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Abstract

Electronic structure is being increasingly prioritized in atomistic machine learning
(ML), as it offers a direct path to predicting diverse properties beyond single-
property ML surrogates. However, quantum mechanical (QM) data, such as matrix
representations of the electronic Hamiltonian, are inherently high-dimensional.
This makes standard operations, such as diagonalization, for obtaining eigenspectra
and other observables prohibitively expensive, and also makes the ML of such data
computationally demanding. In this work, we ask whether QM data can benefit
from classical compression strategies that are widely used in other fields. Taking
the example of effective single-particle Hamiltonians, we analyze how these tech-
niques interact with the symmetric matrix structure and affect derived observables.
We introduce an equivariant compression framework that preserves symmetry
while reducing dimensionality, allowing quantum observables computed from the
compressed representation to closely reproduce those from the full Hamiltonian.
Our results underscore the need for physics-aware compression techniques and
pave new directions for scalable, structure-preserving ML for electronic structure.

1 Introduction

Machine learning (ML) has transformed our approach to modeling complex physical systems,
paving the way for newer computational pipelines, such as hybrid ML—quantum workflows for
property prediction. Atomistic modeling, in particular, has progressed from learning interatomic
potentials [1H9] and surrogate models for individual properties [10,11] to directly targeting electronic
structure itself. By targeting the fundamental ingredients of quantum mechanics, such as effective
single-particle Hamiltonians, ML can simultaneously optimize multiple observables within a single
framework, overcoming the limitations of separate property-specific surrogates.

Within these workflows, ML can take ingredients such as effective one-electron Hamiltonians as inputs
to predict a wide range of molecular properties [12H14]] or entirely replace the traditional quantum
calculation [[15-28]]. The promise of unified modeling is, however, accompanied by the challenge
of representing and learning quantum mechanical entities, which are inherently higher-dimensional
than atomistic properties. For instance, matrix representations of the electronic Hamiltonian on
atomic basis sets scale quadratically with their size. This rapid growth makes standard quantum
mechanical operations computationally expensive and also poses a practical challenge for storing,
sharing, and training ML models on these datasets. Consequently, there is growing interest in
strategies to determine effective or downfolded representations of quantum mechanical operators
without sacrificing their essential physical structure.

One strategy is to explicitly construct a low-rank symmetry-adapted projected Hamiltonian
(SAPH) [20], which can then be used as a reduced target for ML. While this method accurately pre-
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serves a subset of eigenvalues, it leads to unphysical predictions of other observables [29]]. Refs. 29,30
proposes an alternative strategy by exploiting differentiable pipelines to learn a compressed effective
Hamiltonian by minimizing the error on several observables computed from it against their reference
values from a larger basis set calculation.

In other domains routinely faced with high-dimensional data, classical compression techniques are
reliable tools for handling data. For instance, image compression can reduce matrix dimensions
by up to 25x by exploiting problem-specific features [31-33]]. Techniques such as the Discrete
Cosine Transform (DCT) enable efficient storage and reconstruction by using a fixed set of basis
functions. While classical compression algorithms are typically optimized for storage rather than
for dimensionality reduction, they have also been successfully applied in this context [31]]. However,
naive application of these methods on QM data can compromise physical symmetries, such as
Hermiticity and rotational equivariance, leading to undesirable deviations in derived observables.

In this work, we analyze the interplay of several analytical compression techniques with the mathe-
matically rich structure of QM data with the goal of designing compression strategies that lead to
the most information-dense representations while preserving the underlying structure of the data. In
doing so, we achieve a lower-dimensional representation of the operator matrix, from which chemical
observables such as excitation energies, atomic charges, dipole moments, etc. may be derived.
Although our focus here is on electronic Hamiltonians, the proposed approach naturally extends
to other QM operators expressed on an AO basis and provides a strategy to balance cost—accuracy
trade-offs in their modeling.

2 Background

Electronic Hamiltonian Operator The electronic Hamiltonian operator is central to QM as it encodes
all ground-state properties of a given atomic configuration. In practice, many quantum-mechanical
theories and software packages work with a matrix representation of the operator in a finite basis
of atom-centered orbitals (AOs), each of which is characterized by radial (n) and angular quantum
numbers (I, m) denoting the spherical harmonic centered on each atom. Note that these basis functions
are independent of the molecular structure but may vary with the chemical species a of the atom on
which they are centered. The matrix elements between . = (anlm) and v = (a’n’l'm’) centered
on atoms 7 and j in structure A, can then be represented as H*“%'*(A;;) = (ainlm| H |a’jn'l'm’).
One-electron eigenvalues & (molecular orbital (MO) energies) and MO coefficients (C) are obtained
from the Hamiltonian by solving the generalized eigenvalue problem,

HC = SCdiage. @))]

Other ground state properties, such as the Lowdin atomic charges ¢;, can then be computed by first
computing the density matrix, p = C diag(f)CT, with occupation of each MO in f, followed by
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In addition to satisfying Hermiticity, H = HT, the matrix representation of the Hamiltonian also
transforms under rotations as a consequence of the angular nature of AOs. For each pair of angular
quantum numbers (1, 1"), associated with the radial functions (n,n’) and atoms ¢ and j in structure A,
the matrix elements H%’;m/ , are coupled using Clebsch—Gordan coefficients to obtain equivariant
outputs indexed by L,

Hym M (A) = (tms U'nd |LMYHED™ (Ayy), 3)
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where we use the shorthand b = (al,al’) and bymm = (a,a’, sL) to denote the combined set
of indices for the angular and radial basis functions, as well as the chemical species of the atoms.
(Im;!'m’|LM) are the Clebsch-Gordan coefficients, s denotes inversion parity, i.e., whether the
resulting irrep behaves as a polar or pseudotensor under inversions. The electronic Hamiltonian is,
thus, a mathematically constrained object rather than an arbitrarily dense matrix. In the following,
we review a class of matrix compression techniques, and analyze to what extent they preserve the
structure of the matrix and the physical properties derived from it.



Discrete Cosine Transform Similar to the symmetry-adapted block decomposition in (3],
popular data compression methods [34H36] also project matrices onto an orthogonal ba-
sis using transformations such as Discrete Cosine Transform (DCT) [37-H39]. A two-
dimensional DCT of an input matrix results in a matrix whose elements are coefficients of
a data-independent basis of cosines of increasing frequency, such that coefficients on the top-
left corner of the matrix correspond to low-frequency components, and coefficients in the
bottom-right corner correspond to high-frequency compo-

nents. This structure enables compression strategies such HF pruning
as high-frequency pruning (DCT-H), which removes the

bottom-right frequency bands, and low-frequency prun- DCT _—V
ing (DCT-L), which removes the top-left bands [31]] (Fig- H

ure[I)). We collectively refer to these methods as 2D com- >
pression as they directly operate on two dimensional ma- LF pruning

trices El However, when applied to the Hamiltonian, these

methods are agnostic to the atom and orbital-resolved Figure 1: Discrete Cosine Transform
structure of the operator. Although compression reduces (DCT) represents data in the frequency
dimensionality, it obscures the chemically or physically ~domain based on a range of low and high-
meaningful structure associated with the resulting matrix frequency cosine functions. LF: Low-
elements, as they can no longer be ascribed to specific frequency. HF: High-frequency.

atoms. The compressed matrices, however, can still be

diagonalized and their eigenvalues and eigenvectors used to obtain approximate physical observables.
In the following, we propose a framework to leverage these frequency-based compression techniques
while retaining the symmetry-adapted decomposition of the Hamiltonian.

3 Methods

As the physical symmetries of the Hamiltonian matrix are best captured by the symmetry-adapted
block decomposition (3), we adopt a block-wise compression approach, treating each block separately
and restricting compression along a single dimension that neither alters the atoms, nor compromises
the O(3) symmetry of each block. Each block can then be compressed by a naive truncation, singular-
value decomposition (SVD), or a one-dimensional version of the DCT method described above. We
collectively refer to these methods as 1D compression as these approaches only act along the the
(nl,n'l") labels corresponding to the columns of each block HP»= in Fig.[2| For example, consider
a fictitious initial basis corresponding to the matrix in Fig. 2] containing 2p orbitals on oxygen and 1s,
2s orbitals on hydrogen. The matrix then features blocks involving the coupling 2p—2p, 1s-2s, and so
on. In a target minimal basis where each oxygen and hydrogen is represented by a single s orbital,
blocks corresponding to p orbitals or higher s orbitals are entirely removed, while remaining blocks
may be compressed along the orbital indices to keep only the desired reduced dimensionality.

As shown in Fig.[2] this strategy corresponds to eliminating some blocks (HPsm) or reducing the size
of each block (b), based on the size and symmetries of the target reduced effective basis. In this work,
we focus on SVD, as well as, a one-dimensional DCT, noting that these methods, unlike Refs. 29} 30}
are not specifically optimized for the downstream properties (such as eigenvalues, charges derived
from the matrix) and may only partially capture global properties due to the independent treatment of
each block. This may be possibly remedied by applying similar compression techniques to functions
of the matrix, such as algebraic powers, which we leave for future work. Another drawback of
treating blocks separately is that even when the compressed basis has the same dimension as the
original one, each block may undergo its own unitary transformation. This leads to a reassembled
matrix that is not related to the original by a single global unitary (evidenced in Fig. [3c). One can
avoid this issue by imposing an overall gauge that aligns the blocks in the original and compressed
representations, ensuring consistency across the full matrix.

“Notice that for 2D compression, we perform a single DCT over entire matrix. This is unlike how popular
storage formats such as JPEG operate on images, which decomposes the image into smaller spatial patches,
corresponding to adjacent submatrices e.g., 8x8 patches, and apply DCT to each patch separately.
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Figure 2: Schematic illustrating the decomposition of an input self-consistent Hamiltonian matrix
into blocks HZ’ZM labeled by angular quantum numbers [20], followed by symmetrization via

a Clebsch-Gordan tensor product. Compression to an effective representation H corresponds to

retaining only the subset of matrix elements allowed by symmetry of the smaller effective basis. We
follow the data structure proposed in Ref. 40 such that each block HE’YT’L",‘“’M(AU) has the structure

and atom labels along its rows, the symmetry index M along the depth, and the orbital label (nl, n'l")
contributing to its symmetric label along its columns.
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Figure 3: MAE on frontier MO eigenvalues and Lowdin charges dex. For the H dataset, frequen-
(atomic units) obtained through compressed matrices obtained by cies decay more slowly than
2D (matrix) (dash-dot lines) and 1D (block-wise) (dashed lines) for natural image data, motivat-
compression. Compression ratios n(B) in Eq. (T0) are defined as the 1ng a re-examination of image-
average ratio of the matrix dimension in the TZVP basis to that in a inspired compression and ML
smaller basis (B) across all molecules in the dataset, corresponding techniques and their adaptation
to 1, 3.54, 5.50, 11.15, and 37.90 for TZVP, SVP, DZVP, 6-31G, modeling QM data.

and STO-3G, respectively. We also compute SAPH [41]], which is

an equivariant 2D compression.

4 Results and Discussion

We evaluate the performance of these compression techniques on a dataset of 1000 molecules,
containing C, H, N, and O atoms, from the QM7b dataset [42]], comprising Fock and overlap matrices
computed at the B3LYP/def2-TZVP level in PySCF [43]. We benchmark the compression across a
range of resolutions corresponding to smaller basis sets, namely, def2SVP, cc-PVDZ, DZVP, 6-31G,
and STO-3G, noting that the compressed matrices resulting from 2D DCT may be comparable in size
but cannot be truly interpreted in terms of specific orbital labels. For all experiments, we report the



mean absolute error (MAE) on a set of frontier MO eigenvalues and Lowdin atomic charges computed
from the compressed matrices against the reference calculations (def2-TZVP basis). In computing
(@), we use the exact overlaps computed on the corresponding reduced basis, since compressing the
def2-TZVP overlap matrix directly can easily compromise its positive definiteness. In the following,
we report the mean absolute error (MAE) on frontier eigenvalues and Lowdin charges across the
dataset, computed as
Nyt €end(A)
MAE= ) > |e(4) - &(A), ©)

A=1 j:€<m|1(A)

where A enumerates the molecular structures in the dataset, € denotes the reference eigenvalue, £
the eigenvalue of the compressed matrix. The range of eigenvalues considered for computing the
MAE [egart(A), eena(A)] is a restricted subset of five eigenstates on either side of the HOMO-LUMO
gap for each structure. The MAE for atomic charges, on the other hand, is simply an average of the
difference between predicted and reference charges across all atoms in each molecule.

Fig. Bp) aligns most closely with intuition, DCT-H, which preserves low frequencies, better ap-
proximates global functions of the matrix (eigenvalues) than DCT-L, which prunes low frequencies.
SAPH corresponds to zero errors as it preserves a subset of eigenvalues by design. In comparison,
[Bb) suffers from the gauge fixing problem and shows a systematic improvement on frontier MO
eigenvalues with compression across all methods. However, 1D DCTs are more accurate than their
corresponding 2D counterparts at the highest compression ratio. Frequency-compressed matrices
approximate charges much better than SAPH, especially at the highest compression ratio using both
2D and 1D equivariant frequency compression ([3f), d)). The decreasing trend of the MAE with basis
set size warrants further investigation, especially as the compressed Hamiltonian interacts with the
exact overlap matrix in the computation of properties, causing the effects of compression and basis
truncation to be intrinsically intertwined.

Finally, we use the 2D frequency analysis to examine the structure of the Hamiltonian matrix and
compare it with image data using the CiFAR10 dataset [44] in Fig. 4l As expected, the frequency
distribution of QM matrices shows a distinct pattern relative to standard images. This difference
becomes important in view of the growing interest in applying image based machine learning tools to
electronic structure problems [28} 45148 and may be used to adapt these techniques to the structure
of the data.

While we demonstrated a strategy for compressing electronic Hamiltonians that preserves symmetry,
this work highlights the opportunity to link molecular properties and eigenvalues with matrix fre-
quencies and symmetries, guiding the selection of Hamiltonian functions to compress and combining
classical and ML techniques for interpretable, efficient representations of quantum data. A promising
extension could be to learn frequency cutoffs or adaptive filters that depend on angular momentum
channels or local atomic environments, revealing data driven spectral priors for quantum matrices.

Data Availability

The dataset comprising molecular configurations and reference electronic-structure observables can
be obtained from the archive at Ref. 49
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A An Alternative View of Compression

The eigenfunctions of the one-dimensional Laplacian operator provide a natural basis for representing
smooth functions. Upon discretization on a uniform grid, the Laplacian can be written as a tridiagonal



matrix using a three-point finite-difference stencil,
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The entries of the first and last row may be modified to reflect a change in boundary conditions.
‘We refer the interested reader to Ref. |50, 51 for more detailed derivations of the various variants of

discrete Fourier, cosine transform, and sine transforms. For instance, the 2D discrete cosine transform
of a matrix is computed as

N—-1N-1
DCT (25 + 1)mp (2t + 1)7q
Hp7q x 370 lgo H,, cos( 5N cos SN 6)

where NNV is the block size of a square matrix, H, ; the matrix elements of the 2D Hamiltonian
matrix, HESJT the matrix element of the DCT compressed matrix. The eigenvectors D of £ form
an orthonormal set and correspond to discrete cosine modes, with eigenvalues proportional to the
squared spatial frequencies. These eigenvectors are the smoothest functions on a real grid in the sense
that they minimize the Rayleigh quotient, making them ideal for representing low-energy modes. The
1D discrete cosine transform (DCT) can be viewed as a projection onto this basis. A finite sequence
or vector M can be transformed via

M =MD'. (7)

If all eigenvectors are retained, this is a complete change of basis. However, if only a subset is
selected, the procedure leads to a compressed representation of M. In particular, selecting the
eigenvectors corresponding to the smallest eigenvalues (lowest frequencies) defines the DCT-L
variant, which emphasizes the smooth components of M, while choosing the eigenvectors with the
largest eigenvalues (highest frequencies) defines DCT-H.

On the other hand, for two-dimensional compression, the Laplacian eigenfunctions are separable
along each dimension. The 2D DCT of a matrix M is then given by

M’ = D,,, MD/}, ®)

where Dy, and D, are the 1D DCT eigenvectors along rows and columns, respectively. In the
context of a quantum operator matrix, the 2D DCT thus mixes up correlations across both atom
and orbital indices. This frequency space analysis provides a measure of smoothness for the matrix
elements when arranged by radial or angular quantum numbers. As matrix elements between nearby
orbitals vary smoothly with these indices, one may assume that the Hamiltonian is band-limited
in this index space, allowing a select set of frequencies to capture most of its physically relevant
structure.

B Compression across basis sets

We define the compression ratio, 7, reported in Fig. [3|as the ratio of the number of elements in the
upper triangle of the matrix in the reference basis set (def2-TZVP) and those in the smaller basis. Let
the dimension of the matrix in a basis B be

D(B) = ZNal(a)NbasiS(B(a))a )

where the sum runs over all chemical species a, Ny (a) is the number of atoms of type a, and
Nyasis(B(a)) is the number of basis functions associated with that element in . The compression
ratio can then be obtained as

D(TZVP)(D(TZVP) — 1)

18) = = 58)(D(B) ~ 1)

(10)



For example, in the def2-TZVP basis, there are 31 orbitals per C, N, and O atom and 6 per H atom,
while in the STO-3G basis, there are 5 orbitals per C, N, and O atom and 1 per H atom. For a
molecule such as CHy, this results in 7 ~ 41.25, whereas for a larger molecule like C4H;20¢4, we
obtain 1) = 38.47. We therefore report the average of the compression ratio per molecule across the
dataset in the main text.

C Transforming Non-orthogonal vs Orthogonal Matrices

Both H and S appear as components of the generalized eigenvalue equation in Eq. (I). In principle,
we can choose to compress only the Hamiltonian H while keeping the overlap matrix S from the
basis set corresponding to the chosen compression level. This approach is less physically consistent,
since the resulting overlap matrix no longer reflects the true overlaps between basis functions. We do
not attempt to compress S from the larger basis, as doing so is numerically unstable and can violate
its required positive semidefinite structure.

An alternative is to work in the Lowdin-orthogonalized representation, where the eigenvalue problem
takes the simpler form

Hiswain = S™/2HS /2 (11)

HiswainC = Cdiage (12)

where C and € are the same as in Eq. (I))

In the main text, we report results obtained by compressing the nonorthogonal Hamiltonian H,
noting however the inconsistency that would arise from combining atomic orbital overlaps with the
compressed matrix, though similar techniques may also be applied to the orthogonalized Hamiltonian

Hyswdin-
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