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Abstract

Triangulations, i.e., well-structured decompositions of geometric objects into
triangle-like pieces, are central objects in many domains of mathematics and
physics. In particular, fine, regular, and star triangulations (FRSTs) of 4D reflex-
ive polytopes give rise to smooth Calabi-Yau threefolds, which are of significant
interest in string theory. However, the high dimensionality and combinatorial
complexity of triangulations make them particularly challenging to model with
classical numerical methods or machine learning. In this work, we show that
transformers, equipped with an appropriate encoding scheme, can be effectively
trained to representatively generate new FRSTs across a range of polytope sizes.
This opens the door to both concrete applications to the classification of Calabi-Yau
manifolds and further research in physics, combinatorics and algebraic geometry.

1 Introduction

While machine learning has been applied to great success to the study of graphs (1; 2; 3; 4; 5; 6; 7; 8),
higher dimensional geometric structures remain underexplored. In particular, triangulations–well-
structured decomposition of geometric objects into triangle-like pieces called simplices–have scarcely
been studied (9; 10), despite their key role in several domains of mathematics and physics, such as
combinatorics (11; 12; 13; 14), algebraic geometry (15; 16; 17), topological data analysis (18; 19)
and string theory (20; 21; 22). Human researchers often struggle to visualize and manipulate
higher dimensional triangulations due to the limitations of human visual intuition; consequently,
many problems which require defining special triangulations with desirable properties remain open.
Machine learning methods do not face the same limitations and might prove successful at modelling
interesting distributions of triangulations, as has been the case for other classes of combinatorial
objects (23; 24).

String theory is a particularly promising area of application. Understanding the string landscape–
determining string theories that are compatible with realistic particle physics and gravity–is a chal-
lenging task because of the number of possible choices for compactification: packing the many
dimensions of string theory into the four dimensions of physical space. Fine, regular, star triangula-
tions (FRSTs) of 4D reflexive polytopes give rise to toric Calabi-Yau threefolds, which in turn provide
4D vacuum configurations of superstring theory that can accommodate realistic physics (25; 26).
As the number of 4D reflexive polytopes is large but finite–473,800,776 in total (27)–all possible
configurations could theoretically be enumerated by considering all the possible triangulations of
each of these polytopes. The number of FRSTs grows exponentially with the number of vertices in
the polytope, which makes this strategy computationally prohibitive. A more reasonable strategy is to
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Figure 1: The high level pipeline for our CYTransformer model, represented here in inference mode.

develop efficient techniques for generating diverse FRSTs for large polytopes. Current approaches
involving non-learning algorithms (28) do not scale with the number of vertices. Genetic (29) and
reinforcement learning (30) techniques do not easily transfer from one polytope to another. These
limitations can be attributed to the combinatorially explosive nature of the space of triangulations, as
well as to the difficulty in finding an amenable encoding of triangulations.

In this paper, we propose a generative technique for FRSTs based on encoder-decoder transform-
ers (31), which we call CYTransformer. The model is trained on known FRSTs, encoded as sequences
of tokens representing simplices, to predict triangulations of input polytopes encoded as sequences
of coordinates describing their vertices. Whereas model outputs are not guaranteed to be FRSTs
(or even proper triangulations), they can be verified at low cost using problem-specific tools, such
as CYTools (32). We show that once trained on a particular set of polytopes and their FRSTs,
CYTransformers can generate new FRSTs of yet unseen polytopes that are representative of the full
ensemble of FRSTs.

2 Toric Calabi-Yau manifolds and Fine Regular Star Triangulations (FRSTs)

2.1 Triangulations

Figure 2: A triangulation of a
3D cube (from (33)).

A d-dimensional simplex in Rn is the convex hull of d+ 1 affinely
independent points in Rn–segments and triangles are examples
of 1D and 2D simplices respectively. Given an n-dimensional
polytope ∆ ⊂ Rn (i.e., the convex hull of finitely many points that
affinely span Rn ), a triangulation of ∆ is a set of n-dimensional
simplices S1, . . . , Sk ⊂ ∆ such that their union is ∆, and such that
any two distinct simplices Si, Sj either do not intersect or intersect
along a common face. One case of particular interest is when the
triangulation has to be supported on the vertices of the polytope,
i.e., when the vertices of any of its simplices have to be vertices
of ∆ (as opposed to interior points). An illustration is given in
Figure 2.

Triangulations are among the most frequent higher-dimensional geometric and combinatorial objects
in mathematics, be it in topology, geometry, algebraic geometry or combinatorics. In some regards,
they can be seen as higher-dimensional analogues of graphs. Despite their ubiquitousness, they are
difficult to handle by either human intuition or automated methods. This is in part due to the number
of possible triangulations of a polytope typically growing exponentially fast in the number of its
vertices. Furthermore, while triangulations are very numerous, they are also very rare among all the
possible collections of sub-simplices of a given polytope, due to the rigid union and intersection
conditions given above, which often makes them impossible to enumerate using brute force methods.

2.2 Calabi-Yau manifolds, reflexive polytopes, and FRSTs

As mentioned in the introduction, Calabi-Yau manifolds play a crucial role in string theory. They are
smooth and compact spaces equipped with a Ricci-flat Kähler metric, and are prime candidates for
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string compactification: the Ricci-flatness preserves supersymmetry, while the toric structure endows
these spaces with torus symmetries needed in particle physics model building (25; 34).

One of the ways to define toric Calabi-Yau manifolds is with reflexive polytopes and their fine, regular,
and star triangulations (FRSTs). A reflexive polytope ∆ is the convex hull of a finite set of points of
Zn such that its dual polytope ∆◦ := Conv({y ∈ Zn | ⟨m, y⟩ ≥ −1 ∀m ∈ ∆}) is also the convex
hull of a finite set of points of Zn. It can be shown that the interior of a reflexive polytope contains
exactly one point of Zn, which is taken to be the origin. The set of points consisting of all points in
∆ ∩ Zn, excluding those strictly interior to codimension-1 faces, together with the origin, is referred
to as the set of resolved vertices of ∆. Up to lattice automorphisms in GL(n,Z), the number of
reflexive polytopes in any given dimension n is finite. In the remainder of this paper, we split and
organize reflexive polytopes according to the number Nvert of their vertices.1

Given a reflexive polytope, we are interested in special triangulations of its resolved vertices (i.e.,
triangulations such that the vertices of their simplices are resolved vertices). Those triangulations T
must satisfy: every resolved vertex appears as a vertex of some simplex in T (Fine (F)), T arises as
the projection of the lower faces of a convex polytope constructed from lifting each resolved vertex
pi to (pi, hi) ∈ Zn × R with some height hi ∈ R (Regular (R)), and every simplex in T contains
the origin as a vertex (Star (S)). Hence we call these FRSTs. Given a reflexive polytope ∆ and an
FRST T of ∆, a classical algebraic construction yields a smooth, projective, and compact Calabi-Yau
threefold, which is of special interest in string theory (20; 35).

3 Generating Calabi-Yau manifolds with transformers

3.1 Encoding polytopes and triangulations

We encode polytopes as sequences of 4D vectors representing their vertices (with the origin omitted).
For a fixed Nvert, we encode collections of simplices of polytopes (and in particular FRSTs) with
Nvert vertices as tokens. To do so, we fix a mapping F between the subsets of cardinality 4 of
{1, . . . , Nvert − 1} and the integers {1, . . . ,

(
Nvert−1

4

)
}. For a given input polytope ∆ with vertices

(V1, . . . , VNvert−1), we then represent a star simplex {origin, Vi1 , Vi2 , Vi3 , Vi4} (where 1 ≤ i1 < i2 <
i3 < i4 ≤ Nvert − 1) by the image by F of the set (i1, i2, i3, i4). As a consequence, the meaning of
each of these tokens is always conditioned not only on the input polytope, but also on the order in
which the vertices of the input polytope appear in its encoding. We also use special begin-of-sequence,
end-of-sequence, and padding tokens.

3.2 Model architecture

CYTransformer adopts the encoder-decoder transformer architecture introduced in the landmark
paper (31). The high-level architecture, which we also illustrate in Figure 1, is as follows: at any
given step, the model takes as input the entire input polytope and a partially constructed sequence of
tokens. Each token represents a simplex. The input polytope is processed by the encoder to produce
a sequence of high-dimensional vectors: the encoder output. The encoder output, together with the
sequence of tokens generated so far, are used as inputs by the decoder. The decoder then outputs a
vector P representing a probability distribution over the set of all tokens considered. At inference
time, a new token is sampled from this probability distribution, and added to the sequence being
constructed. This process is repeated until the special end of sequence token is produced, or until the
sequence reaches a predefined length. At training time, the parameters of the encoder and the decoder
are trained to minimize the cross-entropy loss between the vector P and the ground truth from the
training sequence. Both during training and at inference time, we apply a form of data augmentation
by randomly permuting the vertices of the input polytopes.

3.3 Training data and validation

CYTools (32) is a recently developed software package, with polytope triangulation as one of its
primary design focuses. It can fetch reflexive polytopes from the complete list of the Kreuzer-Skarke

1One could also consider the (1, 1)-Hodge number h1,1 of the corresponding Calabi-Yau manifolds, which
is of greater interest to physicists. To simplify the presentation of our work, we restrict ourselves to polytopes
such that Nvert = h1,1 + 5, which is the case of most polytopes with small number of vertices.
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Figure 3: Comparison of FRST recovery performance. The average percentages of distinct FRSTs
(solid) and distinct FRSTs that are not two-face equivalent (dashed) recovered by CYTransformer
(blue), the fast sampler (red) and a hybrid method (green) as a function of the number of samples
Nguess are shown across 200 test polytopes, for various Nvert.

Figure 4: Sampling distributions. Height vector similarity score histograms are shown for 8 test
polytopes with Nvert = 13. For each polytope, we compare CYTransformer (blue) and the fast
sampler (red) along wih the full population distribution (grey).

database (27), return FRSTs for a given polytope following various distributions, and check whether
a collection of simplices of a given polytope is an FRST. We use CYTools to generate our initial
training data and to check whether the candidate FRSTs generated by our trained models are valid.
We also use its FRSTs generating algorithms as a baseline to which we compare our trained models.

4 Experiments and results

We train CYTransformers for Nvert ∈ {10, 11, 12, 13}, and find that the trained models are capable
of generating FRSTs that were not part of their training set, including for input polytopes on which
they were never trained. This is remarkable, considering the very strict set of conditions that defines
FRSTs and their scarcity among sequences of simplices; note that it would typically take hours for a
human expert to find an FRST of a small reflexive polytope without using specialized software.

Furthermore, we observe that CYTransformers are competitive with pre-existing methods. We sample
candidate FRSTs from a trained CYTransformer as well as using CYTools’s fast sampler algorithm,
and compare in Figure 3 the number of unique FRSTs obtained with either method as a function of
the number of guesses. For small configurations, the FRST space is small, allowing the fast sampler
to efficiently scan the space via random perturbations. By contrast, CYTransformer outperforms the
fast sampler for larger polytopes by capturing the global distribution of FRSTs more effectively, while
the fast sampler remains a local method, confined to a comparatively narrow subset of triangulations.
We also test for Nvert = 13 a hybrid method, where outputs from CYTransformer are used as seeds
for the fast sampler algorithm, which is shown to perform even better.

We also compare CYTransformer and the fast sampler using height vector-based similarity score
histograms for test polytopes with Nvert = 13, and in Figure 4 we show 8 to highlight clear differences

4



in sampling behavior. We find that the CYTransformer’s histograms consistently (across the 200 test
polytopes) match the shape of the full population distribution, while the fast sampler’s histograms
often exhibit skewed profiles. This indicates that although both methods can eventually cover much
of the FRST space, they do so differently: the CYTransformer samples in proportion to the true
density of FRSTs, while the fast sampler tends to concentrate on particular regions.
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