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Abstract

Conditional Whitney forms have recently emerged as a promising framework at the
intersection of scientific machine learning and finite element analysis. They offer a
solid theoretical foundation for enforcing structure preservation in complex learning
settings. However, their use so far has been restricted to tasks where structural
constraints can be satisfied with simple, yet inaccurate, physical representations. In
this work, we analyze why existing formulations reduce to typical unconstrained
reformulations, circumventing actual physics recovery, highlight the necessity of
incorporating additive structure pertaining to the governing physics of the system
and validate experimentally our theoretical insights.

1 Introduction

Partial Differential Equations (PDEs) form the foundation for describing and modeling complex
physical systems across engineering and sciences. Traditional PDE solvers, such as the Finite
Element Method (Brenner and Carstensen, 2004), are notoriously computationally intensive, lack
generalizability across different parameters and do not apply in settings where the governing physics
are only partially known. Motivated by the achievements of machine learning, operator learning
(Kovachki et al., 2023; Lu et al., 2021) emerged as a very powerful learning paradigm for learning
maps between infinite-dimensional function spaces. Neural operators address the limitations of
traditional solvers and show great promise in both predictive performance and efficiency (Bodnar
et al., 2025), but integrate physics mainly as inductive bias (Li et al., 2024; Karniadakis et al., 2021)
and do not guarantee physical realizability (e.g. conservation laws).

At the intersection of finite element exterior calculus (FEEC) (Arnold, 2018; Trask et al., 2022)
and operator learning, conditional Whitney forms (CWF) (Kinch et al., 2025) were proposed as
a framework that enables the construction of learnable reduced finite element spaces, in which
conservation laws can be strictly enforced. CWF indeed provide a solid theoretical foundation for
ensuring conservation and stability. However, the equality-constrained optimization problem, as
posed in the original formulation of Kinch et al. (2025) and applied in subsequent experiments,
leads to trivial conservation without actual physics recovery. We provide an intuitive, yet rigorous,
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interpretation of this phenomenon and highlight the necessity of extra regularization to mitigate it.
Furthermore, we reformulate the optimization problem to enable actual-physics recovery and provide
experimental validation for the effectiveness of our approach.

2 Theoretical Formulation

2.1 Preliminaries

Inspired by Whitney forms (Lohi and Kettunen, 2021) in FEEC, Actor et al. (2024) showed that
any partition of unity ({ψi(·)} s.t. ψi(·) ≥ 0 and

∑
i ψi(·) = 1) can be used as the basis for the

construction of a family of finite element spaces that constitute a mimetic discretization (Castillo
and Miranda, 2013) of the de Rham complex, essentially providing exact discrete analogues of the
standard differential operators (e.g. gradient, divergence) and a generalized Stokes theorem.

In the 2D setting, using the finite element spaces:
W 0(Ω) = span{ψ0

i (·)}, W 1(Ω) = span{ψ1
ij(·) = ψ0

j∇ψ0
i − ψ0

i∇ψ0
j }

to solve a PDE of the following conservative form:
∇ · (∇u+N [u;ϕ]) = S, u = 0 on ∂Ω

mixed Galerkin form seeks (u, F ) ∈W 0(Ω)×W 1(Ω) such that for all (q, v) ∈W 0(Ω)×W 1(Ω):
−(F,∇q)Ω = (S, q)Ω, (F, v)Ω = (∇u, v)Ω + (N [u;ϕ], v)Ω.

Theorem 3.4 from Kinch et al. (2025) yields an equivalent representation of the above formulation as:

δ⊤0 M1F̂ =M0Ŝ, M1F̂ −M1δ0û−M1N̂ [û;ϕ] = 0, (1)

where (̂·) denotes a discretized version of a variable, M0, M1 denote the mass matrices associated
with W 0(Ω), W 1(Ω) and δ0 denotes a generalized incidence matrix between W 0(Ω) and W 1(Ω).
Using the closeness of partitions of unity under convex combinations, we can map the degrees of
freedom of a fixed partition of unity (fine-grained) to the degrees of a reduced one (coarse-grained)
through a simple matrix multiplication with a learnable column stochastic matrix:

W (z; θ) =

[
W int(z; θ) 0

0 W bnd

]
, (2)

which is conditioned on a variable input z and maps boundary to boundary and interior to interior
degrees of freedom. Taken together, (1) and (2) yield the following PDE-constrained learning problem
in the reduced space, where operator N was replaced by a neural network NN :

min
ûi,θ,ϕ

∑
i

∥
∑
j

ûi,j · ψ0
j (x; zi, θ)− uitarget(x)∥2Ω i ∈ {1, ....Nsamples}, x ∈ Ω

subject to F(ûi;ϕ, θ, zi) := δ⊤0 M1(zi; θ)(δ0ûi +NN [ûi; zi, ϕ])−M0(zi; θ)Ŝ(zi) = 0

(3)

For more details on the derivations of CWF components, we refer the reader to Kinch et al. (2025);
Actor et al. (2024).

2.2 Trivial Conservation

As posed in (3), the learning problem is related to the inverse problem of discovering a conservation
equation applied to a reduced space of learnable finite elements. However, conservation is achieved
in a trivial way, which, essentially, means that the constraint can be omitted, as it does not restrict
the search space of candidate solutions ui(x). Thus, the learning problem can be solved as an
unconstrained regression problem in W 0(Ω) and the conservation constraint can be satisfied with
a standard post-processing step in W 1(Ω), as it only really imposes a source-flux outflow balance.
Formally, the redundancy of the PDE constraint is summarized in the following proposition.

Proposition 1 Let u(x) :=
∑

i ciλi(x) s.t. 0 ≤ u(x) ≤ 1 and u(x) = 0 on ∂Ω, where {λi(x)}Ni=1
denotes a fine-grained partition of unity. When function f(·) is not restricted to any specific structure
and for any source s(x), there is a trivial reduced partition {ψj(x)}, in which u(x) can be exactly
described and satisfies a conservation equation of the form:

δ⊤0 M1f̂ =M0ŝ, M1f̂ =M1f(û), (4)

for an infinite number of vectors f̂ .
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Proof: We define u(x) :=
∑

i ciλi(x), where {λi(x)}Ni=1 denotes a fine-grained partition. We can
construct a coarse-grained partition {ψj(x)} as follows.

ψ0(x) :=
∑

i
cint
i λ

int
i (x), ψ1(x) :=

∑
i
(1− cint

i )λint
i (x), ψ2(x) :=

∑
i
λbnd
i (x).

The subsequent transformation matrix W of (2) is :

W =

[ cTint
(1− cint)

T

]
0

0 1T

 ,
we trivially derive u(x) = 1 ·ψ0(x)+0 ·ψ1(x)+0 ·ψ2(x) and denote û := [1, 0, 0]T . Equipped with
the constructed partition of unity, we can express a conservation equation as in (4). Since everything
is known and f(·) is not limited to any specific form, we only have to solve the first system in (4).
As we have used ψ2(x) only to apply the homogeneous boundary conditions, the system admits a
reduced form as (δ⊤0 )1:2,:M1f̂ =M0ŝ, in which M0ŝ denotes the projection of the source only on
the interior nodes. Since δ0 is an incidence matrix, (δ⊤0 )1:2,: takes the following form:

(δ⊤0 )1:2,: =

[
−1 −1 0
1 0 −1

]
,

which is a full-row rank matrix and M1 is a symmetric positive-definite matrix as the mass matrix
of linearly independent finite elements; thus, the system is underdetermined, admitting an infinite
number of solutions and concluding the proof.

Remark 1 We can drop the assumptions pertaining to u(x) in Proposition 1 by slight modifications
to the proof. We can generalize for any u s.t. umin ≤ u(x) ≤ umax by setting û := [u1, u2]

T ,
where u1 ≥ umax and u2 ≤ umin and rescaling cint. Furthermore, we can drop the homogeneous
boundary conditions with a decomposition of the fine-grained boundary degrees of freedom, identical
to the decomposition used for the interior ones.

2.3 Flux Regularization

Adopting a mixed-space approach to express a data-driven generalized conservation law, CWFs are
endowed with tools to treat boundary conditions, source-flux outflow balance and other structure-
preserving properties in a precise way. The block-diagonal structure of (2) plays a critical role in the
preservation of the structure. It allows for the performance of the lift, which is necessary to impose
(in-)homogeneous Dirichlet boundary conditions, and for the quantification of the flux outflow, which
is necessary for the source-flux outflow balance claims.

However, the findings of Section 2.2 indicate that the lack of any structure in the reconstructed flux
f̂ leads to the triviality of (3). In practice, this translates into trivial reduced partitions and flux
hallucinations, contradicting the initial selection of a mixed-space approach to describe the physics
while preserving a conservation law. Furthermore, experimental evidence shows that, in settings
where a machine learning model is used for the inference of W (z; θ), the predictive performance of
CWFs is almost identical to that of the original model, hinting at the findings of Section 2.2.

As we emphasize the importance of flux regularization, we propose the reformulation of (3), adding a
flux reconstruction term as follows.

min
ûi,θ,ϕ

∑
i

∥
∑
j

ûi,jψ
0
j (x; zi, θ)− uitarget(x)∥2Ω+

+λ
∑
i

∥
∑
jk

f̂i,jkψ
1
jk(x; zi, θ)− fitarget(x)∥2Ω,

subject to δ⊤0 M1(zi; θ)f̂i −M0(zi; θ)ŝ(zi) = 0,

M1(zi; θ)(f̂i − δ0ûi −NN (ûi;ϕ, zi)) = 0.

(5)

We adopt the above data-driven approach of flux reconstruction, as learning optimal geometries for
the representation of the governing physics is one of the main desiderata of CWFs. To be more
precise, the above form of f̂i contains both a structural assumption and a learnable component, as δ0ûi
exactly represents the gradient term of flux (diffusion); see Actor et al. (2024), and NN (ûi;ϕ, zi)
denotes a learnable nonlinear flux term (convection).
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3 Experiments

Experimental Setup We probe the validity of theoretical insights in Section 2.2 and the effective-
ness of the proposed reformulation of Section 2.3 in a 2D stationary advection diffusion problem
with an inhomogeneous advection field. The PDE for this problem is described below.

∇ · (∇u(x, y) + a(x, y)u(x, y)) = S(x, y), (x, y) ∈ Ω := [0, 1]2

where S(x, y) := 20sin(πx)cos(πy). Adopting the idea of the Darcy flow dataset from (Takamoto
et al., 2022), we create different realizations of this PDE by dividing Ω into 2 subdomains Ω1 and
Ω2, as shown in Figure 1, and applying different velocities within these domains. The velocity field
a(x, y) is defined as follows.

a(x, y) =

{
−5 · 1 if (x, y) ∈ Ω1

−0.1 · 1 if (x, y) ∈ Ω2
,

We divide a data set of 10, 000 samples into 9, 500 training and 500 testing samples.

Model Setup We use a CViT (Wang et al., 2024) model for the inference of learnable Whitney
forms. CViT combines a vision transformer encoder, a grid-based coordinate embedding and a query-
wise cross-attention mechanism with state-of-the-art results. We select a Q1 basis on a 128× 128
quadrilateral mesh as the fine-grained partition of unity and select 8 learnable basis functions for the
coarse-grained partition.

Results The results are summarized in Table 1 . Surprisingly, we observe that the regularized
method does not harm the reconstruction of the distribution u, while it drastically improves the
reconstruction of the flux F (see Figure 2). We also see that the unregularized method learns uniform
fluxes, achieving flux balance through adjustments near the boundaries (see Figure 2b), showing that
the equality constraint of (3) imposes only an artificial outflow-source balance.

Table 1: Reconstruction MSE for both distribution u and flux F in the unregularized and regularized
settings. We use λ = 0.01 for the regularized method.

Method Dist. Loss Flux Loss

Unregularized 1.5 · 10−6 3.0 · 100
Regularized 1.5 · 10−6 1.6 · 10−3

Figure 1: 2D Advection Diffusion. Representative subdomains, predictions and point-wise errors with
the regularized method.

4 Discussion

Summary This work sheds light on the recently proposed framework of conditional Whitney forms
(Kinch et al., 2025). Building upon foundational ideas of finite element exterior calculus, CWF
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(a) Ground Truth (b) Unregularized Convective Term (c) Regularized Convective Term

Figure 2: 2D Advection Diffusion. Representative flux reconstruction for both methods. We choose to
only show the learnable part of the flux. The regularized method achieves to capture the discontinuity
of the convective term.

introduce a learning paradigm that operates in mixed spaces of finite elements. Thus, it is equipped
with strong theoretical tools to embed structure-preserving properties, such as conservation laws
and boundary conditions into learnable reduced-order models. However, the solution of the learning
problem, as originally proposed, leads to trivial representations of both geometry and physics.
We essentially show that, when no specific structure of the physics is assumed, the constrained-
optimization problem is equivalent to an unconstrained regression task, followed by a standard
post-processing step. We also stress the importance of physics regularization and propose a data-
driven approach to recover the actual physics. Finally, our theoretical insights are supported by
empirical results on a 2D advection diffusion problem.

Further discussion As mixed FEM-ML approaches have received increasing attention, (Rezaei
et al., 2024; Bouziani and Boullé, 2024; Ouyang et al., 2025; Farsi et al., 2025) we acknowledge
conditional Whitney forms as a very promising direction for the design of reliable machine learning
models with guaranteed physical realizability. Yet, we reckon that they have only been employed in
learning problems, where the structure-preserving properties can be trivially achieved through the
selection of a mixed-space approach and do not mingle with the task of actual physics recovery, as a
mixed-space approach would suggest. We hope that our findings will motivate further work on this
framework. Future work could provide better insights into both experimental and theoretical aspects,
such as performance in highly nonlinear settings, the trade-off between physics recovery and stability
and efficient architectural designs.
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