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Abstract

Conservative-dissipative dynamics are ubiquitous across a variety of complex open
systems. We propose a data-driven two-phase method, the Moment-DeepRitz
Method, for learning drift decompositions in generalized diffusion systems in-
volving conservative-dissipative dynamics. The method is robust to noisy data,
adaptable to rough potentials and oscillatory rotations. We demonstrate its effec-
tiveness through several numerical experiments.

1 Introduction

Nonlinear stochastic dynamics are ubiquitous in complex systems across physics, biology, and
engineering. Incorporating the randomness perturbations (e.g. Gaussian noise) in deterministic
ordinary differential equations (ODEs), stochastic differential equations (SDEs) provide a powerful
mathematical framework for modeling such complex dynamics [1} 2]]. By employing simple SDEs
with gradient drifts, whose density functions are governed by potential Fokker-Planck equations
(typically Langevin equations), a huge volume of research has been done for investigating the
equilibrium behaviors of particle systems including the relation between temperature, pressure
and entropy at the macroscopic level [3 14, 5]. However, while investigating the non-equilibrium
thermodynamics of particle systems, various complex phenomena occur, including entropy production
[6, [7, 18]], conservative-dissipative dynamics [9} [10} [L 1], non-Boltzmann steady states [12,[13], etc.
Non-detailed balance is a crucial ingredient in the occurrence of intricate statistical behaviors of
collective particles mentioned above and Fokker-Planck equations with the non-gradient structures
serve as paradigms to understand such property.

Research on the discovery of physical laws described by ODEs and SDEs from observational data
via data-driven approaches has been growing rapidly, see e.g. [14} 15,116,117, [18,|19]]. The main idea
is based on the machine learning framework, for example neural networks are trained to minimize
suitable physics-informed loss functions. The loss functions can take various forms, such as PDE-
based forms [14, [15, [20], weak forms [21} 22]] and variational forms [19} 23| 24} 25]]. Due to the
fundamental connection between non-detailed balance and non-gradient drift structures, the precise
identification of drift decomposition plays a crucial role in the investigation of non-equilibrium
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thermodynamics. On one hand, the rotational components of the drift provide a way to compute
the entropy production of the diffusion process evolving on Riemannian manifolds with non-trivial
topology [26]. On the other hand, the computation of irrotational components is significant in the
large deviation theory [27]. Motivated by the results of Lu et al. [[19]], Kong et al. [25] proposed a two-
stage data-driven framework for learning the drift decomposition, satisfying pointwise orthogonality,
in generalized diffusions by combining the evolution of first moments with the energy dissipation
law.

In this paper, our objective is to extend the results in [25] and recover the drift decomposition in
Fokker-Planck equations with the more general non-gradient drifts. We remark that, Kong et al. [25]
only address the case in which the drift terms satisfy a pointwise orthogonal decomposition, whereas
the present work proposes a data-driven framework for tackling general scenarios by combining the
first-moment dynamics with DeepRitz method.

In Section 2] we introduce the Moment-DeepRitz method for identifying pseudo-potential and rotation
components in diffusion systems. Section [3|presents two-dimensional experiments, and Section 4]
summarizes results and open problems.

2 Learning framework

We present the Moment-DeepRitz method for learning generalized diffusions with non-gradient
structures, starting from the stochastic system governed by the following SDE:

dX; = b(X,)dt + o(X;)dW;, X, = (2},--- ,z4) € RY, (1)

where b = (by,...,bg) : R? — R? is a drift term and W, denotes a standard d-dimensional
Brownian motion with a scalar noise intensity o = (X;). The probability density function f(x,t)
of X, evolves according to the Fokker-Planck equation

0 f +V - (bf) =1A(02f), xeRLE>0, )
£(x,0) = fo, x € RY, @

where the classical It6 integral formula has been applied to (1)) and f;; denotes the density of initial
state X. The evolution of the first moment fRd f(x)x dx is given by (see, e.g., [25]])

i/ fszdX: / bide, X = (Il,...7l’d). (3)
dt Rd Rd

To further extract the potential and rotation components of the drift in generalized diffusions, we
assume the drift b can be decomposed uniquely as

b=-Vy+R, 4)
where V - R = 0. Then, taking the divergence of both sides in () yields
—Ayp =V _-b. 4)
Since ¢ solves the Poisson equation (3), it is a minimizer of the following optimization problem
: 1 2
min 1(6), 1(0) = 5 [ [VoP dx+ [ Vi-bax ©)

where H is the set of admissible functions.

Combining (3) with (6), we propose a deep learning based method, the Moment-DeepRitz method
for identifying the physical laws of generalized diffusions: in the first phase, to learn the general
drift b, one formulates the loss function based on the first-moment dynamics ; while in the second
phase, one follows DeepRitz method in [28] and employs the variational form (6] to construct the
loss function and recover the irrotational component.

Given the noise intensity o2, we aim to implement the Moment-DeepRitz method in the continuous
data observation setting. Here, we define by (; 6) and ¢¥xx (2; 6) as neural network approximations
of the drift and potential components b and 1)(z), respectively.

We construct the training data as follows. For j = 1, ..., M, Gaussian-type initial states (fo),(x)
with mean ,u? and variance o3 generate numerical solutions f;(x, t) of the Fokker-Planck equation



([2). Let Axy and At be the spatial and temporal mesh sizes, and define observation grids dx, = Axy,
0t = mAt. With uniform mesh points x; of spacing 0x = (dx1,...,dz,), the training dataset is

{fj(xi,t1), fj (x4, tg)}?f]?fl, where to = t; + 6t and t; < 1 is a short transient time.
We now present the Moment-DeepRitz method (see Algorithm [I]in Appendix [T)):

Phase 1: First-moment estimates. This phase is identical to Stage 1 of [25]. The objective is to
solve the minimization problem
05, = argmin L (6). @)
9

where LY (9) = ZZ:1 Lii’n(e) in which

M
L&) =
by ()72
j=1

where (1) (t) = |0%]| Zfil(xi)kfj (xi,t), x; = ((x3)1,-- -, (xi)a), denotes the approximation of
the centroid of density function f solving (2) for j =1,...,M,and k =1,...,d.

2

N
- |5X‘Z(bk)NN(Xi;e)fj(Xi,h) ,k=1,...,d. (8

i=1

(15)k(t2) — (1) (1)
to — 11

Phase 2: DeepRitz method. Approximating (6) by a Riemann sum yields the loss function
dyn al 1 2 * * *
7o) = [ox| > §|V1/1NN(X1';9)| + Vinn(xi50) - b*(x;) |, b*(x;) = ban(x:505) (9)
i=1

where 6}, is given by (7)) in Phase 1. Learning 1) reduces to the optimization problem:

0;, = arg;nin Igyn(ﬂ). (10)

It is worth mentioning the key differences between our proposed method and those in [27,25]. The
approach in [27] requires estimating the velocity of individual particles. This can yield highly accurate
results for learning both the potential and rotational components when a sufficient number of particles
are available and the data is minimally affected by noise. In contrast, our method only requires
computing the temporal change in ensemble data. Specifically, we estimate the time derivative of the
density rather than tracking individual particle velocities. Compared with [25]], our method offers
two notable advantages. First, it does not require pointwise orthogonality between the gradient of
the potential and the rotational component of the drift coefficient. Second, it remains effective even
under small or vanishing noise intensity o, thanks to the use of DeepRitz in the second stage, which
circumvents the nonconvex optimization problem encountered when learning the potential function
in [235].

3 Numerical examples

We present representative two-dimensional experiments (d = 2). Since the Fokker-Planck equation
is posed on R?, we approximate its solution on the domain [—4,4] x [—4, 4]. In Phase 1, observation
data are generated from M initial distributions N'(u®, 02 13), where p? is uniformly sampled from
[—2,2] x [-2,2], 02 = 0.01, and I denotes the 2 x 2 identity matrix.

The training dataset {f;(z;,yi, t1), f; (xi,yi,tQ)}?gfl is generated by numerically solving the
Fokker-Planck equation with spatial resolution Az = Ay = 0.1 and time step At = 0.0001.
Unless otherwise specified, we construct M = 40 distinct initial distributions and extract solution
snapshots at t; = 0.015 and ¢ = 0.016 (i.e., m = 10) for training.

To test the robustness of our method to noisy data, the training samples are perturbed with Gaussian
noise of level 0.1, obtained by convolving the numerical solution f with the distribution N'(0, 0.115).

For training in both phases, we employ a fully connected neural network with four layers: two
hidden layers, each containing 50 neurons. The activation function is Tanh(), and the parameters are
optimized using the Adam algorithm [29] with a learning rate of 1 x 10~%. In Phase 1, the network is
trained with a batch size of 5. Unless otherwise specified, both phases are trained for 10,000 epochs.

Since ) is defined up to an additive constant, we shift ¢)nyN so its mean matches that of 1, i.e.,

U (x) = o (x) + & S (%) — P (x7).



To assess the accuracy of our method at each phase, we compute the relative root mean square error

(rRMSE) of the drift b as follows: rRMSE, = \/21121 [b(x;) — ban(X:; 9;”2/\/21']\;1 [b(x;)]2.
The rRMSE of 1 (' RMSEy) and R {RMSER) are defined in a similar fashion.

Double-well Potential. Consider the potential ¢(z,y) = 1(2? — 1)2 4+ 1y and the rotation

R(z,y) = [y, —] ", with the noise intensity 0 = 2,102, and 0.
Using the Moment-DeepRitz method, we recover both the drift vector field and the associated pseudo-
potential, which together yield the corresponding rotation field. The relative root mean square errors

are reported in Table[Ta] and the first three rows of Figure 2] compare the learned results with the
ground truth.

Table 1: Relative root mean square errors across different examples.

(a) Learning of the double-well potential under differ- (b) Learning of different potentials and rotations.
ent noise intensities.

Example rRMSE;, rRMSE, rRMSEgr

0'2 I‘RMSEb rRMSEw I‘RMSER

QW ¢ 1.37e-02  2.41e-01  7.07e-02

2 2.83e-02  7.27e-02  9.03e-02 Osc. R 6.44e-03  1.84e-01  2.17e-01
1072 2.58e-02  8.07e-02  9.10e-02 Rough 1 2.64e-02 1.17e-01  1.33e-01
0 2.50e-02  1.09e-01  1.09e-01

Quadruple-well (QW) Potential. Consider the potential ¢(z,y) = §(#? — 1)® + £(y* — 1) and
the rotation R(z,y) = [y, —| ", with the noise intensity > = 2. We choose a larger number of
datasets M = 80 and increase the number of epochs to 100,000.
Oscillatory Rotation (Osc. R). Consider the potential i (z,y) =
R(z,y) = [cos(y), —sin(z)] T, with the noise intensity o2 = 2.
datasets M = 80 and increase the number of epochs to 50,000.

1(2% + y*) and the rotation
ec

hoose a larger number of

For the two examples above, the relative root mean square errors are reported in the first two rows in
Table[Tb} and the first two rows in Figure[[|compare the learned results with the ground truth.

Figure 1: From left to right: byy/b (quiver plots), ¥xn/v /YN~ — ¢ (heatmaps), and Ryn/R
(quiver plots). Rows: (1) Quadruple-well potential, (2) Oscillatory rotation.

Rough Potential. To demonstrate the robustness of our method to rough, oscillatory potentials,
we consider ¥(x) = 1(2? — 1)2 + 1y2 + <% sin(222) sin(22%) with a parameter ¢ = 0.2. Here ¢
controls the oscillations: smaller values produce stronger, higher-frequency fluctuations, which grow
more pronounced in higher-order derivatives and thus are harder to approximate accurately. The

noise intensity is set to be o2 = 2.

The relative root mean square errors are reported in the last row of Table[Ib] The last row of Figure 2]
compare the learned results with the ground truth.

The experimental results summarized in Table [T] and shown in Figures [I] and 2] demonstrate the
robustness of the Moment-DeepRitz method under several challenging scenarios. First, the method
remains stable in the vanishing noise limit (c — 0), where the pseudo-potential converges to the
quasi-potential. Second, it performs reliably on noisy datasets, tolerating perturbations up to a noise



level of 0.1. Finally, it is effective for complex potentials 1/ and rotation fields R even without
imposing the pointwise orthogonality condition between V1) and R.

4 Conclusions

A data-driven approach has been proposed for learning the governing physical laws in complex
stochastic dynamics described by the Fokker-Planck equations with non-gradient drifts. Combining
the first-moment dynamics with a variational formulation, we have developed the Moment-DeepRitz
method to learn both the pseudo-potential and rotational components in non-equilibrium diffusions.
Compared to the results shown in [25]], our framework is applicable to the case of non-pointwise
orthogonal drift decomposition. Another advantage of our method lies in its robustness to noisy
data and varying noise intensity shown in Section[3] In particular, we validate the effectiveness
through a series of challenging numerical experiments involving quadruple-well potentials, rough
potentials and oscillatory rotations. We remark that the numerical results for the cases 02 = 1073
and o = 0 in Table [la| demonstrate that our framework offers an alternative approach of computing
the quasi-potential, parallel to the data-driven method used in [27]. Numerous open problems remain
and a promising research direction in the near future is to extend the data-driven learning framework
to the case of time-dependent drifts.
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Algorithm for the Moment-DeepRitz Method

Here we present the algorithm for the Moment-DeepRitz method described in Section [2]

Algorithm 1 Learning generalized diffusions with non-gradient drifts via Moment-DeepRitz method

N,M

* Choose the training data as {(f;(xi, 1), fj(xi, t2)}; 525,

density functions and ¢1, to are two time steps.

where f;(x;,t) are probability
* Phase 1: Minimize the loss function (8) via the deep learning based method, then find the

“best” parameters of the neural networks to reconstruct byy for learning the drift b.

* Phase 2: Minimize the loss function [ iyn given by @) and find the “best” parameters of the
neural networks to reconstruct ¢)nN for learning the irrotational component ).




B Results of learning double-well potential under different noise intensities
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Figure 2: From left to right: byy/b (quiver plots), ¥nn/% /YN~ — ¢ (heatmaps), and Ryn/R
(quiver plots). Rows: (1) 02 = 2, (2) 02 = 0.001, (3) 02 = 0, (4) 02 = 2 with the rough potential.
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