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Abstract

Data-driven latent dynamics models (LDMs) offer a promising approach for fast
and accurate spatiotemporal forecasting by computing solutions in a compressed
latent space. However, these models often neglect temporal correlations between
consecutive snapshots when constructing the latent space, leading to suboptimal
compression, jagged latent trajectories, and limited extrapolation ability over time.
To address these issues, this paper introduces a continuous operator learning
framework that incorporates a novel jerk regularization into the learning of the
compressed latent space. This jerk regularization promotes smoothness and sparsity
of latent space dynamics, which not only yields enhanced accuracy and convergence
speed but also helps identify intrinsic latent space coordinates. The effectiveness of
this framework is demonstrated through a two-dimensional unsteady flow problem
governed by the Navier-Stokes equations, highlighting its potential to expedite
high-fidelity simulations in various scientific and engineering applications.

1 Introduction

Modeling continuous spatiotemporal dynamics is critical across climate, fluids, biology, and engineer-
ing [I1,12, 3L 14]. While governing partial differential equations (PDEs) provide a principled foundation,
deriving compact forms is often infeasible [3]]. Data-driven surrogate models such as CNN/GNN-
based models [6, 7, 18] and operator learning models such as DeepONet and FNO [9, 110, 11,1213 [14]
avoid reliance on closed-form PDEs, but both approaches typically rely on autoregressive time
stepping, making long-horizon rollouts expensive [[15]. In contrast, motivated by the fact that spa-
tiotemporal systems often evolve on low-dimensional manifolds [[16} [12], latent dynamics models
(LDMs) aim to model the dynamics in a compressed latent space learned via an autoencoder, enabling
cheaper forecasts than autoregressive operator methods [17, 18} [19} 20} 21} 22| 23], [24) 25! [26]].

To enhance the robustness and reduce the reliance on large datasets of purely data-driven methods, a
promising approach is to embed physical principles such as the PDE itself [27, 28} 29, |30} 20, 131]]
or general principles such as invariance [32| [33| 34], equivariance [35]], symmetry [36l 37]], and
conservation laws [38]]. Among these, a nearly universal property of physical systems is the temporal
smoothness of their dynamics. Thus, phenomena that evolve smoothly over time in the original
state space should mirror this smooth trajectory in the reduced latent space. Autoencoders, however,
always process data snapshot by snapshot independently, neglecting the temporal correlations between
sequential snapshots and overlooking the fact that consecutive snapshots in latent space are likely more
similar to each other than to those further away in time or from different trajectories. Prior attempts at
integrating smoothness into the learning process either do not explicitly enforce smoothness or prove
overly restrictive, penalizing even smooth spiraling trajectories [22,121}|39]. In this work, we propose
a spatiotemporal continuous operator-learning framework that directly minimizes jerk (the time
derivative of acceleration) in latent space during autoencoder training, explicitly promoting smooth
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trajectories and implicitly inducing sparsity without penalties. Through a 2D unsteady Navier-Stokes
example, we show that our jerk regularization yields faster, more accurate convergence for both the
autoencoder and neural-ODE latent dynamics, smoother latent paths, and sparser, more interpretable
coordinates.

2 Smooth operator learning

We consider a spatiotemporal system described by a PDE of the general form
Owu(x,t) + Nu(z,t)] =0, =€, te]l0,T], D

where u(x, t) represents the continuous state of the system in the spatial domain  C R? and temporal
interval [0, 7], with A/ a potentially unknown nonlinear differential operator. The system is further
subjected to initial and boundary conditions, denoted by u(x,0) = uo(x) and u(xp, t) = g(xy, t) for
xp € 0N Our primary goal is to learn the underlying dynamics of (I) from a training dataset, without
requiring knowledge of the operator /. We assume that the training dataset consists of various
solution trajectories of (I)), where the continuous states are discretized in space using a sampling grid
{z;}X, and in time using a fixed time interval At.

Our proposed model, depicted in Figure[T} adopts LDM-based continuous operator learning, merging
nonlinear dimensionality reduction with continuous spatiotemporal modeling across space and time.
During the inference stage, a CNN-based encoder transforms the initial high-dimensional system
state u(0) = {u(zx;,0)}Y, from the ambient space of dimension N + 1 into an initial latent vector
z(0) in a compressed latent space of dimension d, < N. Then, the low-dimensional latent vector is
propagated through a neural ODE to compute a future latent vector z(t) at an arbitrary future time
t. Propagating the latent vector instead of the high-dimensional state significantly accelerates the
inference because the latent dimension d is significantly smaller than the ambient space dimension
N + 1. Subsequently, a conditional INR-based decoder maps the future latent vector z(t) back to the
predicted continuous state @(x, t), enabling predictions at arbitrary spatial and temporal resolutions.

The training process is split into two stages. During stage I, illustrated in Figure[T](b), we train an
autoencoder, consisting of an encoder Iy with parameters ¢ and a decoder Dy with parameters ¢, to
learn an invertible nonlinear map between the ambient space and the compressed latent space. We
employ a standard mean-square-error reconstruction loss L%, to ensure that the continuous states
recovered from the decoder are similar to the high-dimensional states given to the encoder. Crucially,
we also ensure that trajectories in latent space are smooth by including a jerk regularization loss that
penalizes the third-order time derivative of the latent vector at each time ¢, which encourages changes
in acceleration along the latent trajectory to be small without restricting the magnitude and direction
of the velocity and acceleration. Using a finite difference approximation of the acceleration, the jerk
regularization loss Lferk at time ¢ is calculated as

Lo = ||lz(t + 3At) — 3z(t + 2At) + 3z(t + At) — z(1)|[3, )

where z(t), z(t+ At), z(t +2At), and z(t + 3At) are the latent vectors obtained by passing through
the encoder a sequence of high-dimensional states w(t), u(t + At), u(t + 2At), and u(t + 3At)
belonging to the same solution trajectory, and || - ||2 denotes the Ly norm of the vector. The total
loss at time ¢ for the training of the autoencoder is L = Lf_  + )\thcrk, where the scalar weight A
controls the strength of the jerk regularization.

Once the autoencoder is trained, we convert ambient space snapshots across all trajectories from the
training dataset into their latent space representations. The resulting dataset of latent trajectories then
serves as the basis for training the neural ODE during the training stage II, which is shown in Figure[T]
(c). The neural ODE 8,z (t) = hy[2(t)] with parameters ¢ is trained to learn the temporal evolution
of latent vectors using a mean square error loss on whole trajectory rollouts. Finally, our final trained
model enables predictions at any point in space and time, similar to other recent methods using both
conditional INRs and neural ODEs [[18} 40,122} 19]].

3 Results

We demonstrate the effectiveness of the proposed framework on a 2D problem governed by the incom-
pressible Navier-Stokes equations in vorticity form with an added volume force term, corresponding
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(a) Inference Stage: Continuous Spatiotemporal Prediction
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Figure 1: Schematic of our smooth operator learning model. (a) Inference Stage: The encoder
transforms the initial system state «(0) into a compressed latent vector z(0), which is evolved
through a neural ODE into a prediction z(¢) at any subsequent time ¢. A conditional INR decoder
then reconstructs the predicted continuous system state «(x, t) from z(t). (c) Training Stage I: The
autoencoder learns a mapping between original and compressed latent spaces. A jerk regularization
loss enforces smoothness of trajectories in latent space. (¢) Training Stage II: The neural ODE is
trained to learn a continuous-time model of the dynamics within the latent space.

to the Re = 1000 dataset investigated in the original FNO paper [9]. The original resolution of
the simulation data is 256 x 256, which we downsampled to 64 x 64. Each trajectory contains 51
time steps with A¢ = 1. We removed the initial 10 time steps due to inherent noise and diminished
relevance to the underlying dynamics. The data from time ¢ = 11 to ¢ = 40 is designated for training,
while data from ¢ = 41 to ¢ = 50 is set aside for time extrapolation testing. Of the 1000 total
trajectories, 900 trajectories were used for training, and the remaining 100 trajectories for testing. We
set the latent space dimension to d, = 32.

Figure [2]displays the effect of jerk regularization on the trajectories in latent space. The left panel
depicts a latent space trajectory in the test set obtained from an autoencoder trained after stage I
without jerk regularization (A = 0). The trajectory is visualized in terms of the time series of the
components of the latent vector, which exhibit nonphysical jerkiness. The right panel shows that
including jerk regularization (A = 0.1) when training the autoencoder leads to a markedly smoother
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latent space trajectory, with a 35-fold drop in the average jerk metric, given by the average jerk loss
over all time steps. Interestingly, jerk regularization also encourages sparsity of the latent vector, with
most latent coordinates remaining constant over time. This suggests that jerk regularization may help

selecting an optimal latent space dimension.
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Figure 2: Comparison of a latent space trajectory obtained with and without jerk regularization.
Jerk regularization yields smoother and sparser latent trajectories.

Figure [3]shows that the jerk regularization not
only helps the autoencoder learn smoother la-
tent space trajectories, but it yields increased
accuracy of the reconstructed states.

Finally, Figure [4] demonstrates that jerk regu-
larization markedly improves the predictive ac-
curacy of the final model obtained after train-
ing stages I and II, including beyond the train-
ing time domain. This improvement is due to
the lower autoencoder reconstruction error as
well as more accurate neural ODE training from
smooth trajectories.

Overall, our smoothness-promoting jerk regu-
larization shows potential to improve the perfor-
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Figure 3: Reconstruction error and jerk metric for
test trajectories versus jerk loss weight A.

mance of surrogate models for spatiotemporal dynamics. Future work will include evaluating the
applicability of this technique across various physical systems.

(a) Prediction comparison

(b) Time extrapolation
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Figure 4: Comparison of ground truth vorticity fields and model predictions. (a) Time interpola-
tion and extrapolation comparisons in the test set. (b) Relative mean square error (RMSE) inside
(green area) and outside (pink area) the training time domain.
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