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Abstract

In this paper we present the Attention-based Spatio-Temporal Neural Operator
(ASNO), an operator-learning architecture that decouples temporal evolution from
spatial coupling. The design follows an implicit—explicit interpretation of Backward
Differentiation Formula (BDF) integration: a time-series Transformer delivers
explicit temporal extrapolation while a Nonlocal Attention Operator applies implicit
spatial refinement. Epistemic uncertainty is estimated post hoc via a diagonal Linear
Laplace Approximation with negligible overhead. Across Lorenz, Darcy, and
two-dimensional incompressible Navier—Stokes systems, ASNO attains state-of-
the-art or competitive accuracy under comparable parameter budgets, is resolution-
agnostic, and maintains stable long-horizon rollouts, enabling uncertainty-aware
modeling of high-dimensional fields.

1 Introduction

Learning surrogates for operators governed by ordinary and partial differential equations enables fast,
resolution-independent prediction [Lu et al., 2021, Kovachki et al., 2023]. However, representing
temporal dynamics and spatial couplings within a single module conflates distinct sources of error
and can reduce stability under iterative rollouts [Vaswani et al., 2017, Li et al., 2020]. In scientific
settings with variability in initial or boundary conditions, calibrated uncertainty is also necessary for
reliable use [Daxberger et al., 2021, Cinquin et al., 2024, Zou et al., 2024].

We pursue a principled separation inspired by implicit—explicit IMEX) time integration. The explicit
component advances the state based on recent history, whereas the implicit component enforces
consistency with current forcing and spatial interactions [Ascher et al., 1995]. ASNO instantiates this
separation by combining a time-series Transformer for temporal extrapolation with a nonlocal spatial
operator; uncertainty is quantified by a diagonal Laplace approximation propagated through first-order
sensitivity [Karkaria et al., 2025]. The main contributions are: (i) an IMEX-guided decomposition
for spatio-temporal operator learning; (ii) a lightweight uncertainty mechanism providing pixel-wise
intervals; (iii) an evaluation across Lorenz, Darcy, and Navier—Stokes with matched budgets; and (iv)
implementation details that facilitate reproduction. We also discuss extrapolation risks and detection
ideas relevant to scientific deployment [Madras et al., 2019].

2 Method

Backward differentiation formula (BDF) methods provide high-order accuracy and large stability
regions for stiff problems Fredebeul [1998] [Wanner and Hairer, 1996]. For the initial-value problem

X(t) = F(t, X(t)), X(to) = Xo, )]
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Figure 1: ASNO architecture. A temporal Transformer consumes the last p fields X,,,_ 1. to

produce the explicit extrapolate X,,11; a Non-Local Attention Operator refines this state using
conditioning channels F},,;; to yield the final prediction X, 4.

a p-th order BDF step of size At balances a linear combination of past states against a residual
involving F'(t,,41, Xm+1). Rearranging yields an IMEX view

Xmi1 = (= Xhoi anXmiron) + ALBF((m+1)AL Xia) @

Xm+1 (explicit extrapolate)

which motivates an architectural split: first construct the explicit extrapolate Xm+1 from a short
temporal history; then compute an implicit correction that encodes spatial coupling and consistency
with the driving operator [Ascher et al., 1995]. The resulting ASNO architecture is summarized in
Figure 1.

Temporal extrapolation. Let X (t) € RY*4 denote a field discretized into N spatial tokens and d
channels. The temporal path (Figure 1, left) uses a time-series Transformer encoder 7y, that processes
the last p states along time for each spatial token. Inputs are linearly embedded and augmented with
temporal positional encodings; multi-head self-attention aggregates information across lags, followed
by a position-wise feed-forward block with residual connections and layer normalization. The output
is the explicit extrapolate

Xm+1 = 7T9T (me---amep+1) S RNde (3)

which plays the explicit role in (2). Isolating temporal memory in a dedicated path reduces competition
with spatial modeling and mitigates accumulation error during recursive rollouts [Vaswani et al.,
2017, Zerveas et al., 2021, Lim et al., 2021, Zhou et al., 2021].

Spatial refinement. The spatial path (Figure 1, center/right) applies a Nonlocal Attention Operator

Sps to X, 41, optionally conditioned on auxiliary channels F,; (e.g., boundary indicators or
source terms). Tokens attend over space to capture long-range interactions and boundary influence;
cross-attention incorporates known forcings at ¢,,, 1. A residual stack of attention and feed-forward
layers yields the refined update

Xty = Sos (K1) = Soo Tor(Xoms - X pin)) @
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which assigns temporal extrapolation and spatial coupling to distinct, composable modules. This
assignment improves interpretability and empirically stabilizes long-horizon forecasts in advec-
tion—diffusion and elliptic regimes [You et al., 2022, Yu et al., 2024, Li et al., 2020].

Objective and rollout training. Given samples D = {(X,,—p+1:ms Xm+1)}, parameters § = (07, 0s)
are trained by regularized empirical risk minimization,

1
£0) = 57 3 X2 (8) — X ||5 + All6II3: )
(m)eD

Teacher forcing supervises single steps. For multi-step stability, a short unroll replaces the single-
step loss by a sum over ¢ future steps and can employ scheduled sampling. Inputs and targets are
standardized per channel; reported errors are de-standardized.

3 Uncertainty quantification

Calibrated uncertainty is needed to quantify confidence in field predictions, detect extrapolation, and
support downstream decisions in scientific modeling. Epistemic uncertainty is estimated post hoc via
a Laplace approximation around the trained parameters. Let R(6) denote the regularized risk in (5);
the maximum a posteriori estimate 6y 4 p minimizes R(6). A local quadratic approximation yields

p(0| D) = Mbuar, ), E=H"',  H=ViR0O)|, . (6)

To scale, we replace H by a diagonal generalized Gauss—Newton surrogate formed from averages
of Jacobian outer products plus weight decay; the diagonal is accumulated over mini-batches or
estimated with Hutchinson probes using Jacobian—vector and vector—Jacobian products [Daxberger
et al., 2021, Ritter et al., 2018, Eschenhagen et al., 2023, George et al., 2018, Schraudolph, 2002,
Amari, 1998].

Predictive uncertainty follows from first-order propagation at fyap. Writing J,,, = 90X, /06
evaluated at Oyap,

i1 = X2 (Omap), Cov[ X2, ] ~ Jn . 7

Pixel-wise (1 — «) credible intervals are fi,,, 41 & 21 /20, Where o2 is the corresponding diagonal
element of (7); a scalar temperature 7 > 0 can rescale 3 on validation to improve empirical calibration.

For reporting, we use prediction interval coverage probability (PICP) and mean prediction interval
width (MPIW):

M

M
1 221-a/2
PICP = le{yj € [,uj — Z1-a/205, Hj —|—Z1,a/20'j] }, MPIW = TZO’j.

Jj=1 j=1

(®)

Gaussian negative log-likelihood and CRPS are computed in standard closed forms; related interval-

construction and calibration perspectives appear in [Nikulchev and Chervyakov, 2023, Xue et al.,

2024]. Libraries such as NeuralUQ support broader UQ workflows for neural operators [Zou et al.,
2024].

4 Benchmarks and results

We summarize datasets, training, metrics, and results in a single narrative for coherence. Lorenz
isolates temporal extrapolation under chaotic dynamics. Trajectories are integrated by fourth—order
Runge—Kutta with step 0.01; models observe five past states and predict the next, for the system

[Lorenz, 1963] Darcy isolates nonlocal spatial coupling on two-dimensional grids with heterogeneous
permeability and Dirichlet boundaries; the strong form is

=V - (a(z)Vu(z)) = f(z) inQ, u(z) = g(z) on 0. (10)

Incompressible Navier—Stokes probes coupled advection—diffusion with nonlocal constraints on the
two-dimensional torus; the vorticity—streamfunction system is

Ow + J(¢,w) = v Aw, AY = w, J (¢, w) = 0z Oyw — Oyt Oyw. (11)
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Table 1: Unified benchmark performance across Lorenz, Darcy, and Navier—Stokes. Best loss per
system is marked with T.

Model Lorenz Darcy Navier—Stokes
Params Time Loss Params GPU Loss | Params GPU Loss

ASNO 258K 1.55s 0.000797 | 760K 181MB 0.03687 | 4.66M 880MB 0.02137
Transolver 396K 1.46s 0.00083 | 811K 422MB 0.0428 | 4.14M 911MB 0.0234
DeepONet 266K 1.74s 0.00175 | 6.23M 2146MB 0.0537 | 5.10M 3100MB 0.0921
Transformer 258K 1.18s 0.00182 | 1.62M 173MB  0.0559 | 5.19M 961MB  0.0967
FNO - - - 900K 214MB 0.0768 | 4.10M 846MB 0.1186
U-Net - - - 821K 123MB 0.1150 | 5.02M 991MB 0.1940
GNOT 401K 1.99s 0.00219 | 760K 208MB 0.0516 | 5.25M 1024MB 0.0322
Linear+NAO 306K  1.29s 0.00529 | 720K 165MB 0.0547 | 4.05M 791MB  0.0328

Training uses Adam or AdamW with initial learning rate in [10~%, 10~3], cosine decay with warmup,
early stopping, batch sizes chosen to saturate device memory, gradient clipping, matched parameter
budgets, standardized inputs, and de-standardized outputs. Single-step losses are computed under
teacher forcing; long-horizon stability is assessed by autoregressive iteration. Deterministic accuracy

uses mean-squared error (MSE) and fieldwise L? norm for predicted X and truth X:

) N od , R N d 2\ 1/2
MSE:WZQXW—XM, X=Xl = (3D (Kie—Xi)?) . (2

i=1 i=1 c=1

Uncertainty quality at ninety five percent nominal is summarized by PICP and MPIW using pixelwise
means u; and standard deviations o;.

Table 2: Uncertainty metrics for a representative Darcy test case.

Metric Value
PICP (coverage %) 94.00 %
MPIW 0.3046

Table 1 indicates systematic gains from separating temporal extrapolation and spatial refinement.
On Lorenz, the temporal pathway stabilizes five-step memory and achieves the lowest loss with
fewer parameters; on Darcy, nonlocal refinement reduces bias under boundary-induced long-range
correlations and attains the best loss with comparable sizes and lower memory; on Navier—Stokes,
the split design mitigates rollout drift and preserves coherent structures, consistent with reduced
single-step error. Uncertainty estimates are well-calibrated in practice: for Darcy, Table 2 reports
coverage near nominal with moderate interval width (PICP 94.00%, MPIW 0.3046). Removing the
spatial operator increases error on Darcy and Navier—Stokes; a purely spatial variant conditioned
only on the latest frame lacks temporal memory and becomes unstable in autoregression; disabling
uncertainty preserves means but worsens calibration (higher Gaussian NLL, worse CRPS), indicating
that the Laplace layer provides useful reliability at low cost [You et al., 2022, Li et al., 2020, Vaswani
etal., 2017].

5 Conclusion

ASNO is an IMEX/BDF-inspired operator that separates temporal extrapolation (Transformer) from
spatial coupling and loads (neural operator with NAO). On Lorenz, Darcy, and Navier—Stokes, it
outperforms baselines in accuracy, rollout stability, and zero-shot generalization. The split improves
interpretability and enables real-time decisions; future work targets transfer across systems and
broader foundational modeling.

Reproducibility

The supplementary material details architecture hyperparameters, optimizer settings, data-generation
scripts, ablation tables, and calibration procedures. Code will be released upon acceptance.
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