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Abstract

Searching for the ground state of Ising models remains an century-old unsolved
problem, crucial for its analysis of physical systems [27,129/30] and abstraction to
combinatorial optimization problems [28}137]. Although, due to its huge discrete
space and rough or glassy optimization landscape, heuristic methods are computa-
tionally infeasible at large scale. Reinforcement learning (RL) algorithms provide
a promising alternative for obtaining high-quality suboptimal minima. However,
there is no established dataset to benchmark RL methods on Ising problems. In
this paper, we curated a comprehensive dataset of over 190,000 Ising instances and
a state-of-the-art (SOTA) benchmark of Mixed Integer Program (MIP) solvers and
RL methods. Through our dataset and benchmark, we promote interdisciplinary
physics applications with the ML. community and encourage physicists to apply
the expertise of the ML community to their problems. Furthermore, we propose a
novel transformer-based policy framework to tackle large scale Ising model prob-
lems. Our experiments demonstrate SOTA-level effectiveness and scalability with
around 1% - 9.11% gap to industry level solvers on large scale Ising problems.
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Datasets and benchmarks are open source at |link.

1 Introduction

Ising models, an over 100-year-old standing prob-
lem in physics [19], are a cornerstone in chem-
istry, statistical mechanics, machine learning, and
physics due to their versatility as a fundamental
model for physical and theoretical systems. For
example, in the study of magnetic materials, Ising
models are commonly used to analyze critical be-
havior [26] and phase transitions [2| [15} [11]], thus
assisting our understanding of complex phenomena
such as Ising superconductors and quantum phase
transitions [6]. Spin-Glasses, a disordered vari-
ant of the Ising model, represent a class of high-
dimensional random functions, where the study of
minima within Spin-Glasses plays an important role
in high-dimensional statistics, optimization [28]],
and machine learning [36]. For these applications,
an efficient exploration of the Ising model space
is crucial. However, this task of searching for the
ground state is NP-hard, since Ising models contain
a huge non-convex discrete space with scaling expo-

Figure 1: Interdisciplinary
Ising models.
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nential complexity [14}20], rendering simulation and heuristic methods computationally infeasible
in three dimensions or for vast two dimensional systems.

Although reinforcement learning frameworks or algorithms capable of obtaining high-quality min-
ima have rapidly developed [17, 13| [32], the evaluation of these RL methods is difficult due to
the lack of a standardized Ising model dataset and benchmark. In this paper, we curate a collective
open-source dataset composed of high-interest Ising models, provide a baseline of MIP solvers, and
a benchmark of SOTA RL methods. Our open-source baseline provides transparent and provable
optimal, or near-optimal, solutions from industry-level solvers such as Gurobi and CPLEX. While
our open-source benchmark of SOTA RL methods proposes an evaluation framework for measuring
performance on Ising models. We hope to see progress made to our benchmark, expanding its utility
in both ML and physics fields. Our dataset is available at link| and our benchmark is on our website
linkl

Our aim is that the ML and physics communities will collaborate to maintain a benchmark for
evaluating future improvements.

2 Problem Formulation

Ising models are formulated as a d-dimensional lattice, where each lattice is composed of N spins,
oec{-1, +1}N , the interaction between spins, J;;, and the external magnetic field, h;. The Ising
Hamiltonian (T)) represents the energy of the system and is the objective when searching for the
ground state (2)), the spin configuration that minimizes the Hamiltonian.

H(U):_ZJijO—io—j_Zhjo—j (1)
1<j J
o = argmin H(o). 2)

o

2.1 Markov Decision Process Modeling
We formulate the Ising optimization problems as Markov Decision Processes (MDPs).

+ State. We define the state at timestep ¢ as s; = [0, G], where o; € {—1,1} represents the
current spin configuration and G € RY*¥ is the weighted adjacency matrix of the input instance
where G;; = J;;. The graph G remains static throughout the entire episode.

* State Transition (Action). As there exists no natural ‘action’ for the Ising problem, a simple
action formulation is to flip a fixed number of spins at each step. However, this introduces in-
ductive bias and leads to the policy being more easily trapped in local minima. To avoid this, at
each timestep ¢, we directly model the state transition d(oy+1 | s¢), which defines the probability
distribution over the next spin configuration ;1. We then sample from that distribution to obtain
St+1-

* Reward. The reward is defined simply as the negative Hamiltonian:
ry = —H (O' t)

* Discount factor. As typical in RL, we use a discount factor v € (0, 1) to evaluate a discounted
sum of rewards to encourage the policy to find the optimal solution faster.

A policy (- | s¢) is a probability distribution over transitions in state s;, which determines the prob-
ability of each spin being 1. The objective of the search agent is to learn a policy 7 that maximizes
the cumulative discounted reward. We discuss how a policy gradient framework can be applied for
this learning process in section 5.

3 Datasets for Ising Models

We curated a comprehensive open-source dataset of typical and prevalent Ising models used within
the physics field to propose a standardized Ising model dataset, support benchmark evaluation of
ML algorithms, and promote high-interest Ising model instances. All instances of Ising models in
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our dataset are sourced from ML, RL, or Quantum-optimization papers with public datasets; refer-
ences to each paper are shown in Table|l} In this section, we present how our dataset is organized,
specifications on the types of Ising models, and their relevance to current research.

Since spins only interact with their nearest neighbor according to their dimensionality, we organized
our dataset based on dimensionality, allowing for an intuitive distinction between different Ising
models instances. The only exception is the co dimension rank, which represents the set of Ising
models where each spin interacts with every other spin regardless of spatial boundaries. Within each
dimension, we provide an additional layer of distinction by labeling the type of the Ising model,
distinguishing systems with unique spin alignments, interactions, or geometries. We label five main
types of Ising models: Classic, Spin-Glass, Ferromagnetic, Anti-Ferromagnetic, and Synthetic. A
Classic Ising model refers to a system with nearest-neighbor interactions and J;; € {—1,+1} or
Jij € {0,41}. Spin-Glass Ising models refer to frustrated systems with random and disordered
spin alignments and randomly distributed J;; € R. Ferromagnetic and Anti-Ferromagnetic Ising
instances represent magnetic systems with uniform and fixed spin alignment, where spins are either
all aligned up or all down and J;; > 0 or J;; < 0. Synthetic Ising instances are similar to MaxCut
instances, with an artificial complexity of extremely large or small J;;.

Our dataset predominately features Spin-Glass instances and contains specific instances of high-
interest such as Edwards-Anderson, Sherrington-Kirkpatrick, and Hopfield instances. Edwards-
Anderson instances represent simple disordered, frustrated, or fragile systems and are studied for
temperature chaos in a non-equilibrium context [3l] and critical behavior across dimensions [35,
7. The Sherrington-Kirkpatrick instances represent complex disordered and frustrated systems and
are studied for their correlation to real spin-glass [41]], non-equilibrium thermodynamics [1]], and
ground state [24]]. Hopfield instances are being actively used to study neural networks [36] and
memory retention in hardware [235].

The breakdown of our dataset is shown in Table[Il

Dimension | Type of Ising model | Instances Spins Couplings Coupling Strength Ref.
1D Classic 75 32 - 128 31 - 127 0.00 — 1.00 171
Spin Glass 4,000 3-10 6 — 55 -5.00 — 4.22 [23]
2D Classic 100 16 - 64 28 - 120 -1.00 - 1.00 [21]
Spin Glass 2,075 16 - 1,600 32 - 3,210 -5.09 - 4.66 (130117, 132]
Ferromagnetic 90,000 1,600 83 - 1,246 -1.00 [31]
Anti-Ferromagnetic | 90,000 1,600 1874 - 3,037 1.00 [31]
Synthetic 9 100 - 400 200 - 800 -294,541.00 - 375,001.00 [39]
3D Spin Glass 666 24 - 8,000 38 - 40,279 -5.24 - 5.03 (130211 142]
Synthetic 9 125 - 343 375 - 1,029 -298,103.00 - 375,001.00 [39]
Diamond 60 18 - 50 24 - 80 -1.00 - 1.00 [21]
4D Spin Glass 1,450 81 - 4,096 324 - 16,384 -5.28 - 497 [13]
00 Bi-clique 100 20 - 36 35 -99 -2.00 - 0.89 [21]
Spin Glass 5,440 3 - 900 6 — 319,600 -4.45 - 392 (12511751231 1401
Synthetic 30 100 - 300 4,950 - 44,850 -246,443.00 — 280,065.00 [39]

Table 1: breakdown of collective dataset.

4 Benchmark Performance

In this section, we present our empirical results from the MIP baseline solvers and SOTA RL algo-
rithms on Classic and Spin-Glass instances from our curated dataset.

4.1 Experimental Setup

Specifically, we select a set of simple 1D Classic Ising instances, to verify algorithmic correctness,
and a set of challenging Spin-Glass instances to investigate the scalability performance of RL meth-
ods against increasing system size and dimensionality.

MIP solvers provide a provable upper bound, allowing a rigorous and simple evaluation of solution
quality for RL algorithms. We utilize the following MIP solvers as baselines against our approximate
RL benchmark algorithms.

* Gurobi [16]: a commercial MIP solver, which uses a branch-cut algorithm to search for the
ground state of Ising models.



* IBM ILOG CPLEX [18]: a commercial MIP solver that uses a branch-cut algorithm to search for
the ground state of Ising models.

We use the following SOTA ML benchmarking algorithms:

* REINFORCE: Our transformer-based policy framework integrates a graph transformer encoder
to capture the Ising interaction structure and a seq2seq transformer policy that outputs full next-
step spin configurations. Curriculum learning gradually increases the search horizon, while local
search refinement help the policy escape local minima and converge quickly.

* Variational Neural Annealing [17]: A hybrid ML-Simulated annealing framework that utilizes
auto-regressive RNNs to efficiently sample from the Boltzmann distribution and minimize varia-
tional free energy.

* MCPG [9]: An RL framework which combines Monte Carlo policy gradient methods with lo-
cal search techniques to address binary combinatorial optimization problems, repurposed for the
search for the ground state of Ising models.

For each Ising model, we evaluate performance by reporting the geometric average (3) of the model’s
percentage energy gap from the MIP solvers over 25 instances.

n=25 ~o N1
( ZI:II GS; Géj(m))"' 3)

In addition, experimental details, code, and data availability are presented on our website located at
linkl To reproduce the results that we report, follow the tutorials outlined on the website to set up
the solvers, download the datasets, and record the results.

4.2 Verification on BarabasiAlbert (BA) Graphs

The BarabasiAlbert (BA) graph is a scale-free network widely used in machine learning to evaluate
Max-Cut performance due to its non-trivial degree distribution and community structure [4]. Fol-
lowing previous Max-Cut studies [9, [34]], we evaluate our transformer-based REINFORCE policy
on BA graphs of varying sizes from 100 to 1000 nodes.

Experimental setup. Each BA instance is generated with preferential attachment parameter m = 4.
We compare our method against (i) the commercial solver Gurobi (mixed-integer quadratic program-
ming) and (ii) the Monte Carlo Policy Gradient (MCPG) baseline. For each instance, the results are
averaged over three random seeds, and we report the mean cut values.

Results. Table[2]shows that our REINFORCE policy achieves performance competitive with MCPG
while consistently outperforming Gurobi on all scales. Furthermore, our REINFORCE algorithm
beats MCPG by a margin of 0.03, in BA_500 of Table[2]

BarabasiAlbert Max-Cut Results
Instance | Spins REINFORCE Gurobi MCPG

BA_100 100 283.70 283.70  283.70
BA_200 200 583.27 583.27  583.27
BA_300 300 880.43 880.43  880.43

BA_400 | 400 1179.70 1179.33  1179.70

BA_500 | 500 1479.70 1475.67 1479.67

BA_600 | 600 1779.80 1772.83  1780.07

BA_700 | 700 2076.17 2067.50 2077.33

BA_800 800 2375.96 2361.57 2377.80

BA_900 | 900 2668.43 2655.93 2675.03

BA_1000 | 1000 2967.63 2952.20 2974.57
Table 2: Comparison of average Max-Cut values on BA graphs. Best results per instance are high-
lighted in bold.

4.3 Results for Spin Glass Instances

The results are summarized in Table [3] The Gurobi and CPLEX solvers achieve ground-state con-
figurations of all instances and represent the baseline to which the RL algorithms are compared.
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In 1D instances, VNA achieves spin configurations close to optimal, occasionally finding the true
ground state. Although MCPG and REINFORCE do not find the ground state, they maintain com-
petitive performance, verifying all three RL algorithms

In 2D instances, MCPG achieves energy values close to the reference optima in each instance with
the geometric mean of energy gap percentages ranging from 0.000005% to 0.053214%. VNA and
REINFORCE feature much worse performance with a geometric mean of energy gap percentage
upper bound of 7.7% and 9.11% respectively.

In 3D instances, MCPG again achieves energy values near the reference optima in each instance.
In contrast, REINFORCE achieves a result near optimum, with other instances ranging up to
5.679958%. Similarly, VNA achieves a competitive score for the first set of 3D instances and reaches
a geometric mean upper bound of 5.137368%

In the infinite rank instances, REINFORCE achieves the best result of 0.504649% with VNA slightly
behind at 0.519881% and MCPG performing the worst with a geometric mean of energy gap per-
centage of 0.976208%. Overall, while REINFORCE does not guarantee finding the global optimum,
it maintains good approximation quality across different system sizes and dimensionality.

Dimension | Instance Type | Spins MCPG VNA REINFORCE | Solvers Ref.
1D Classic 32 0.000003% 0.00% 0.000003% 0.00%  [17]
Classic 64 0.000003%  ~0.00% 0.000084% 0.00%  [17]

Classic 128  0.000003%  ~0.00% 0.000271% 0.00%  [17]

2D Spin-Glass 100 0.000005% 4.647181%  0.114580% 0.00%  [32]

Spin-Glass 144 0.000003% 6.815689%  2.288804% 0.00%  [32]
Spin-Glass 196 0.000002% 7.444649%  3.614152% 0.00%  [32]
Spin-Glass 256 0.000004% 7.733783%  4.479626% 0.00%  [32]

EA 400  0.000002% 4.632651&  5.417051% 0.00%  [L7]
EA 625 0.053214% 5.529312%  8.689927% 0.00%  [13]
EA 900  0.001071%  4.400705%  9.110858% 0.00%  [13]
3D EA 64 0.000003% 0.031365%  0.000004% 0.00%  [13]
EA 216 0.000002% 3.030916%  2.626845% 0.00%  [13]
EA 512 0.000002% 5.137368%  5.679958% 0.00%  [13]
00 SK 100 0.976208% 0.519881%  0.504649 % 0.00%  [17]

Table 3: Combined results on Classic Ising and Spin-Glass instances. The lowest (best) energy per
row is bolded.

4.4 Take-Away Message for Large-Scale Ising Models

It is important to note that on a large scale, RL-equipped methods achieve results that are signif-
icantly better than the solvers on the Max-Cut problem. This is likely due to the ability of RL to
learn from the environment how to search the complex landscape of the Ising models more effi-
ciently than classical heuristics. This observed superiority establishes RL as a powerful alternative
in finding the ground state of Ising models and demonstrates the need for an interdisciplinary effort
to propel progress in these fields. Although the same advantage is not currently observed on the
Ising dataset, we believe that it can be achieved by further collaborative research of the physics and
ML communities, and we believe that this dataset and benchmarks serve as a solid first step.

5 Conclusion and Future Work

In this paper, we have proposed an interdisciplinary physics-ML dataset to further efforts to find
the ground state of the Ising model. Furthermore, we report a benchmark of state-of-the-art meth-
ods, including industry-level commercial solvers and machine learning approaches, to showcase the
potential of RL methods. This project encourages the maintenance of reference curves to validate
emerging methods in these fields. By maintaining an open-source dataset and benchmark, we hope
to see more collaboration between the physics and ML fields.

We hope to see new or upgraded interdisciplinary RL methods to assist in finding the ground state
of the Ising models. We plan to continue incorporating more data and methods into our benchmark,
and extend the effectiveness of our algorithm to efficiently scale up and handle larger Ising systems.
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Appendix A Extended Background

Although there exist various methods to search for the ground state [33| [22], recent emerging
methods are mostly ML-based because they can learn complex search strategies from data and can
harness the power of modern hardware for more efficient optimization. We classify two categories
of ML methods: ML ground-state and RL max-cut methods. ML ground-state methods refer to ML
methods designed and applied to search for the ground state of Ising models [8, 17, 132]. RL max-
cut methods refer to SOTA RL methods designed for max-cut, a problem mathematically similar to
searching for the ground state [9} 38} 134, 5]. Despite the differences in applications, ML ground-
state methods cannot scale or perform as well as RL max-cut methods because of their usage of
outdated neural networks such as RNNs and reliance on handcrafted heuristics. On the other hand,
RL max-cut methods achieve high-quality solutions at scale by either upgrading MCMC sampling,
creating a probabilistic model to improve the parameterized policy distribution, or exploratory Q-
learning frameworks.

Since RL max-cut methods are highly effective and max-cut is mathematically similar to searching
for the ground state, we believe that RL max-cut methods can be efficient and scalable alternatives
for finding the ground state of Ising models. By giving these SOTA tools to physics researchers,
they gain access to high-quality solutions, better scalability, and accelerated progress in this field.
However, the lack of Ising model datasets that accommodate ML applications suggests the need to
curate a collective dataset of Ising model instances. Furthermore, there exists no benchmark for
SOTA RL methods, hindering the evaluation and advancement of leading methods.

Appendix B Reinforcement Learning Methods

In this section, we discuss the current methods in Physics for finding the ground state of Ising
models, and recent RL methods for solving combinatorial optimization problems. We also present
how we apply a policy gradient based approach, with curriculum learning on spin masking to help
explore the search space more efficiently and escape local minima to reach better solutions.

B.1 Challenges in Combinatorial Optimization

Combinatorial optimization (CO) problems aim to find a high-quality solution from a large discrete
search space, where the number of possible solutions grows exponentially with the problem size.

Moreover, since combinatorial optimization problems are non-convex, the search space is filled with
local minima. Heuristic methods, even hand-crafted by domain experts, often struggles to escape
such local minima, and often fails to handle large-scale problems due to their linear scalability.

B.2 Methods in Physics Community

Traditional physical methods can be divided into two categories. Approximate methods include
Simulated Annealing (SA) and Variational Monte Carlo (VMC), both of which rely on random
sampling of the Boltzmann distribution. Therefore, as the dimension and system size increase, the
sampling variance and mixing time increase sharply, resulting in unstable optimization and difficulty
in scaling to large systems.

Exact methods such as ED obtain accurate eigenvalues and eigenstates by directly diagonalizing the
Hamiltonian matrix in the full Hilbert space, but its dimension grows exponentially with the number
of particles, causing memory and computational requirements to quickly get out of control and can
only handle very small systems.

In summary, traditional physical heuristic methods face insurmountable bottlenecks when solving
large-scale combinatorial optimization.

Given these bottlenecks, researchers are increasingly applying machine learning to combinatorial
optimization, such as hybrid annealingML frameworks (VCA [17], COOL[32] ) as well as pure ML
strategies like DIRAC [13].



B.3 Methods in Reinforcement Learning Community

Machine learning enhanced physics methods retain physical heuristic information and have good
interpretability, but are still limited by the bottlenecks of Boltzmann sampling and annealing pro-
cesses, making the searching process difficult to expand and generalize. In contrast, pure reinforce-
ment learning methods can learn solution transitions straight from the data, and directly drive the
search through policies or value functions, which circumvents the limitation of heuristic-based tran-
sitions. In recent years, researchers have proposed various innovative reinforcement learning (RL)
algorithms around combinatorial optimization problems. these pure reinforcement learning methods
show significant advantages in large-scale combinatorial optimization problems:

* Learned Policy: The policies are learned through continuous interaction with the environment,
adaptively balancing exploration and exploitation to avoid falling into local optima without relying
on fixed heuristic-based transition rules.

* Good Scalability: RL agents can theocratically jump from one state to an arbitrary other state, so
they can effectively handle large-scale problems and maintain high performance on large graphs.

* Generalization ability: Strategies learned on different training instances can usually capture com-
mon features of the problem; when faced with new instances or structures, RL agents can still
provide high-quality solutions based on previously learned strategies.

Empiricaly, in recent years, reinforcement learning methods have achieved good results in combi-
natorial optimization tasks such as maximum independent set, TSP, graph partitioning, CVRP, etc.,
proving its high efficiency and wide applicability. In general, RL methods can be divided into three
categories:

1. Sampling methods: such as instance-wise sampling (iISCO) [38]], which gradually focuses on
high quality areas by dynamic sampling and updating the distribution in the current solution
neighborhood.

2. Valuedriven methods: such as ECO[3]] and S2V [10], which use graph neural networks to ap-
proximate the value function Q)(s, a) and greedily select local changes, using value functions to
guide the search path.

3. Policynetwork methods: such as MCPG [9], which directly use policy networks to generate
complete or local solutions, and update the network parameters from end to end through policy
gradients.

For the benchmark, we currently incldue ECO and MCPG because they demonstrated SOTA-level
performance and are representative of value-driven and policy-network methods.

B.4 Policy-based Search Framework

Under the RL framework, we can model the objective as the negative Hamiltonian, so that the goal
becomes training a policy to output the spin configuration with the minimal Hamiltonian.

T

D A xH(o")

t=1

J(mg) = E [R(T)]=E

T~TH

4)

Policy gradient based reinforcement learning provides a natural and flexible approach to combinato-
rial optimization problems: the policy network learns to propose high-quality solutions by directly
maximizing the expected reward (negative Hamiltonian for the Ising models). Since we model state
transitions directly instead of actions, we modify the Policy Gradient theorem accordingly:

T—1
VJ(mg) =E | Volog(mo(zss1]a:)) Z Y (—H (2441 )] . (5)
t=1
T—1 T-—1
Lactor(e) =-E lz IOg(Wé‘(ajt—&-l‘-’L‘t Z ’7 -Tt-i-l ))] . (6)
t=1 t=1

In addition to its own advantages, our purely policy-based approach also provides clear opportunities
for combining with three other paradigms:
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Figure 2: Training curves with different CL stages on BA_100_IDO.

Actor-Critic Inserting a critique module at the front end of the policy network to estimate the
value of the current solution provides a more stable and lower-variance training signal for policy
updates. The actor-critic architecture combines the flexibility of policy gradients with the reliability
of value evaluation, which helps to improve convergence speed.

Filter Function Filter functions such as local search (LS), simulated annealing (SA), etc. are
powerful tools to optimize the trajectory discovered by the policy network. After the policy network
proposes an initial solution, these filtering functions can be used to efficiently further optimize the
solution by focusing on local neighborhood. This step provides low-cost fine-grained optimization
so that the policy can focus on a more global scale, ensuring that the proposed solution has high
quality potential before finalizing.

Sampling Sampling methods, such as Markov chain Monte Carlo (MCMC) or random sampling,
can be used to generate a diverse set of candidate solutions, which helps find a good initial solution
and improves search efficiency. By generating a large number of candidate solutions, we increase
the probability of discovering high-quality starting points for further exploration, increasing the
likelihood of finding a global optimal solution.

Through this “policy-value-sampling" hybrid framework, reinforcement learning methods are very
suitable for solving combinatorial optimization problems, and can also be combined with other
related algorithmic ideas, showing strong performance potential and application flexibility.

B.5 Curriculum Learning

Our approach applies a random dynamic mask to the attention matrix of the graph structure and
incorporates the local search steps and temperature scheduling into a multi-stage curriculum learning
process. In the early stage of training, we mask most spins and maintain a high temperature to
simplify the goal and help the model quickly escape local optima; as training progresses, these
blocking probabilities, search steps, and temperature parameters are smoothly adjusted according to
the preset plan, the mask range gradually expands, the search steps decrease, and the temperature
gradually decreases, so that the model can integrate more global information and finely optimize
structural features in the later stage. Compared with no CL, our approach shows a clear “staircase”
improvement on the training curve , which significantly improves the overall training efficiency and
final effect, as shown in Fig. |Zl

11



	Introduction
	Problem Formulation
	Markov Decision Process Modeling

	Datasets for Ising Models
	Benchmark Performance
	Experimental Setup
	Verification on Barabàsi–Albert (BA) Graphs
	Results for Spin Glass Instances
	Take-Away Message for Large-Scale Ising Models

	Conclusion and Future Work
	Extended Background
	Reinforcement Learning Methods
	Challenges in Combinatorial Optimization
	Methods in Physics Community
	Methods in Reinforcement Learning Community
	Policy-based Search Framework
	Curriculum Learning


