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Abstract

We introduce GalaxyScore, an unsupervised machine learning method for esti-
mating local dark matter density in galaxies using collisionless Boltzmann equation
solvers with a stellar kinematics catalog. Current approaches require the derivatives
of normalizing flows and have high computational overhead and unnecessary noise.
GalaxyScore bypasses the explicit density evaluation by using score matching to
directly estimate the log-probability density derivatives from stellar positions and
velocities. We anticipate that this direct approach will provide more accurate and
computationally efficient solutions compared to existing methods. We demonstrate
GalaxyScore on simulated spherical galaxies from the Gaia Challenge Datasets.

1 Introduction

Understanding the dark matter distribution in galaxies is crucial for uncovering its fundamental
nature [[1, 2]. This distribution can be revealed by measuring the total gravitational field acting on
within a galaxy (see [3H3] for reviews on the range of available methods). In particular, collisionless
Boltzmann equation (CBE)-based methods relate the stellar distribution function f(7,¥;t) — the
probability density function of finding a star at position 7 and velocity ¥/ at time ¢ — to the gravitational
acceleration @(7; t) through the following differential equation:
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As the time derivative of f is not directly measurable, analyses first choose a stellar population
in approximate equilibrium (0f/0t = 0) and solve for the acceleration. This approach yields
consistent results within the Milky Way [6] unless the chosen population experienced major interaction
events, which can bias the acceleration estimation [[7]. The total mass density p(7) can found from
V - @ = —4nGp(F) and the visible matter density subtracted to find the dark matter density ppn (7).
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Machine learning has been increasingly applied to CBE-based dark matter density estimation,
particularly normalizing flows [8} 9]. Normalizing flows use neural networks to learn coordinate
transformations from a standard normal distribution to the data. The learned transformation can
estimate the probability density function via the change of variables formula. As f(7,%) is a
probability density function, normalizing flows trained on stellar positions and velocities directly
model the distribution function, often using f (7, ¥') = p(7)p(¢|7) (where p(7) is the stellar number
density at 7 and p(¥]|7) is the conditional probability distribution of ¥/ at 7).

Following validation on analytic models [[10H13]] and simulated Milky Way-like galaxies [[14} [15],
this approach was used to infer the local dark matter density of the Milky Way [6 [16] using Gaia
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DR3 catalogs [17]]. Extensions and further applications of normalizing flows to dynamical modeling
of galaxies include handling dust extinction effects [18]], upsampling simulated galaxies [19]], and
analyses of dwarf spheroidal galaxies with limited observed kinematic information [20, 21]].

When computing the acceleration field from density derivatives (as in [12H14]), the acceleration field
is found by minimizing the mean square error (MSE) loss of the RHS of Eq. 1| at each point 7
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Minimizing Lcpg,# translates into solving CBEs with velocity samples drawn from p(¥/|7). The
analytic solution is the least squares solution of the overdetermined system of CBEs [[12H14]:
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Thus, accelerations can be estimated by solving the CBEs if we 1) have estimated the log-density

derivatives 8g‘ff nd alog I and 2) sampled from p(&|7) to compute A;; and B; with sample means.

Normalizing flows find the log-density derivatives to solve the CBE by first computing the probability
density and then differentiating. This amplifies fitting errors through derivative computation and has
high computational costs, as backpropagation through the entire network is required for each gradient
evaluation. Ensemble averaging can limit noise, but this exacerbates the cost issue.

Crucially, what appears in the CBE is actually the score function and not the phase space densities
themselves. Therefore, the CBE should be an amenable target for score matching [22] based
approaches, which estimate log-density derivatives without requiring explicit density computation.
Additionally, score matching can serve as a generative model via Langevin dynamics, enabling us to
generate the required samples from p(¥|7) within a unified framework. In the following sections, we
show how this approach can be applied to CBE-solvers for gravitational acceleration and dark matter
density estimation. We dub our approach GalaxyScore.

2 Score Matching

2.1 Log-Density Derivative Estimation

Score matching [22]] uses the explicit score matching loss, which directly compares the score model
3(&; 05) parametrized by 6 with the true score function - 8 - log p(%) for a given data point "
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The experimentally inaccessible 5 9_log p(&) is removed from the loss using the integration-by-parts
approach of [22]], resulting in the lmpllClt score matching loss:
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This derivation uses integration by parts and assumes boundary terms vanish as p(Z) — 0 when
|#|> — oc. Since this loss function is simply an expectation of a function of the score model 5(; 0,),
we can evaluate it using sample expectations from training data.

We directly use the score function (7, ¥) learned from the 6D kinematic dataset { (7, ¥/)} to evaluate
the log density derivatives a - log f and 3 - log f needed in CBE solvers. We use a multilayer
perceptron (MLP) to model §' (r v), and the detalls are described in Appendlx

2.2 Sampling with Langevin Dynamics

To evaluate expectations in the above loss functions and solutions of CBE, we need to draw samples
from p(¥|7). While various generative models could be used for this sampling task, such as continuous



normalizing flows [23} 24] and diffusion models [25} [26]], we employ Langevin dynamics to draw
samples directly from score functions to maintain a unified score-based frameworkﬂ

Langevin dynamics is a process describing the damping motion of a particle experiencing stochastic
forces. The equation of motion for Langevin dynamics is a stochastic differential equation (SDE):

da; = % log p(Z)dt + V/2dW;, (6)
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where dW; is the Wiener process with zero mean and variance dt. With this SDE, the probability
density function ¢(Z; t) at time ¢ evolves according to the Fokker-Planck equation:
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This equation has a stationary solution ¢(Z) = p(Z); therefore, if we evolve samples from any initial
distribution using the SDE for sufficient time, the resulting distribution converges to p(Z). Thus,
we can draw samples from the score functions by evolving some initial distribution with the above
Langevin dynamics for a sufficient time.

To generate samples from p(¥]7) specifically, we train a conditional score function 5(¥|7) to estimate
6%_ log p(¥]7). Details of the sampling setup are described in Appendix

3 Acceleration Matching

With score matching, we can now compute the solutions of CBE in Eq. 3] without computing
derivatives of neural networks. However, to compute mass density, we must take derivatives of the
estimated acceleration field. For regularizing the estimated acceleration field, we use an MLP (7 6, )
parameterized by 6, that directly regresses the CBE solution. We train this model by minimizing the
following MSE loss that matches neural network outputs to the estimated acceleration:
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The position samples for evaluating [ d7p(F) are drawn from §(7, ¥) using Langevin dynamics,
and we simply drop generated velocity components. After training, the mass density is estimated
from V - @(7;6,). One may further introduce a potential model ¢(7;6,) to impose conservative
force constraints as in the Deep Potential approaches [10L [11} 15 [18], but for this proof-of-concept
demonstration, we do not impose such constraints for simplicity.

4 Experiment

We demonstrate the GalaxyScore method on the NonplumCoreIso and NonplumCuspIso datasets
from the Gaia Challenge dataset suite [27,|28] . These datasets contain simulated stellar populations
tracing gravity sourced by dark matter halos with the following mass density:
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The Navarro-Frenk-White (NFW) profile [29-31]] has ypy = 1. Stars are distributed in a modified
Plummer profile [32]:

p(@) o< (r/r)” 14 (r/r)?] (10)

Velocity distributions are set to be isotropic and kinematically consistent with the given gravitational
field and stable stellar population. Each dataset uses the following parameters:

e NonplumCoreIso: ypy = 0, po = 0.4 My /pc?, 7, = 1 kpe
* NonplumCuspIso: vpy = 1, po = 0.064 M®/pc3, r. = 0.25 kpc

'This approach uses similar mathematical foundations as diffusion models [23] [26]], both leveraging score
functions for sampling, but avoids the complexity of choosing noising strategy.
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Figure 1: True (red) and GalaxyScore (black) acceleration and dark matter density along the x-axis
for the NonplumCoreIso dataset, along with 1o (green) and 20 (yellow) statistical uncertainties.
The lower panel of each figure shows the pulls, defined as the deviation from the true value divided
by the uncertainty o.
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Figure 2: Acceleration and dark matter density along the x-axis for the NonplumCuspIso dataset.
Simulation-truth, GalaxyScore, and uncertainties are displayed as in Figurem The lower panel of
each figure shows the pulls, defined as the deviation from the true value divided by the uncertainty o.

We apply GalaxyScore to datasets containing 10,000 samples each, using 25% for validation. These
datasets were originally designed as benchmarks for methods analyzing dwarf spheroidal galaxies;
hence, the sample size is quite low compared to those for the Milky Way analyses [6} [16]. Though we
anticipate that the local dark matter density estimation on these datasets suffers from large statistical
uncertainties, we use these datasets to test CBE-solvers in the low statistics regime. We estimate
statistical uncertainties using a jackknife method with 20 subsampled datasets. Neural network
architectures used for modeling score and acceleration functions are explained in Appendix [A] and
details of the uncertainty quantification is described in Appendix [B]

Figure [I] shows the results on the NonplumCoreIso dataset. GalaxyScore results match the true
values well for both acceleration and mass density in the region well-supported by data, » < r, =
1 kpc. Due to the limited sampling beyond » > 10 kpc, the uncertainty in this region grows rapidly,
so we clipped them out. However, about three o deviations are observed for ay and p for » < 0.1 kpc.
Nevertheless, the same deviation appears in well-established flow-based methods (see Appendix [C)),
suggesting that the bias may be due to the systematic bias in the dataset.

For the NonplumCuspIso results in Figure[2] the range with small statistical uncertainties is much
narrower than in Figure [I] This is because the stellar distribution of NonplumCuspIso is more
confined than that of NonplumCoreIso, and the precision falloff starts earlier.

The other notable observation in the NonplumCuspIso results is the non-negligible bias from the
true values at small galactocentric radii » < 0.1 kpc due to the inductive bias of neural networks
in interpolations [34]]. The expected minimum galactocentric distance is 0.029 kpc and 0.046 kpc
for sample sizes of 7,500 (training) and 2,500 (validation), respectively. Since neural networks
smoothly interpolate in data-sparse regions, the cuspy halo profile in NonplumCuspIso becomes
artificially flattened, while the cored profile in NonplumCoreIso aligns with this smoothness bias.



One could explicitly model the singularity as done in the JF1low method [21]], but combining it with
score matching is beyond the scope of this paper. This limitation in learning singularities should be
considered when applying the technique to systems expected to have cuspy density profiles or other
singularities.

Note that accurate mass density estimation in the data-rich region indicates that score matching
provides higher-quality second-order density derivatives. In the case of flows, the higher-order
derivatives are less reliable, so we must use kernel smoothing [6} [14] or train a network to learn the
solution of the CBE [10}[11] to infer the dark matter density using only first-order density derivatives.
This reliability is one of the main precision advantages of score matching over flows. We discuss
results from flow-based approaches in Appendix [C|

5 Conclusion

In this paper, we introduce GalaxyScore, a score matching-based collisionless Boltzmann equation
(CBE) solver for gravitational acceleration and dark matter density estimation. This is a fast and
highly precise method for directly estimating log-stellar phase space distribution function derivatives
from data; improving dark matter density estimation compared to methods using normalizing flows.
Note that GalaxyScore does not change the fundamental CBE-solver problem but provides a better
way to solve it, so we can apply this approach to other CBE applications, for example, estimating
stellar selection efficiencies due to dust extinction [18]. We anticipate that this method will help future
missions for dynamical modeling of galaxies and understanding galactic dark matter distributions.
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A Implementation Details

For the score models §(7, ¥) and §(¢|7) and the acceleration model @(7), we use multilayer percep-
trons with 4 hidden layers with width 64, and with GELU activations [35]]. The weights of the neural
network are initialized with Kaiming uniform initialization [36]], and the biases are initialized with a
uniform distribution in the range [-0.001, 0.001]. For model training, we use the ADAM optimizer
[37] with a learning rate 0.001.

For computing expectations £, in Eq. E]by sample mean, we first draw samples from a truncated
multivariate Gaussian at |Z] < 3 and evolve them using the Euler-Maruyama method with the score
model 5(0|7) regressing S%i log p(¥]7). We use a time step of dt = 0.01 with 1000 steps, which
provides sufficient accuracy for our purposes. Note that the computational complexity of sample
generation remains similar to the continuous normalizing flows [23] 24]] used in [10, 11} 15} |19], as
both methods require solving time evolutions.

B Uncertainty Estimation

We estimate the statistical uncertainty of a prediction 6 using a variant of the remove-d jackknife
estimator [33]], which works as follows. Let Q(J—) be the j-th estimated result from a subsampled

dataset after randomly removing d samples. The variance of the prediction 6 is related to the variance
of 0, for the ensemble of subsampled datasets by a simple scaling formula:

N—d -
szack = T Va‘rj [G(J)} (11)

In our analysis, we randomly remove 10% of the data, i.e., N = 10000 and d = 1000, and use 20
subsampled datasets.

Bootstrap methods are also alternative approaches for quantifying uncertainty in the local dark matter
density estimations [6} [14H16]; however, it is less compatible with score-based methods. As score
matching is a method for estimating density derivatives, and hence, it is more sensitive to duplicated
samples. In terms of the empirical distribution, these duplicated samples can be interpreted as a
local bump, and the learned density derivative around there may fluctuate. As a result, the bootstrap-
estimated uncertainty additionally includes variance from these density fluctuations due to duplicated
samples, and the predicted uncertainty increases.
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Figure 3: True (red) and MAF-estimated (black) acceleration along the x-axis for the
NonplumCoreIso dataset, along with 1o (green) and 20 (yellow) statistical uncertainties. The
lower panel of each figure shows the pulls, defined as the deviation from the true value divided by the
uncertainty o.

C Comparison with a Flow-based Method

In this appendix, we present results using masked autoregressive flows (MAFs) [38]. For direct
comparison with GalaxyScore results, we use the standardized datasets to train the flows and
compare the acceleration explicitly computed using Eq. 3] This comparison reveals the precision
of density derivatives between the two methods without hiding it behind acceleration or potential
networks. Other architectural details are the same as those in [6} 14} |18]], and training details are the
same as those for score matching.

Figure [3|shows the MAF-based acceleration estimation for the NonplumCoreIso dataset. Note that
directly taking the divergence of Eq.[3]is not a reliable way to estimate mass density for flows, so we
do not show the mass density plot. In contrast, for score matching, directly taking the divergence
gives the same results as in Figure [I] demonstrating that the second-order density derivatives are
highly reliable. Comparing the acceleration plots shows that score matching provides acceleration
estimates with precision comparable to flows.

Flows are also slower computationally. For acceleration evaluation at 100 locations simultaneously,
score matching takes 1.5 seconds while flows take 7.3 seconds on an NVIDIA L40S GPU. Both
methods use approximately 700 MB of GPU memory for this inference. However, for mass density
evaluation by taking the divergence of the estimated acceleration, score matching completes the
computation in 8 seconds while flows cannot perform this computation as the 48 GB GPU memory is
insufficient. We conclude that score matching is much faster and more memory-efficient than flows.
This computational efficiency makes GalaxyScore particularly well-suited for studying large stellar
populations such as main sequence stars in the disk and galactic center of the Milky Way.
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