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Abstract

We propose a deep learning implementation of the Mori—Zwanzig formalism,
termed DMZ, as a principled multiscale, memory-aware, and stochastic modeling
framework for developing subgrid-scale parameterization schemes in global cir-
culation model. Here, robust multiscale representations are needed for stable and
skillful long-term forecasts but remain limited by computational capacity. Cou-
pled online tests with DMZ-based parameterization demonstrate stable multiyear
simulation runs that maintain physically consistent interannual variability. When
evaluated against satellite observations, DMZ significantly reduces precipitation
bias, particularly over the Pacific Ocean where dominant modes of variability
such as El Nifio-Southern Oscillation emerge. These results highlight DMZ as a
promising modeling paradigm that provides a principled stochastic, memory-based
parameterization scheme to improve the fidelity of Earth system simulations.

1 Introduction

Physical systems often involve complex processes that interact across a wide range of spatial and
temporal scales. Resolving all of these scales simultaneously still exceeds even today’s most powerful
computational capabilities [1}[2]. In fluid dynamics, for example, simulations typically span multiple
levels of fidelity, from direct numerical simulation (DNS), to large-eddy simulation (LES), and even
coarser models such as the general circulation model (GCM), each progressively approximating
the effects of unresolved dynamics through subgrid-scale parameterization [3H5]. This creates a
trade-off: whereas high-resolution emulators such as convection-resolving models (CRM) can capture
multiscale processes more realistically, they remain too computationally expensive [6].

To address this limitation, stochastic parameterizations, inspired by early works of Hasselmann [7]]
and Leith [8], have been explored. Here, unresolved fast processes are approximated as random
noise, effectively reducing the model dimensions while maintaining essential slow dynamics [9} [10].
More recently, hybrid approaches (e.g., [11]) combining machine learning (ML) with coarse-grained
high-resolution simulations have emerged. These hybrid approaches appear capable of correcting
systematic biases and thus show promise for improving precipitation and extreme statistics and
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enabling long-term, high-fidelity simulations. However, ML-based parameterizations are often shown
to be unstable, physically inconsistent, and typically rely on ad-hoc designs to represent memory and
stochastic variability [12].

In this study, we propose a deep learning implementation of the Mori—Zwanzig (MZ) formalism to
develop principled stochastic, memory-based parameterization schemes, termed DMZ. The formalism
was originally developed by Mori [13]] and Zwanzig [[14] as projection-based methods to express the
effect of both the resolved and unresolved variables in terms of the resolved ones. As a result, one
can prescribe a set of governing equations for the resolved variables.

Recently, the MZ formalism has inspired a broad range of machine learning approaches that incor-
porate memory effects to enhance the solution of PDEs beyond purely Markovian models [[15} [16].
These methods explicitly account for missing time delays [[17] and have been successfully applied
across disciplines, including materials science [[18]] and climate modeling [[19].

Building on this extensive body of work, we extend MZ-inspired and memory-augmented modeling
frameworks to subgrid-scale parameterization in climate models. Specifically, we apply DMZ to
estimate subgrid temperature and specific humidity variability from coarse-grained outputs of high-
resolution cloud-resolving models, following the approach of [11]. This complements previous studies
leveraging the MZ formalism for stochastic parameterizations and non-Markovian representations
in GCMs [20-23]], including proposed applications in NOAA’s next-generation global forecasting
system [24].

Like [11], we achieve stable multiyear online simulations, demonstrating that such data-driven
parameterizations can be robustly integrated within an interactive GCM. Our presented initial results
demonstrate a promising proof-of-concept for incorporating data-driven memory terms into subgrid
parameterizations, paving the way for future large-scale validation and comparison against existing
stochastic schemes.

2 Deep Mori-Zwanzig formalism

Formalism We consider a discrete dynamical system of the form:

#(t+1) = F(o(t)), 1

where ¢ € R is the state variable and F : RN — R¥ is the flow map. Following notation from
[25]], the MZ formalism describes the exact evolution of the states given an initial condition ¢(0)
through the Generalized Langevin equation (GLE), where the nonlinear dynamics is decomposed
into Markov, memory, and noise or orthogonal terms. The discretized GLE has the form:

g0 11(6(0) = 208, (6(0) + 3 Vg, (6(0)) + Wa(6(0)), @)
—_——— = —_———
Markov Orthogonal
Memory

where g, : RY — RM jis a feature vector, e.g., resolved variables or observables, such that
gn(9(0)) = g(F™(¢(0))). The formalism stipulates that the dynamics of the resolved variables
depend not only on their instantaneous Markovian contributions but also on their history through the
memory term. The orthogonal dynamics are unobserved W, and are commonly approximated as a
stochastic process, such as Brownian motion, which we adopt in this work.

Approximation Although Equation[2]is exact, estimating the Markov and memory operators, i.e.,
{QO) ... Q)}, is non-trivial. One approach is to apply Mori’s linear projection to approximate.
However, the quality of the resulting predictions depends almost entirely on the choice of resolved
variables g and their linear combinations. Alternatively, Zwanzig’s nonlinear projection satisfies
a particular optimality condition, but requires access to conditional expectations, which are often
intractable in finite-data, high-dimensional settings. As such, we implement a data-driven implemen-
tation from [25]], which shows that any regression analysis can be treated as projection operation in
MZ. In short, the operators can be interpreted as regressors that map the independent quantities on the
right-hand side (RHS; [g1, - - - , gx]) to the quantities of interest on the left-hand side (LHS; g;,11).
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Figure 1: Online DMZ-hybrid run seasonality checks for a 10-year run across pressure levels in hPa
(different colors) shows stability and consistency similar to the SPEEDY control run. We remove
top-of-atmosphere trends for specific humidity due to low water vapor mixing ratios.

Deep learning Mori-Zwanzig operators In this work, these regressors are implemented as deep
learning models, parameterized by learnable weights and trained to minimize the mean-squared

error (MSE). This yields a family of data-driven approximations, { Q(Sg) R Qé:)}, which serve as
tractable surrogates for the projection operators. We defer the complete treatment and derivation to
[25]. This design enables the model to capture both short-term nonlinear interactions and longer-
range memory effects within a unified framework. The resulting DMZ formulation can be viewed

as a learned discrete convolution, where the kernel weights {Qéoo), cee Qé:)} encode the effective
memory of the system.

To ensure physical relevance, the learned operators are trained on coarse-grained fields from high-
resolution cloud-resolving simulations and evaluated in an online coupled setting with the SPEEDY

GCM. In this context, Q‘(gg) represents the instantaneous (Markovian) subgrid tendency, while le)
for | > 0 model the influence of prior states, effectively capturing unresolved variability due to
time-lagged dynamic and thermodynamic processes. The residual term W, acts as a stochastic
closure for remaining variability and provides a measure of model uncertainty. This formulation
preserves the interpretability of the MZ decomposition while allowing for purely data-driven learning.

3 Experiments

We present the experimental setup to demonstrate the utility of DMZ for developing memory-based,
stochastic parameterization schemes. Note, the notation used here deviates slightly from earlier
formalism in Equation [2} while GLE is expressed in terms of dynamical evolution, here we recast the
problem in a regression form following [25]. Without loss of generality, we define the independent
term (RHS) as x(¢) and the dependent term (LHS) as y(¢), following a canonical regression setup,
ie., y(t) = DMZ[x(t — s),...,x(t)], where s is the prescribed memory length.

Training We use high-resolution nested CRM simulations from the Met Office Unified Model
MetUM) [26, 127] run by [[11] as training data. The MetUM set-up involves 80 nested limited-area
models (LAM) that are forced by a global model. Each nested LAM has a grid resolution of 1.5 km.
To generate training data, each LAM is divided into patches, each patch contains 224 x 224 grid
points and is 336 km wide to approximately match the resolution of the SPEEDY grid (333 km). The
nested simulations are run with a 6-hourly sampling frequency over 10 days. The subgrid variability
of temperature (o7) and specific humidity (o ;) are calculated over each patch to form the training
data set. Using these CRM simulations, we estimate {923)7 e A)é?} by regressing o and o,
across [ = 8 pressure levels: l

y(t) = [or(t), o) €RY; or(t), oy(t) € R 3)

The independent variables, or predictors, are then given by:

T .
X(t) - [ll’T(t)a /J’q(t)v psfc(t)v Noroga Jorog] S R21+5, (4)
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Figure 2: Comparing precipitation climatology for both the SPEEDY control and DMZ-hybrid online
runs. The latter shows physical consistency similar to that of the control run.

where pr(t), p,(t) € R! are the subgrid means of temperature and specific humidity, pys.(t) € R is
surface pressure, and fiorog, Torog € R are the mean and variability of orography.

For each deep regressor, {2y, we use a 2-layer multi-layer perceptron (MLP), with SiLU activation
function [28]], and 128 hidden dimensions. Training is performed with a learning rate of 10~%, batch
size of 32, over 200 epochs; the best performing model on the 80-20 validation split is saved. We
prescribe the memory length, s = 2, as a proof-of-concept. Future ablation will examine the relative
contribution of different memory length.

Inference We apply the learned operators on a sequence of inputs [x(¢t — s), ..., x(¢)], rather than
a snapshot as was done in [11]], to estimate y(t) in an online setting. We use SPEEDY (Simplified
Parametrizations, primitivE-Equation DYnamics) as our host GCM [29], where DMZ corrects
SPEEDY’s resolved updates to temperature p5° ®FPY (¢) and specific humidity uSPEEDY(t) to
account for subgrid effects every 6 hours. The correction applied at the end of each step then serves
as input for subsequent integration, as given by:

ur()] _ [FEEY (0] Ter(t)

= A~ t 5

{Nq(t) pSPEEDY (1) + 6q(t) ©&(1), (%)
where £(t) ~ N(0,1) and @ is the element-wise dot operator. To ensure consistency, we ensure
specific humidity has positive values.

Results We first present the online results from a 10-year, 6-hourly simulation run (~14k integration
steps). As shown in Figure [T} the DMZ-hybrid run produces a stable 10-year simulation that
successfully reproduces the annual cycle, comparable to the control run without subgrid variability
correction. This stability is crucial, as it underpins the robustness of any data-driven parameterization.

Furthermore, we perform additional diagnostics focusing on precipitation, representing one of the
more uncertain variables governed by complex multiscale processes [30]. As shown in Figure[2] the
DMZ-hybrid online runs produce a physically consistent precipitation climatology over the 10-year
simulation run. Finally, we evaluate whether the DMZ-based parameterization reduces precipitation
bias by comparing against satellite-derived monthly precipitation from the Global Precipitation
Climatology Project (GPCP) [31]]. In Figure[3] we find substantial bias reductions over the Pacific
Ocean, a key region where the El Nifio-Southern Oscillation (ENSO), one of the dominant modes of
variability in the Earth’s circulation, emerges. Performance is poorer in tropical forest regions, likely
due to the high precipitation variability that makes predictions challenging. Globally, online runs
with DMZ-based parameterization achieve a lower climatological precipitation area-weighted RMSE
of 1.55 mm/day compared to 1.69 mm/day in the SPEEDY control simulation.

4 Conclusion

In this work, we demonstrate the application of deep learning to approximate MZ projection operators
for the development of a stochastic, memory-based parameterization scheme. Trained on high-
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Figure 3: Comparing precipitation bias against GPCP observations (negative values indicate DMZ
improvement over SPEEDY control run), we find significant reductions over the Pacific Ocean, an
important region where ENSO, one of the main modes of variability, manifests.

resolution data and deployed in an online setting with interactive coupling to SPEEDY as the host
GCM, DMZ produces stable and skillful multiyear online simulation runs.

At present, we have yet to perform extensive fine-tuning which results in only 8% improvement in
precipitation RMSE relative to the SPEEDY control, below the ~17% improvement reported for
the memory-less approach of [[L1]. Nonetheless, these results demonstrate that data-driven memory
terms can be stably integrated into an online coupled GCM. We view these findings as an important
first step toward understanding how learned memory representations influence subgrid variability and
long-term model behavior. Beyond their immediate performance, the results establish a transparent
methodological framework for learning and evaluating MZ operators in coupled climate models,
providing a solid foundation for systematic future improvements.

Future work on parameterization will explore the impact of increasing the memory length s and
experimenting with alternative deep architectures on downstream task performance. Beyond param-
eterization, DMZ opens several promising directions, including applications in forecasting, where
complex couplings between observed and unobserved variables can be naturally represented through
the memory and orthogonal terms of the formalism [32]]. Looking ahead, we envision DMZ as a
general class of reduced-order models for emulating multiscale dynamics.

Limitations Fitting and maintaining a collection of regressors can be more challenging than training
a single model as is typical in many ML regression tasks; essentially, the classical tradeoff is apparent
here: what MZ offers in interpretability is partially lost in practicality. Addressing the challenge of
making the data-driven estimation of MZ operators more tractable is an important focus of ongoing
work.
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