overparameterization also raises both
sampling and optimization costs in VMC, where higher accuracy also requires more samples.

To balance the efficiency–accuracy trade-off in a transparent manner, we integrate two insights into
a TQS architecture: i) weight sharing to improve parameter efficiency [8–12], and ii) a dynamical
system view on Transformer encoders to enhance accuracy [13, 14]. Building on these insights,
we implement a weight-sharing TQS in which a single shared encoder block is treated as a short
imaginary-time propagator as part of discretized imaginary-time evolution. This view offers a clear
physical interpretation that the encoder depth sets the total imaginary time while the propagator acts as
a learned low-energy projector. Motivated by this view, we embed the Suzuki–Trotter decomposition
schemes [15–19] within each block, improving accuracy without adding trainable parameters. We
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+ ĜFFN

× τ

+ ĜFFN
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Figure 1: (a) Our weight-sharing TQS architecture. (b) Examples of the weight-sharing block
derived from Suzuki–Trotter decompositions.

demonstrate that our proposed method matches conventional non-weight-sharing TQS baselines with
fewer parameters on the square-lattice J1–J2 Heisenberg model.

2 Preliminary

Frustrated quantum spin model. We take the target Hamiltonian Ĥ to be the J1–J2 Heisenberg
model on the square lattice,

Ĥ = J1
∑
⟨i,j⟩

Ŝi ·Ŝj + J2
∑
⟨⟨i,j⟩⟩

Ŝi ·Ŝj , (1)

where Ŝi = (Ŝx
i , Ŝ

y
i , Ŝ

z
i ) are spin-1/2 operators, ⟨i, j⟩ denotes nearest neighbors, and ⟨⟨i, j⟩⟩ next-

nearest neighbors. Here J1 and J2 denote the exchange coupling constants of the nearest-neighbor
and next-nearest-neighbor terms, respectively. On the square lattice, the coupling ratio J2/J1 ≈ 0.5
sits in a strongly frustrated regime where the ground-state sign structure remains unsettled, posing a
long-standing challenge. Recent TQS models have achieved state-of-the-art variational energies on
the standard 10× 10 benchmark in this regime [5].

Variational Monte Carlo optimization. We consider a variational wave function ψ(σ), where
σ denotes a spin configuration. The variational energy E is estimated from samples σ ∼ p(σ),
with p(σ) ∝ |ψ(σ)|2, as E = Eσ∼p(σ)[Eloc(σ)], where Eloc(σ) = (Ĥψ)(σ)/ψ(σ). In the TQS
setting, ψ(σ) is parameterized by Transformers; we minimize E using stochastic reconfiguration [20],
specifically its efficient minimum-step stochastic reconfiguration (minSR) methods [4, 5].

3 Weight-sharing Transformer quantum states

Architecture overview. We propose a weight-sharing TQS (Fig. 1a) that substantially improves
parameter efficiency. Given a spin configuration σ, we partition the lattice into N patches and embed
each patch as a vector xi ∈ Rd (i = 1, · · · , N), yielding the embeddings Xσ(0) ∈ RN×d. We
model a single Transformer encoder block, consisting of a factored multi-head attention (MHA)
sublayer [5, 21] and a position-wise feed-forward network (FFN), as an operator T̂ (τ) characterized
by a step size τ > 0. We then apply it L times with parameters shared across depth, producing
Xσ(L) = [T̂ (τ)]LXσ(0) (see Physically interpretable encoder block). Finally, we pool Xσ(L) to
a global latent zσ(L) = Pool(Xσ(L)) ∈ Rd and parameterize the variational wave function as
logψ(σ) =

∑d
a=1 log cosh

(
ba +w⊤

a zσ(L)
)
∈ C, with complex-valued parameters {ba,wa}da=1.

Physically interpretable encoder block. We interpret repeating the weight-sharing block as a
dynamical system in imaginary time. With weight sharing, a single encoder application realizes an
operator T̂ (τ), which acts as a short imaginary-time propagator and induces the recursion Xσ(ℓ+

1) = T̂ (τ)Xσ(ℓ), hence Xσ(L) = [T̂ (τ)]LXσ(0) with the total imaginary time β = Lτ ; in the
limit τ → 0 at fixed β, [T̂ (τ)]L → e−βĜ for a learned generator Ĝ. Because VMC drives the
variational wave function toward the ground state, the learned generator behaves as a low-energy
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filter. When convergence is achieved, the repeated application of this filter e−βĜ suppresses excited-
state components, a process analogous to imaginary-time evolution. To expose Ĝ from the block
sub-operations, we define a single shared block generator as Ĝ ≡ ĜMHA + ĜFFN, where ĜMHA

and ĜFFN are the formal generators of the MHA and FFN sublayers, which implicitly include the
pre-applied layer normalization. Their actions can be described by ĜMHA and ĜFFN, such that
the updates are written as Xσ←Xσ + τ ĜMHAXσ and Xσ←Xσ + τ ĜFFNXσ. Furthermore, the
generators ĜMHA and ĜFFN, can be identified with an effective interaction Hamiltonian Ĥint and an
onsite Hamiltonian Ĥloc, respectively. Specifically, for the factored MHA, the update term defines
Ĥint = −U , where the interaction of two patches (i, j) is Uij =

∑
hB

(h)α
(h)
ij V

(h). Here α(h)
ij

denotes the attention weight of head h, V (h) is the value projection, and B(h) is the h-th slice of
the output projection Wo. For the FFN, the update term defines Ĥloc = −

∑
i ki, where ki is an

effective operator for the local action at patch i. Accordingly, the full block generator corresponds to
an effective many-body Hamiltonian, Ĝ = Ĥint + Ĥloc.

Suzuki–Trotter decompositions for TQS. The central challenge is that the ideal propagator
T̂ (τ) = e−τ(ĜMHA+ĜFFN) cannot be implemented directly because its generators do not commute.
Our approach is to approximate T̂ (τ) by systematically composing the block’s elementary operations,
e−τĜMHA and e−τĜFFN , using the Suzuki–Trotter decompositions (Fig. 1b). For an n-th order decom-
position, the implemented propagator T̂ (n)(τ) approximates the ideal one with an error of O(τn+1).
The standard encoder block (MHA followed by FFN) [6, 7] realizes the first-order Lie–Trotter
scheme [15, 16], where the local Trotter error is O(τ2), and the corresponding propagator is given by
T̂ (1) = e−τĜMHAe−τĜFFN . This error accumulates with depth L, reflecting the generic noncommuta-
tivity between interaction and onsite terms in many-body Hamiltonians ([ĜMHA, ĜFFN] ̸= 0). To
reduce this error, we replace the single block with a higher-order product:

T̂ (n)(τ) =

k∏
i=1

e−a
(n)
i τ ĜFFN e−b

(n)
i τ ĜMHA , (2)

where k is the number of stages, and a
(n)
i , b

(n)
i are scheme-dependent coefficients satisfying∑

i a
(n)
i =

∑
i b

(n)
i = 1. In practice, we instantiate the second-order scheme by Strang [17]

and the fourth-order schemes by Suzuki [18] and Blanes–Moan [19]. The key advantage of this de-
sign is that it allows us to increase the decomposition order, and thus the accuracy, without adding any
trainable parameters. This is achieved by constructing higher-order schemes simply by reordering
and rescaling the same underlying MHA and FFN sub-operations within the block. This provides a
powerful mechanism to trade a modest increase in computational cost for a systematic reduction in
Trotter error, all within a fixed parameter budget. This parameter-efficient strategy for error reduction
stands in contrast to methods like MacaronNet [13], which also embed a second-order decomposition
but do not share weights, thereby increasing the parameter count with depth.

4 Results

We evaluate the proposed weight-sharing TQS on the frustrated square-lattice J1–J2 Heisenberg
model at J2/J1 = 0.5 on a 10× 10 lattice. For all experiments, we use a patch size of N = 2× 2.
Implementations are built on NetKet [22, 23], and we use minSR [4, 5] for optimization, with learning
rate set to 0.0075 and diagonal shift set to 10−4. We set the short imaginary-time step to τ = 0.5, so
the controlled knobs are the decomposition order n and the number of shared blocks L.

Decomposition order. To study how the decomposition order n impacts accuracy, we perform a
comparative analysis of different schemes at a fixed encoder depth of L = 4 (i.e., β = 2.0). For our
weight-sharing TQS, we use a configuration with d = 60 and nh = 10 attention heads, resulting
in 44,890 trainable parameters. We also evaluate a non-weight-sharing TQS baseline [5], which
would require 155,620 parameters (about 3.5× more) under the same hyperparameter configuration
as our models. Running the optimization on two NVIDIA A100 40GB GPUs for 800 iterations with
4,096 samples, we find a clear trend (Fig. 2a): the higher-order schemes monotonically improve the
mean energy per site relative to the first-order Lie–Trotter scheme. In particular, among all schemes,
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Figure 2: (a) Energies per site of four Suzuki–Trotter decomposition schemes and the non-weight-
sharing TQS baseline. Each point shows the mean ± s.e.m. of a method over five seeds. (b) Energies
per site of three models with different model sizes using the Blanes–Moan scheme.

Figure 3: (a) Energies per site and (b) computation time per optimization step of four Suzuki–Trotter
decomposition schemes with different encoder depths. A marker in (a) indicates the mean ± s.e.m.
of a method over five seeds.

the fourth-order Blanes–Moan ansatz achieves the lowest energy per site, indicating that raising n
effectively reduces the Trotter error while maintaining robust optimization. The best energies per
site across seeds for the different schemes are non-weight-sharing baseline −0.49666(9), Lie–Trotter
−0.49669(9), Strang −0.49671(9), Suzuki −0.49697(9), and Blanes–Moan −0.49683(7), where
parentheses indicate statistical (Monte Carlo) errors. Both fourth-order schemes thus reach lower
energies than the Lie–Trotter, Strang, and non-weight-sharing baseline. While the Suzuki scheme
attains the lowest best energy, the Blanes–Moan variant yields the lowest energy across seeds and
the smallest seed-to-seed variance (as reflected in its standard deviation), making it the most robust
fourth-order choice in practice. Notably, these schemes achieve lower variational energies than the
non-weight-sharing baseline, highlighting the superior accuracy of our parameter-efficient approach.
Furthermore, when we restrict the non-weight-sharing baseline to the same number of trainable
parameters as our weight-sharing TQS (corresponding to a single encoder layer), the best energy per
site across seeds is −0.49335(21), indicating that the baseline fails to achieve a comparable level of
accuracy under an equal parameter budget.

Parameter scaling. We next investigate the scaling behavior of our approach with 8,192 samples
per iteration and 3,000 optimization iterations, using two NVIDIA H100 80GB GPUs. We compare
three models of the Blanes–Moan scheme and L = 4, which have 44,890, 64,236, and 113,296
parameters where (d, nh) correspond to (60, 10), (72, 12), and (96, 16), respectively. Fig. 2b shows
that the larger models obtain the better per-site energies from−0.49725 to−0.49730. The results also
match the accuracy reported in the previous study [5]. Note that our models have fewer parameters
than the non-weight-sharing ones in [5], which typically require 267,720 to 994,700 parameters.

Impact of total imaginary time. Finally, we analyze how the total imaginary time β = Lτ affects
the accuracy and efficiency of our approach. We fix the time step at τ = 0.5 and change the encoder
depth L to 2, 4, and 8. All other settings are identical to those in Decomposition order. As shown in
Fig. 3a, the lower-order schemes exhibit a nearly monotonic decrease in energy as L increases. This is
consistent with the interpretation of greater depth acting as a stronger low-energy projector as the total
imaginary time β = Lτ grows. In contrast, the higher-order Suzuki and Blanes–Moan schemes show
limited improvement or even slight degradation at the largest depth of L = 8. Interestingly, when we
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inspect individual runs for the Blanes–Moan scheme, the best seed at L = 8 attains an energy per
site of −0.49681(8), which is essentially as good as the best seed at L = 4, −0.49683(7). At the
same time, across seeds the standard deviation of the energy per site increases from 3.22× 10−5 at
L = 4 to about 3.60 × 10−4 at L = 8, i.e., by roughly an order of magnitude. This indicates that
the underlying high-order approximation does not fundamentally deteriorate with depth and can in
principle reach equally accurate energies, but optimization instabilities and stochastic noise become
much more pronounced as L increases, effectively limiting the practical benefit of going beyond
L = 4 at the fixed step size τ = 0.5. Fig. 3b shows that the lower-order schemes are significantly
faster than the fourth-order schemes. These results support that controlling the encoder depth L
provides a physically interpretable trade-off between accuracy and computation time. From the
results, we suggest the Strang scheme with L = 8 and the Blanes–Moan scheme with L = 4 as
reasonable choices to balance accuracy and computational efficiency.

5 Conclusion

We introduced a weight-sharing TQS that models the encoder block as a short imaginary-time
propagator and improves accuracy at a fixed parameter budget via Suzuki–Trotter decompositions.
Our results on the square-lattice J1–J2 Heisenberg model showed that our approach achieved lower
energy and matched recent non-weight-sharing baselines with fewer parameters. Future directions
include reducing the computational overhead of higher-order schemes and applying other quantum
many-body systems, e.g., fermion systems.
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