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Abstract

We introduce ClearPotential, a data-driven and dust-corrected measurement of
the local Milky Way’s gravitational potential using unsupervised machine learning,
without the symmetry assumptions, specific functional forms, and binning required
in previous work. The potential is modeled as a neural network, optimized to
solve the equilibrium collisionless Boltzmann equation for the observed phase
space density of Gaia DR3 Red Clump and Red Giant Branch stars within 4 kpc
of the Sun. This density is obtained from data using normalizing flows, and
our unsupervised solution to the Boltzmann equation automatically corrects for
selection effects from crowding and the dust-driven extinction of starlight. Our
fully-differentiable and unbinned machine learning model of the gravitational
potential allows us to compute the acceleration and mass density, providing a
three-dimensional map of the dark matter density in our local Galaxy. This work
provides the clearest map of the local Galactic potential to date and marks an
important step in the era of data-driven astrometry.

1 Introduction

Although we do not yet understand the particle nature of dark matter, both astronomy and cosmology
provide a wealth of evidence for how dark matter evolves and clusters at various scales [1H19]. At
galactic scales, dark matter forms into halos — massive gravitational basins that allowed for the
rapid formation of visible baryonic structure — which dictate the evolution of stellar kinematics in
galaxies such as our own Milky Way. The strong gravitational signature of our halo provides a local
“laboratory" that allows us to place constraints on the underlying particle properties of dark matter.

One method for probing the gravitational potential sourced by our halo is through solving the
collisionless Boltzmann equation (CBE). In the context of the CBE, stars are tracer particles of a
collisionless fluid described by a time-dependent phase space density f(Z, ¥, t) of position & and
velocity ¥, which evolves in response to a potential sourced by dark matter, gas, and stars:
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In standard galactic dynamics, the potential ® is recovered from the CBE by solving it in the
equilibrium (stationary) limit where J; f = 0. While recent studies using astrometric data from the
Gaia space observatory have uncovered a range of disequilibrium features in the Milky Way Galaxy
[20H32], this disequilibrium term is neither straightforward to compute nor is its impact on solutions
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of the CBE understood. Therefore, CBE-based studies select older, more equilibrated populations to
mitigate the effects of this term.

Due to the limited size of previous astrometric datasets, traditional approaches instead solve velocity
moments of the CBE, requiring simplifying assumptions about the parametric form or symmetries
respected by both ® and f [33H38]]. However, in the era of Gaia astrometry these assumptions may
potentially neglect significant amounts of kinematic information in our Galactic system. In this
work, we solve the full six-dimensional equilibrium CBE in a completely data-driven way — without
assuming underlying symmetries or parametric forms — using normalizing flows for an unsupervised
machine learning approach to density estimation.

Given a flow-based estimate of f, we have immediate access to the density derivatives Oz f and Oz f
across the six-dimensional phase space. Solving the CBE — a scalar equation — at a single location
requires solving a system of at least three equations, each with unique velocities ¥. In order to select
at least three unique (&, ¥) pairs that have support under f (to guarantee accurate gradients), we
factorize the phase space density into two functions f(Z, ¢) = n(&)p(¥|Z), the number density and
conditional velocity distribution. This factorization allows us to sample multiple likely ¥ at a single &
directly from p(¢]|Z).

Flow-based solutions to the CBE were first demonstrated in simulated galaxies in [39-43]], and were
finally applied to real data using nearby Red Clump (w/in 4 kpc) [44] and Main Sequence (w/in 1 kpc)
[45] stars from Gaia DR3 [46]147]. These studies made the first fully data-driven measurements of
the local gravitational potential and provided estimates of the local density of dark matter, a key input
for dark matter direct detection experiments.

The present work improves on three limitations seen in [44]:

* Dust extinction introduces spatially-varying incompleteness in the observed stellar popula-
tions from Gaia, biasing the observed phase space density and solutions to the CBE.

* Accelerations were not continuous functions of position, and did not enforce curl-free
acceleration and positive mass density constraints.

* Calculations of the mass density required computationally expensive spatial averages over
large kernels, limiting the resolution of the density map.

We overcome these limitations by introducing two position-dependent functions parameterized as
neural networks: the potential ®(Z), and a dust “efficiency” function €(Z), which we solve for directly
from the equilibrium CBE using the phase space gradients from the data-driven flows.

2 Methods

2.1 Dust correction

In Ref. [48]], we noted that the introduction of a position-dependent dust correction factor €(Z) does
not introduce degeneracies with ® (), another unknown function of position. We define e(Z) through
its relation to the observed phase space density f,ps (modeled by flows) and the dust-corrected phase
space density f that obeys the equilibrium CBE:

fObS(fv U) = G(f)f(f, 77) (2

where € ~ 1 in regions with minor dust extinction, and € — 0 in regions with severe dust extinction
where few Red Clump stars are observed. We write the equilibrium CBE in terms of the observed
phase space density and €(Z):

Oln fobs
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Here, € has appeared in a new term coupled directly to the velocity ¥, whereas ® is coupled to the
phase space gradient. Given sufficient information about the velocity distribution at any location & —

which directly modeled by the p(¥|Z) flow — the degeneracy between € and ® is broken and they may
be uniquely determined.



2.2 Continuum solution to the CBE

Instead of solving a system of equations for V®, Veata single Z, we minimize the functional loss:

Lo = / / dxd’vf(Z,7) |CBE(Z, 7)[? “)

to optimize for the ® and € networks as smooth functions of position. This integral form of the CBE
is intractable, and is instead solved with a discrete sum over millions of collocation points in 6D
space. We sample a set of N, = 222 positions drawn from nps(Z), each with N,, = 16 velocities
drawn from p(¥|Z) — larger than the 6 required for the 6 unknown degrees of freedom — and sum the
CBE over batches of pairs:
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where L.g is the sum of the € and ® regularization terms introduced in Section The MAFs are
frozen during this training, so the 0, f and 9, f gradient terms at all of these collocation points can
be precomputed once to rapidly evaluate Eq. 5}

2.3 Network architecture

The MAFs used to model .15 () and p(¥]Z) are constructed with a sequence of two MADE [49]
blocks with 10 hidden layers with widths of 48 nodes. To maintain numerical stability for second
or higher-order gradients, we use the GINT activation function[6] Training is halted early using a
patience for the validation loss using an 80%/20% training/validation split.

For stability and to estimate training variance, we ensemble 100 MAF trainings with random initial-
izations. Additionally, we repeat the training procedure with bootstrap-resampled and measurement
error-smeared copies of the training dataset to estimate statistical and measurement uncertainties.

Both the ® and € neural networks are composed of a sequence of 5 hidden layers, each 100 nodes
wide, also with the GINT [6|activation for smooth higher order derivatives. The output of the e network
is smoothly mapped from R to (0, 1) to constrain it within its physically meaningful range.

Similar to the flows, we repeat this training procedure to robustly quantify training, statistical, and
measurement uncertainties for both ® and e. The full error pipeline is outlined in Ref. [48]].

GINT, the Gaussian integral activation function [48]], is the integral of the Gaussian cumulative
distribution function. GINT has several advantages over other smooth activation functions e.g. GELU
[S0] such as monotonicity and avoiding “ringing" in high-order derivatives. GINT is defined as:

GINT(z) = \/% (e*%z’" - 1) + %a: (1 +erf (\2)) . )

2.4 Regularization

The form of the CBE in Eq. [3]is insensitive to the scale of e. While we are able to enforce ¢ < 1
through a mapping, the CBE provides no direct way to enforce ¢ = 1 in regions with no dust
extinction. Therefore, this is enforced through an L2 regularization term added to the loss in Eq.[4}

Lrog(Z) D A [Ine(D)]?. (7

This term penalizes deviation from € = 1 over the bulk of the 4 kpc observation volume where we
expect little extinction. We set the A, to the minimum scale where we see € = 1 in the halo, while
minimizing pressure on regions with real dust extinction. We validate the accuracy of the e function
with a recent three-dimensional dust map [51] and find good agreement.



We are unable to directly enforce positive-definite mass densities. Therefore, we enforce this through
L1 regularization and directly add negative densities as a penalty term to the loss in Eq.[4]

Lreg(Z) 2 Apmax (0, —V?®(7)) . )

The \g scale is set as large as possible until training instability is encountered while solving the
CBE. We find few remaining regions with negative or near-zero mass density. Those that remain may
indicate acute, spatially localized failures of the equilibrium assumption in the CBE.

3 Results

We train masked autoregressive flows (MAFs) [52] on the six-dimensional phase space coordinates
(Z,7) of 5,811,956 Red Clump and Red Giant Branch stars from Gaia DR3 — selected for their
relatively old age 53] and brightness — within 4 kpc of the solar location. The MAFs provide a high
quality fit to the observed number density of stars, which includes precise modeling of the undesired
dust lanes.

We plug density derivatives from the MAF model of f,ps into Eq. [3|and minimize Eq.[d]to train ®(Z)
and ¢(&) simultaneously. Given a solution for (&), we re-weight the observed number density to
estimate the dust-corrected number density, revealing the unobscured disk of the Milky Way. This
technique is able to recover significant amounts of information about the galactic midplane, despite
extreme suppression from dust extinction in this region.

In Figure[I] we show contours of the measured potential within 4 kpc of the solar location. Even in
the midplane at z = 0, we find excellent agreement with a standard parametric model of the Milky
Way, MilkyWayPotential2014 (abbreviated as MWP2014), implemented in the galpy python
code. This indicates that our dust corrected solution to the CBE has recovered a physically viable
potential, even in the most dust-obscured regions of the sky.
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Figure 1: Left: Contours of the total gravitational potential  estimated in this work (solid) compared
to MWP2014 (dashed) in the midplane (z = 0). Middle: Azimuthally averaged ® in the R — z plane.
Right: 3-dimensional isocontours of ® within 3.8 kpc of the Solar location (®). The origin of the
Galactocentric Cartesian coordinate system used in this work is placed at the Galactic Center (GC).

Next, we compute the acceleration field @ = —V® and visualize each component in Figure El
Generally, we observe good agreement with MWP2014 — particularly at the level of the vertical
accelerations a,, which is the most important term for estimating the local density — but begin to
notice more nontrivial deviation in a, and a. Crticially, we observe significant axial acceleration,
suggesting that asymmetry in the Galactic gravitational potential is causing our side of the inner
Galaxy to rotate faster and the outer Galaxy to rotate slower. At the solar location, there is statistically
significant but mild axial acceleration.

Finally, we compute the local mass density field p from ® using Gauss’s law. This yields the total
mass density, whereas we are primarily interested in the distribution of dark matter. To estimate
pDM, We subtract the baryonic component of MWP2014. We note that baryonic mass models are
often provided without well-quantified uncertainties. To this effect, we propagate 20% errors on all
parameters in the baryonic model through to the baryonic density estimate to cover the systematic
variations observed across different models.
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Figure 2: Azimuthally-averaged radial R (left), azimuthal ¢ (center), and vertical z (right) accelera-
tions in the R — z plane, compared to MWP2014 (dashed).

Although noisy due to numerical second derivatives, we recover stable estimates of the local matter
distribution of our Galaxy when leveraging some spatial averaging. In Figure 3] we show the
azimuthally-averaged total mass density of the Galaxy along an arc at the solar radius ¢, = 8.122 kpc.
Dark matter halos are expected to be nearly spherically symmetric, therefore the arc of constant
radius would be an “isodensity" contour for dark matter. At s = 0, the peak of the baryonic disk is
recovered. In the tails, there is a clear, constant residual matter density not accounted for by visible
matter, but which is accounted for by our dark matter halo.

é— ¢-averaged p v é 4
FE= MWP2014 p, i 1
F—— ¢-averaged ppy 43
E= rom,o(re) ]

p (1072 Mg /pc?)
p (GeV/cm?)

PDM

b b b b b b 110
05 0 05 1 15 2 25 3

s (kpc)

Bl P T N
3 25 2 15 A

Figure 3: Azimuthally-averaged total (black) and baryonic (blue) mass density along an arc at the
solar radius r¢ parametrized by s = rq * (7/2 — 6), with 1o uncertainties shown as a band.

We find an average dark matter density at the solar radius of ppum(re) = 0.84 +
0.08 (1072 Mg /pc?®) = 0.32 4 0.03 (GeV /cm?), consistent with previous estimates of the lo-
cal dark matter density [33] 535H7T]).

4 Conclusion

In this paper, we introduce ClearPotential and apply it to the large Gaia DR3 astrometric dataset
to measure the local gravitational potential. This approach provides a minimal-assumption, model
free approach for measuring the stellar phase space of the local Galaxy and for solving the full
equilibrium collisionless Boltzmann equation (CBE). We demonstrate how solutions to the CBE
can be extended to automatically account for dust and position-dependent selection effects such as
crowding to uncover the full unbiased phase space density and potential of the local Galaxy. Finally,
we examined the consistency of this potential model with previous parametric measurements and
present an estimate of the local dark matter density.
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