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Abstract

Spatiotemporal Partial Differential Equations (PDEs) are fundamental to modeling
complex physical systems. While significant progress has been made in discov-
ering these dynamics from observed data (the “’discovery task’), reconstructing a
trajectory of entire fields from sparse, arbitrary observations — the “imputation task”
— remains a substantial challenge. We propose a novel framework that first learns
the unknown PDE dynamics using a data-driven approach, specifically by adapting
the SINDy method. Subsequently, we employ a generative denoising diffusion
model to impute complete spatiotemporal fields. Dual-guidance of the generative
process by sparse observations and learned PDE dynamics enables accurate and
physically consistent reconstruction of spatiotemporal phenomena even when both
the dynamics and the initial conditions are unknown.

1 Introduction

We consider spatiotemporal PDE systems u(t,x) € R” over continuous space x € Q C R” and
time ¢ € R, governed by a time derivative

il(t,X) = fg(t,X, 11) (D

under some initial and boundary conditions. We assume N observed trajectories D = {u(™}N_,
from the same dynamics fg but with varying initial conditions u(™? . Each trajectory u(® =
(0 w1 u(N) s observed at time points tg,t1,...,ty, on a fixed spatial grid. We
assume that all trajectories in D are observed on the same spatiotemporal grid.

In the discovery task the vector field fy is learned from data D, and at test time we can simulate
solutions u™*¥:0) — u(e%) from given initial conditions. In a more challenging imputation task we
need to solve u(™") given only some arbitrary context points C = {u(t;, x;)}}£,. We cannot use a
forward solver since u(®*":%) is not given.

We propose to use a generative diffusion model to impute the field u**) by denoising under two
kinds of guidance to ensure that the sampled field satisfies both the context points C and the PDE
equation (1). While previous works have considered guidance assuming known spatio-temporal
dynamics, we consider a more general case of unknown dynamics. This requires first learning the
PDE, for which we follow the SINDy method (Brunton et al., 2016).

2 PDE Discovery

Following SINDy, we parameterize the PDE as a linear combination of spatial derivative terms

f9 (t7X,U.) = Zek¢k(t7x>u) = 0T¢(t7xa U.), (2)
k
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Figure 1: Illustration of the workflow.

where § = (01,...,0x)" € RE are the learned weights, and ® = (¢1,...,¢x)" is a predefined
basis function library of size K. We use function libraries of polynomial terms

-
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where subscript denotes the partial derivative.

Dynamics learning In standard SINDy learning we optimize the PDE to match the gradients of the
data interpolations. We opt for simulation-based optimization, which gives accurate estimates also in
the case of temporally sparse observations. We learn sparse dynamics using LASSO regularization
with a look-ahead loss
N,N,
@) = 3" u®? —ug(t; [ u™ D) |* + A6, 3)

n,i=1

where uy (ti \ u(”’i’l)) is the forward-simulated solution. As the simulation method, we use the
method of lines, where the system is discretized spatially into a grid of coupled ODEs that are solved
in tandem (Schiesser, 1991). As ODE solvers, we use explicit PID controlled adaptive numerical
solvers implemented in the diffrax library (Kidger, 2021).

In non-convex optimization problems, the initial guess requires careful consideration. We use random
initialization on a small shell around the origin of the weight space. However, during the simulation
process, the PDE defined by the SINDy model may become ill-posed and difficult to simulate
numerically. Thus, we also experiment on first learning the SINDy model with finite differences
approximations on all dimensions, and using this coarse approximation of the dynamics as the initial
guess. This is implemented using the PySINDy package (de Silva et al., 2020; Kaptanoglu et al.,
2022).

3 Diffusion Model

A diffusion model gradually noises the data distribution, and learns to remove the noise (Sohl-
Dickstein et al., 2015). We apply standard score-based diffusion models on the solution fields u,
where we interpret the solution as a tensor with time and space axes as dimensions. Note that we
refer to ¢ (without a subscript) as diffusion time, while the solution u; is the full spatiotemporal field
at diffusion time ¢.

Variance-exploding diffusion defines dual processes (Song et al., 2021; Karras et al., 2022)

forward: duy = \/26,0:dwy, ug ~ po “4)
reverse: duy = —610¢V log py(uy)dt, ur ~ pr, 5)

where the noise schedule is o;, w is a Wiener process, and the processes share marginal p;. To learn
the score function s(uy,t) = V log p;(u:), we use denoising score matching (Hyvirinen and Dayan,
2005; Vincent, 2011; Song et al., 2021),

£(8) = Erag o |||3(0158) = Vi, Tog pluy | o)), ©)



where the score is over the Gaussian noise distribution p(u; | ug) = N(u; | ug,021). We
parameterize the score function s with a U-Net, and train the diffusion model using the data D.

4 PDE Guidance

Our goal is to sample trajectories u ~ p(u | C, #) using the trained diffusion model such that the
observed context points C and the learned PDE equation i = fy are satisfied. In prior work similar to
ours, adherence to a known PDE equation is often measured by finite difference methods (Shu et al.,
2023; Huang et al., 2024; Jacobsen et al., 2024). However, if the data is sparse in one dimension, e.g.,
time, this does not lead to a satisfactory approximation. Instead, we use a simulation-based approach
to obtain a more accurate score

N,N,

LppE(u, ) = Z Hu("’i) —up(t; | U(n’ifl))HQ, @)

n,i=1
where uy (ti | uET_L)l) is the simulated solution using the learned SINDy weights 6. The solver is
similar to the one described in Section 2.
By applying the Bayes’ rule twice, the score function can be broken into individual parts
s(ug | C,0) = Vy, logp(0 | ug,C) + Vu, log p(C | uy) + Vi, logp(uy), ®)
———
~s(uy)

where the conditional score directs towards regions with high compatibility with the PDE equation
and context points. We follow the Diffusion Posterior Sampling (DPS) framework. We approximate
the error in the context points as a Gaussian, which gives

Vu, logp(C | uy) = —v0Bs,t Vu, Loss (o (uy, t),C), 9

where Yops ;¢ is the guidance schedule, Gg(us, t) = Elug | w] = u; + o7s(uy, t) is a single-step
denoising mean following Tweedie’s formula and

Lops(u,C) = ||C — Mc(u)]

where M (u) is a measurement map (Park et al., 2024; Chung et al., 2024; Huang et al., 2024). In
our experiments, the measurement map Mg is a simple sparsity mask without added noise. However,
DPS is also capable of solving inverse problems with nonlinear and noisy maps M..

g (10)

Similarly, we approximate the error in 6 given ug as a Gaussian such that

Vu, logp(0 | us,C) = —vppE,: Vu, Lrpe(To(uy, 1), 6), (11)
where yppE ; is the guidance schedule.

The complete workflow is depicted in Figure 1. Further model specifications can be found in
Appendix B.

5 Experiments

The training, validation and testing data are generated by solving Burgers’ equation, Shallow Water
Equations and Navier-Stokes with randomized initial conditions. The solver is based on the method of
lines coupled with Runge-Kutta solvers implemented in the diffrax library. Further specifications
can be found in Appendix A.

For context, we randomly select approximately 5 % of the grid points. Hyperparameters for generation
are chosen using Bayesian optimization as implemented in the bayesian-optimization and
Weights&Biases packages (Mockus et al., 2014; Fernando Nogueira, 2014; Biewald, 2020).

The results shown in Table 1 show the improvement in the results compared to a basic diffusion
model with no PDE guidance. We also show the results obtained by using guidance in which the time
dimension is also discretized in the same resolution as the data. This is given by

2 (12)

LpiscreTe(u, 0) = ||0u — fo(u)]



Table 1: Mean and standard deviation of Relative Root Mean Squared Error (RRMSE) of the model
on test data across 30 distinct draws up ~ pp(ur) for each test trajectory. We also report the mean
and standard deviation of the spread across the test trajectories, where spread is the expected standard
deviation of distinct predictions for the same data. D+C stands for plain diffusion model with only
context guidance. D+C+P stands for diffusion model with guidance based on context and the true
underlying (oracle) PDE, with D+C+Pd using the guidance given by (12). D+C+S is the model
described in this work.

RRMSE (10~%) ‘ D+C D+C+Pd D+C+S ‘ D+C+P
Burgers’ Equation 4.740.3 4.6£0.3 2.5£0.1 24401
SWE 091£0.62 0.56£0.27 0.46+0.10 | 0.40+0.06

Navier-Stokes Equations | 0.32+£0.24  0.25£0.09 0.18£0.01 | 0.16£0.01
Spread (1073) ‘ ‘

Burgers’ Equation 39+24 4.1£33 2.8£1.0 4.5+0.9
SWE 14£25 7.8£142  59+£39 491422
Navier-Stokes Equations | 5.9+13.4  2.6£3.0 3.0+0.2 2.6£0.2

where 0, is approximated by the central difference of the solution field u operating in the temporal
dimension, and fp(u) are its assumed true time-derivatives learned by the SINDy model. As a
comparison, we also provide results obtained through guidance using the ground-truth PDE. This
oracle guidance leads to smaller error in prediction, as expected.

Additionally, we show qualitative results comprising generated trajectories along with the correspond-
ing context and residuals. These are presented in Figure 2.

Burgers’ equation The 1-dimensional Burgers’ equation describes the propagation of a 1-

dimensional wave. For this experiment, we define the function library as the monomial terms
up to degree 3 with the largest derivative order of 3 (with intersect):

-
2 2 2
P = (1, U, U5y Uy Uy s Ugs Uy, Uyy s -y Ul Uy, Uy Uy s Ug Uy, - ) . (13)
The initial guess for the weights is obtained using PySINDy.

Shallow Water Equations Shallow Water Equations (SWE) model the propagation of surface
perturbations in shallow bodies of water. They can be derived from the Navier-Stokes equations. For
each component of the vector field, we define the function library as

-
¢ = (u,v,hx,hy,uz,vy,uux,vuy,uvx,vvy,hux,uhx,hvy,Uhy,um,uyy,vm,vyy> . (14
We use random initialization for the weights.

Navier-Stokes Navier-Stokes equation models the movement of fluids. We use the 2-dimensional
form of the equation. For each component of the vector field, we define the function library as

-
b= (1,u$,vw,uy,vy,uugj,uuy,uvx,uvy,vvw,vvy,vuw,vuy,um,vm,uwy) . (15)

We use random initialization for the weights.

6 Conclusion

We introduced a novel framework for spatiotemporal field imputation given unknown PDE dynamics.
Our method tackles the challenging problem of reconstructing complete fields from sparse observa-
tions, where initial conditions are often unavailable. The core contribution is the enhancement of
predictions generated by a denoising diffusion model, conditioned on a sparse set of context points,
with guidance based on a learned PDE. This PDE vector field is effectively learned from data using



Burgers' equation Shallow water equations Navier-Stokes equations

Trajectory 1 Trajectory 2 t=0.0 t=0.1 t=0.0 t=0.1

w1 1 ca— 1.5
c B N
o
g 1.0
2
Qo
S 0k 0.5

1 0.0
t h..
[}
E>< -0.5
©
(%]

0

1
KL 0.05
©
=3
el
) 0.00
o

0

0 10 1 0 10 1
t X X

Figure 2: Generated samples with the corresponding context and residuals.

Table 2: Mean and standard deviation of the actual runtime and proportion of failed predictions on
test data across 30 iterations with distinct uy ~ pr(ur), measured in seconds. All tests are run on
Nvidia H200 SXM GPUs.

Runtime (s) | D+C D+C+Pd D+C+S | D+C+P
Burgers’ Equation 130+3 187+£3 554+44 | 496+4
SWE 333+2 49542 1444496 | 768+17

Navier-Stokes Equations | 333+2  454+4 87015 | 73749
Failure in prediction (%) | \

Burgers’ Equation 0.0£0.0 0.0+£0.0 0.0+0.0 | 0.04£0.0
SWE 1.0+£0.9 0.0+£0.0 0.3+0.5 | 0.2+0.4
Navier-Stokes Equations | 0.0+£0.0 0.3+£0.5 0.2+04 | 0.24+0.4

an adapted SINDy method. Our approach offers a solution for inferring complete system states from
limited data, integrating data-driven PDE learning with generative modeling. Additionally, since the
guidance is applied through continuous-time simulation of the PDE, our model is able to operate
even on temporally sparse data. Our method paves the way for more accurate analysis and prediction
in complex physical systems.

Future work and limitations The main limitation is the failure of convergence of the proposed
SINDy algorithm for more general and large function libraries. This might be due to non-linear nature
of the optimization problem, which leads to convergence to a local minimum. Another contributing
factor might be multicollinearity and correlations between the functions in the function library given
the data (North et al., 2022; Kiser et al., 2023).

Another problem is the possibility of attempting to forward-integrate an ill-posed PDE during SINDy
training. This leads to the PID-controlled solver requiring arbitrarily many steps. Overall, forward-
integration, and calculating gradients through the solver is computationally intensive. Runtime
comparison on test data is given in Table 2.

During inference, the solver sometimes obtains difficult initial values and exceeds the pre-determined
number of maximum steps. This issue is exacerbated by large guidance strengths in schedules
YPDE,t, YOBS,:- With high enough guidance strengths, numerical issues can lead to failure even
without a solver. The proportions of failed predictions on the test data can be found in Table 2.
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A Dataset specifications

Here we detail the exact specifications used in generating the datasets used in experiments.

Each dataset is generated using the method of lines. The PDEs are discretized spatially using second-
order accurate central differences. The adaptive PID step size controller parameters of the ODE
solvers used for data generation are detailed in Table 3. We use a simple I-controller, setting the
coefficients of the proportional and derivative terms to zero.

A.1 Burgers’ equation

With a simple diffusion and advection terms, the 1-dimensional Burgers’ equation models the
diffusion and propagation of disturbances across space. It is written as

ou ou  *u

— = —Uu— —. 16

ot~ "oz Va2 (16)
We use the diffusivity constant v = 0.01 and generate the data using initial data defined as a
superposition of two random Gaussian functions. Specifically, the initial data is generated as

uo(x) = ag exp {—;(x — uo)ﬂ — ay exp {—1(3: — (1 +0.4)2|, 20 17
o) 201

ap, a1 Nu(0,2) (18)

fio, 1 ~ U(0.2,0.4) (19)

00,1 ~ U(0.05,0.15), (20)

where U denotes the uniform distribution (Wei et al., 2024). Finally, we fix the boundary values to
the initial values.

We use a spatial resolution of 128 points and a temporal resolution of 16 time points. Our spatiotem-
poral domain is the unit square [0, 1] x [0, 1]. We simulate 1000 training samples for training the
model, 100 samples for validation and 500 samples for testing. As the simulation method, we use the
method of lines with Kvarng (2004) 5/4 method as the ODE solver. It is an implicit Runge-Kutta
method with an explicit first stage.

A.2 Shallow Water Equations

The non-conservative Shallow Water Equations are defined through the evolution of three scalar
fields: the water surface h, and the velocity components « and v in dimensions x and y, respectively.
Omitting the linear terms relating to the Coriolis force and friction, the SWE are written as

oh 0 0

o = g (H+hu) = 5 (H + hju) @D
ou ou ou Oh 9u  O%u

ET R PR P PRRLE R 22
ov ov ov Oh v 9%

o gv . dt v . g7 o)
5 UG~ Vg 98y+v(8x2 +8y2)’ (23)

where h, u, v are functions of (z,y) € Qandt € (0,T], and u(x,y,0) = v(x,y,0) =0, h(x,y,0) =
ho(z,y). We let the gravitational constant ¢ = 9.81, the diffusivity constant v = 0.0002 and the
mean surface height H = 2.0. The initial data used for data generation is a superposition of sinusoidal
waves at different amplitudes and frequencies. Specifically, following the work of ITakovlev et al.
(2023), we set

ho(x,y) = Z A cos(2mka + 2mly) + i sin(2mkx + 2wly) (24)
k,l
h — minh

ol y) — 2o ¥) Z 10 g (25)
max hg — min hyg

)\k,l,’Yk,l NN<O71)7 kvl: _Na _N+17"'7N7 (26)



Table 3: ODE solver configurations for each dataset.

Stage Initial step Rel. tol.  Abs. tol. Max steps
Burgers” Equation  Data generation 1078 10-10 10-12 10000
SINDy training 1075 1076 1075 1600
SINDy validation 10~° 1077 10=6 1600
PDE guidance 1075 1075 1076 1600
SWE Data generation ~ 10~9 1078 10-10 100000
SINDy training 1075 1076 10-° 1120
SINDy validation 10~° 1077 1076 1600
PDE guidance 107° 107° 106 480
Navier-Stokes Data generation ~ 10~% 1079 10710 100000
SINDy training 107° 10=6 10—® 1120
SINDy validation 107° 1077 10~ 1600
PDE guidance 107° 1075 10-6 480

where x,y € ). We set N = 3. The boundary conditions are periodic.

We use a spatial resolution of 64 points per dimension and a temporal resolution of 16 time points.
The spatial domain is the unit square 2 = [0, 1] x [0, 1], and the temporal domain is the interval
[0,0.1]. We generate 1000 samples for training the model with 100 samples in validation and test
sets. As the simulation method, we use the method of lines with the Dormand-Prince 8/7 method as
the ODE solver (Prince and Dormand, 1981). It is an explicit Runge-Kutta method.

A.3 Navier-Stokes equations

The Navier-Stokes equations are defined as the dynamical evolution of the velocity of a fluid. We
simulate data according to the Navier—Stokes momentum equation with uniform shear and bulk
viscosities given as

@—_u@_v@_i_ év_t'_g @+v@+ 1V+§ ﬂ+l+a (27)
ot Oz Oy 3 Ox? 0x? 3 oxdy  p

v ou v 0%u 4 0%u 1 0%u 1

—_— = —U— — V— _— — _— — — 2
ot Yor oy Vot (3v+§) 022 " (3v—|—§> dzdy + p b 8)

where u, v are functions of (x,y) € Q2 and ¢ € (0,T]. We set the shear kinematic viscosity v = 0.01,
the bulk kinematic viscosity £ = 0.1, density p = 2.0 and acceleration components ¢ = —2.5 and
b = 2.5. Additionally, we have set the pressure field p(x,y) = = + y, which gives Vp = 1. The
initial data are given as u(z,y,0) = v(z,y,0) = ho(z,y), where hg is defined in (24).

We use a spatial resolution of 64 points per dimension and a temporal resolution of 16 time points.
The spatial domain is the unit square 2 = [0, 1] x [0, 1] and the temporal domain is the interval
T = [0,0.1]. We generate 1000 samples for training, and 100 samples in both validation and test
sets. As in the generation of SWE data, we use the Dormand-Prince 8/7 method as the solver of the
spatially discretized PDE.

B Model specifications

B.1 SINDy Model

Training Alongside LASSO regression, we find that applying thresholding steps similar to the
Sequentially Thresholded Least Squares (STLSQ) algorithm is beneficial for convergence (Brunton
et al., 2016). We apply thresholding after each epoch. In each thresholding step, we clamp the
absolutely smallest weight, that is smaller than the threshold, to zero. We start applying thresholding
only after a specified number of epochs. We find that this strategy is sufficient for convergence on
Burgers’ data and set the LASSO regularization strength to zero.

We optimize (3) using the Adam optimizer with parameters 51 = 0.9 and 52 = 0.999, as implemented
in the optax library (DeepMind et al., 2020). For Burgers’ equation and Navier-Stokes, we apply a



Table 4: Learning rate schedules for SINDy model training.

Data Schedule Steps Initial LR  Final LR
Burgers’ Equation  Linear 200 0.00001 0.00005
Constant 200 0.00005 0.00005
Linear 500 0.00005 0.005
SWE Linear 100 0.00001 0.01
Constant 100 0.01 0.01
Linear 1000 0.01 0.1
Navier-Stokes Linear 100 0.00001 0.01
Constant 100 0.01 0.01
Linear 300 0.01 0.1
Cosine decay 500 0.1 0

Table 5: Hyperparameters for SINDy model training.

Burgers’ Equation SWE Navier-Stokes

LASSO regularization strength 0.0 0.06 0.06
Batch size 100 100 100
Maximum epochs 800 200 100
Min success ratio 0.1 0.1 0.1
Threshold cutoff 0.001 0.0005 107°
Thresholding activation epoch 10 30 30
2-norm of initial weights - 0.1 0.1
Maximum relative gradient norm  10.0 0.1 0.01

piecewise linear increasing learning rate schedule. For SWE, we additionally apply cosine learning
rate decay. Learning rate schedules are specified in Table 4.

For initializing the SINDy weights 6 for training on Burgers’ data, we discretize the PDE also on the
temporal dimension and minimize the PDE residual. This is implemented using the PySINDy library,
where we use the STLSQ optimizer with thresholding cutoff 107°.

We implement adaptive gradient clipping. Training is performed using the JAX library (Bradbury
et al., 2018). Training hyperparameters for each dataset are specified in Table 5.

B.2 Diffusion Model

Parametrization The parametrization of the score network follows the work of Karras et al. (2022).
They set o(t) = t and parametrize the score network as

Dy(us,0) —u,

’ , (29)

Sw(umo) = pu

Dw (u0'7 U) = Cskip(a)uo + Cout(U)Fw(Cin (0’)110; Cnoise(a))7 (30)
where I, is a U-Net with self-attention (Ho et al., 2020). Due to the large memory footprint of

self-attention, we do not use self-attention on the two largest resolution levels in the architecture. The
scale parameters c are fixed to the values in the original work on the EDM.

In the experiments on Shallow Water Equations and Navier-Stokes, we do not downsample on the
temporal axis, and following the work of Ho et al. (2022), we factorize attention into temporal and
spatial components. Additionally, we use relative positional encoding in the temporal attention block
(Shaw et al., 2018). Similarly to the work of Wei et al. (2024), we use 3x3x3 kernels for convolutional
layers.

Training The objective function is
L = Eorpnu~pusse~N (0021 M) Dy (u+ €, 0)[3] (31)

where the loss weighting \(o) and noise scale distibution py,.i, are fixed to the ones in the original
work on the EDM. The expectation is approximated with Monte Carlo. We minimize (31) using the
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Table 6: Hyperparameters for the architecture and training of the diffusion model.

Burgers’ Equation SWE  Navier-Stokes

Nof resolution levels 3 3 3
Time embed dimension 64 48 48
Nof residual blocks per encoder layer 1 2 2
Base channels 64 64 64
Batch size 24 24 24
Initial earning rate 0.002 0.002 0.001
Final learning rate 0.0004 1075 107°
Max epochs and decay steps 2000 300 300
Early stopping patience 100 40 20
Early stopping tolerance 1075 10°¢ 1075
Maximum relative gradient norm 0.2 0.2 0.2

Adam optimizer with parameters 31 = 0.9 and 82 = 0.999. Training is performed in the PyTorch
framework (Paszke et al., 2019). To enforce training stability, we also use adaptive gradient clipping.
Additionally, we employ early stopping. The hyperparameters of architecture and training of the
diffusion model are specified in Table 6.

Inference The reference distribution pr = N(0,T"). Following the work of Karras et al. (2022),
we set T = g9 = 80, oy—1 = 0.002 and p = 7, and use Heun’s method to solve the reverse process
using the discretization given by

1 4 1 1
o; = (O—Js/—lJrﬁ(UJ‘\)l—l*JOp))pa 2:17--~7N*2 (32)
0, 1= N,
where IV is the amount of diffusion steps taken. We use the guidance schedules
YOBS
YOBS,t = W
YPDE
YPDE,t = T,
[t

where |C| is the number of context points and |u,| is the number of points in the spatiotemporal field
tensor. Context guidance is applied along the whole backwards diffusion trajectory. However, PDE
guidance is only be applied to a part of the trajectory. We optimize the guidance strengths yopg and
vpDE, and the interval of application of PDE guidance via Bayesian optimization implemented in
Weights&Biases and bayesian-optimization.

We use N = 1000 sampling steps for Burgers’ equation and N = 200 sampling steps for other
datasets. Other hyperparameters for generation are given in Table 7.
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Table 7: Hyperparameters for generation on each dataset.

Data Model YOBS YPDE PDE guid. start PDE guid. end
Burgers’ Equation D+C 9988921 0 - -
D+C+Pd 8760530 10 65.897 0.076
D+C+S 19402400 18490400 76.989 0.022
D+C+P 14890700 67482000 56.527 0.009
SWE D+C 92146980 0 - -
D+C+Pd 19626960 58 75.712 0.024
D+C+S 47934140 8032200 69.651 0.014
D+C+P 40208310 16327160 67.725 0.002
Navier-Stokes D+C 48836900 O - -
D+C+Pd 86436120 20 40.066 0.086
D+C+S 86932290 86742110 49.372 0.003
D+C+P 80064020 142059660 75.712 0.002
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