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Abstract

We study the use of transformers to decompose tensor product of Rational Con-
formal Field Theories (RCFTs) based on their low-lying spectra. We achieve 98%
in-domain performance and show that our method generalizes to RCFTs with larger
central charge and unseen classes of RCFTs by adding a small number of out-of-
domain examples. Our works shows that transformers can exploit the structure of
RCFT data, which has applications from statistical physics to string theory.

1 Introduction

A common theme across the sciences is the task of inferring composition from spectra. In chem-
istry, nuclear magnetic resonance (NMR) spectroscopy provides structural information by mapping
resonance frequencies to atomic environments, enabling the reconstruction of complex molecular
architectures from spectral data [9]. Likewise, mass spectrometry identifies unknown compounds
by analyzing the pattern in which molecules break into fragments, revealing how these smaller
components serve as the fundamental building blocks of the larger molecular structure, a principle
that underlies large spectral databases such as METLIN [25]. In this paper, we address a similar
inverse problem for conformal field theories.

Conformal Field Theories (CFTs) are Quantum Field Theories (QFTs) with conformal symmetry,
which places strong constraints on their dynamics, especially in two dimensions [10, 14]. They
appear across physics: in statistical mechanics, CFTs describe scale-invariant systems such as spin
lattices at criticality [23], while in string theory, the worldsheet dynamics of strings is governed
by a two-dimensional CFT with the appropriate central charge. A particularly tractable subclass is
Rational Conformal Field Theories (RCFTs), which possess a finite number of primary operators and
allow exact constructions of certain string compactifications [24]. However, worldsheet CFTs are
not restricted to be rational. Beyond string compactifications, CFTs also play a central role in the
AdS/CFT correspondence [19]. The most celebrated example, 4d N = 4 supersymmetric Yang–Mills
theory, conjectured to be dual to type IIB string theory on AdS5 × S5, is itself a non-rational CFT.

Even without surveying the full landscape of CFTs, Rational Conformal Field Theories (RCFTs)
already provide an infinite family of synthetic models with arbitrarily large central charge. The central
charge c measures the effective number of degrees of freedom, especially at high energies. This
is reflected in Cardy’s formula, ρ(∆) = exp (2π

√
c∆/6) [6] which gives the asymptotic density
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of states ρ(∆) at conformal dimension ∆ with entropy S = lnρ(∆). Larger central charges can
be engineered by forming tensor products of simpler CFTs, much like molecules assembled from
atoms. This principle underlies Gepner models [13, 12], which yield exactly solvable worldsheet
constructions of Calabi–Yau compactifications (see [20] for a recent review), and symmetric product
orbifolds, which serve as controlled laboratories for holography [2, 11, 3, 16, 17].

In these constructions, the forward construction – moving from the seed CFTs to the tensor product
– is straightforward: central charges and operator dimensions simply add. The inverse problem –
moving from the low-lying spectra of tensor product models to the seed CFTs – is much harder, since
distinct tensor products can produce nearly identical low-energy behavior. Here the analogy with
physical spectroscopy is direct: just as chemists infer molecular composition from spectral lines, we
ask whether the “spectral lines” of a tensor product RCFT – its low-lying conformal dimensions – are
sufficient to reconstruct its constituents, the central charges and symmetry algebra of the seed CFTs.
Progress on this inverse problem would not only enlarge our understanding of the RCFT landscape
[22, 21] but also provide sharper tools for reconstructing bulk gravitational spacetimes via holography
[18, 1].

2 CFT Basics and Data Generation

Similar to statistical physics, the spectra of CFTs are embedded in the partition functions as conformal
"tower" of states. The modular invariant partition function that contain holomorphic (left-moving)
and anti-holomorphic (right-moving) sectors takes the general form

Z(τ) =
∑
jj̄

Njj̄χj(q)χ̄j̄(q̄) (1)

where q = e2πiτ and χj(q) = Tr qL0− c
24 is the generating function with central charge c. We

see that the energy spectra for the left-moving sector are stored in the exponent of the generating
function as E = L0 − c

24 , where L0 have eigenvalues h called the conformal weights or conformal
dimensions [10] corresponding to the primary fields. There are different classes of RCFTs where the
symmetry algebra and the spectra may look different. We include two large classes of RCFTs: affine
Kac-Moody algebra and coset models.

Affine Kac-Moody (KM) algebra is an infinite dimensional Lie algebra and it gives rise to the gauge
groups similar to what we usually see in high energy particle physics such as SU(3), SU(2), and
U(1). The spectra of affine Kac-Moody algebra CFTs can be realized through Sugawara construction
of the energy-momentum tensor [10]. Given an algebra A with an arbitrary representation r, the
conformal dimension and the central charge are defined as

hr =
Cr/ψ

2

k + g
cA =

k dimA

k + g
(2)

where Cr is the quadratic Casimir, k is known as levels or Coxeter numbers, ψ is the highest root and
g is the dual Coxeter number [7, 10, 14]. Meanwhile, the coset models are constructed from affine
KM algebra by quotienting it with another continuous group. For example, the Virasoro minimal
models [5, 10, 14] can be obtained from the coset construction.

To make tensor product models of CFTs, we take the product of the diagonal partition functions 1
when Njj̄ = δjj̄ . In this way, the conformal dimensions and the central charges embedded in the
exponent of the partition function are additive. We create a library of KM algebra: su(2), su(3),
su(4), su(5), su(6), so(7), so(9), so(11), so(8), so(10), so(12), sp(4), sp(6), sp(8), E6, E7, E8,
F4, and G2. For each algebra type, we include up to k = 10 and truncate the number of lowest
conformal dimensions that are smaller than 1 up to 6. Then, we add the conformal dimensions from
L seed RCFTs in a combinatorial way to generate the spectra of the tensor product models where L
is truncated to be 5 at most. In each tensor product theory, we only include conformal dimensions
that are smaller than 1 and the maximum number of conformal dimensions is 50. Higher levels,
more conformal dimensions, and larger L can be achieved with higher computational power. Since
Eq.2 and Eq.1 are closed, our data is exact and discrete, thus demonstrating no noisy structures. The
correct model predictions will also be exact as there is no numerical approximation.

2



Figure 1: The left, middle, and right figures are comparisons between four main metrics for the base
model training.

3 Results on the Inverse Problem

We frame the inverse problem as a sequence-to-sequence task. For i-th tensor product theory we
provide as input the conformal dimensions {hi,l} at energy level l and predict as output its Li

constituent CFTs Ai,j and corresponding central charges ci,j , with j = 1 . . . Li. The conformal
dimensions and central charges are expressed as reduced fractions, and we only include the hi,l < 1.
For an example of tensor product of two su(2) theories with central charge equal to 1, the training
data looks like

0/1, 1/4, 1/2 > (su2, 1/1), (su2, 1/1)

All integers (except those used to label an individual CFT) are expressed in base 1000 and converted
to tokens; the CFT labels (su(2), so(3), etc.) and the fraction symbol ‘/’ are tokenized as well.

In the first experiment, we train encoder-decoder transformers [26] built on an existing implementation
used for theoretical physics work [4] to predict the {(ci,j , Ai,j)}Li

j=1 pairs from the conformal
dimensions {hi,l} using the cross-entropy loss. We restrict the central charge of the tensor product
model to be < 50 in the training data and test on a held-out dataset. The total number of samples
in the training set is 3 million whereas the number of samples in the validation set is 10, 000. Our
models have 2 encoder-decoder layers, 8 attention heads, and 256 embedding dimensions in most
runs. We use Adam optimizer with a learning rate of 10−4. The models are trained on the following
GPUs supported by Center for High Throughput Computing (CHTC) [8]: Tesla P100-PCIE-16GB,
NVIDIA GeForce GTX 1080 Ti, NVIDIA GeForce GTX 2080 Ti, and NVIDIA A100-SXM4-40GB.
Each run takes 61 hours on average for 300 epochs and 20 hours for 100 epochs.

All of the metrics used are recorded here. The full accuracy refers to when the model predicts both ci,j
and the algebra letter Ai,j correctly. For example, a 90% accuracy on full accuracy means that there
are 9, 000 correct predictions compared to 10, 000 target samples, which each pair of {ci,j , Ai,j}
in the predictions matches with that in the target samples. The letter accuracy records the correct
predictions of algebra letters while the fraction accuracy corresponds to the correct predictions of
central charges ci,j . For example, a predicted {(su2, 1/1), (su3, 2/1)} will still be marked correctly
on letter accuracy if the target sequence is {(su2, 1/1), (su3, 3/1)}, while this is not the case for
fraction accuracy. We also include another separate metric called order-free which counts the
number of predictions regardless of the permutations. For example, both {(su2, 1/1), (su3, 2/1)}
and {(su3, 2/1), (su2, 1/1)} will be marked as correct predictions since the permutations don’t
change the tensor product theory itself.

From Fig.1, we see that the model successfully classifies the algebra types and the central charges
with a full accuracy of 98.2%. Also, we see that the letter accuracy and central charge accuracy both
align with the full accuracy, meaning that the model is learning the classification and regressing the
central charge at the same rate. From the order-free metric, we observe that the model hardly gives
predictions with different permutations compared to the target sequences. Based on Eq.2, learning the
denominators of central charges is not a trivial memorization task since the conformal dimensions are
combinatorial so the denominators of hi,l are different from that of ci,j . Specifically, the denominator
of hi,l involves terms like (k1 + g1)(k2 + g2)...(kn + gn). Furthermore, learning the numerators is
nontrivial as there is no obvious relation between the quadratic Casimir Cr and k levels or dim A. In
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Figure 2: Both figures show the comparisons between four main metrics used in higher central charge
generalizations.

Fig 1, our model achieves around 90% accuracy score at epoch 16 and is able to scale up to around
98%. These results show that Transformers can extract the features from the low-lying conformal
dimensions from tensor product models. These features include rich information about the symmetry
and the central charges of the tensor product theories.

4 Generalization to Higher Central Charges

Train on 0 < c < 50 Train on 0 < c < 100

Test Data Accuracy (%) Test Data Accuracy (%)

50 ≤ c ≤ 75 91.29 0 ≤ c ≤ 50 96.48
75 ≤ c ≤ 100 47.20 50 ≤ c ≤ 100 99.37
50 ≤ c ≤ 100 84.23

Table 1: Accuracies for two central charges ranges in the training data shown side-by-side.

A natural extension of our task is to scale up central charges as large central charges are interesting
in various contexts mentioned in the introduction section. We train encoder-decoder transformers
on the same dataset in the previous section with the same model setup. We test on tensor product
theories from KM algebra CFTs with central charge 50 ≤ c ≤ 100. The test data follows a different
distribution as the training data: while the algebra letters remain fixed, higher central charges imply
more seed CFTs with larger central charge and more factors in the tensor products. On the right of
Fig 2, the accuracy score gives around 80% even if the test data is out-of-domain. This indicates that
transformers are able to extract out-of-domain data features. Again, the order-free metric indicates
that the model hardly generates predictions with different permutation of the central charge-algebra
letter pairs.

We further study the learning behaviors across different ranges of central charges. In Table 1, we see
that on the left, the accuracy score is dependent of the range of central charges. The closer range of
central charges in test data to that in training data, the higher accuracy we can achieve. This training
behavior is consistent with extrapolation decay in distribution-shift settings. Following from this, we
can add a small number of examples that follow the test data distribution to the training data. This is
known as the priming method. In Table 2, we add 50 ≤ c ≤ 100 datasets unseen by the test data to
the training data. The model accuracy increases monotonically as the number of added examples
rises. We achieve 97.01% accuracy score when the number of added examples is only 1% of the
number of samples in training data. Our result strongly indicates that when the model is able to
learn out-domain features, we can anchor it towards the true distribution by adding a tiny number
of examples. This is similar to language tasks where Large Language Models (LLM) adapts to new
domains with just a few examples.
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50 ≤ c ≤ 100 KM + coset

Examples added Accuracy (%) Examples added Accuracy (%)

0 82.9 0 0

30 84.71 30 1.16

300 85.41 300 17.47

3000 93.33 3000 52.4

30000 97.01 30000 83.02
Table 2: Priming results for c-generalization (left) and KM + coset (right).

5 Generalization to Unseen Classes

In the final experiment, we add coset models into our current KM algebra CFT library. The coset
models include the Virasoro minimal models, the parafermionic theory, N = 1 SCFTs, and N = 2
SCFTs. A detailed explanation of generating the spectra of these theories can be found in [14, 10, 5,
13, 12, 15]. The key difference between KM algebra and coset models is that they follow distinct
algebraic construction. Adding coset models to the CFT library will significantly enrich the symmetry
structure. The tensor product models built from this library will bring us to a new data distribution,
potentially harder to learn compared to the higher central charge generalization.

In Table 2, we report our findings on model’s capability of generalizing to mixing of KM algebra
and coset tensor product theories. Again, we keep the training data fixed while testing on new data.
The initial training with no examples added has only zero accuracy score. However, as we add more
examples, the model performance scales up to 83.02%, which is an incredable jump compared to
the initial run. This is a similar learning behavior as in the previous section. The model requires a
stronger anchor that leads the learned distribution towards the true distribution.

6 Conclusion / Future Work

We have shown that Transformers are able to learn the central charges and symmetry algebra of
composite theories in tensor product models based on low-lying conformal dimensions. This indicates
that the inverse problem can be formulated as a discrete symbolic task where the model is able to
extract the rich information contained in low-lying spectra. We further show that the model is able to
learn out-of-domain data features. In future work, we plan to gain more interpretations of our results
by looking at how models are learning the algebraic structures and their learning dynamics across
training epochs. In this work, we observe that additional examples that follow can strongly constrain
model’s learning dynamics towards the true distribution. Two extrapolation tasks are performed:
larger central charge generalization and unseen CFT generalization. We observe that the latter task
is harder to generalize due to the increased diversity in algebraic structures in the test data and we
aim to touch more on this by looking at the domain shifts of tasks in future work. Our limitation is
that this work so far only focuses on RCFTs in two dimensions. Also, our computation resources
restricted us from generating tensor products with larger parameters such as k, L, and N .

Our work provides insights to understanding the RCFT landscape and bulk reconstruction in the
context of AdS/CFT, thus we comment that detailed downstream tasks along either one of these
tracks will be interesting future directions.
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