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Abstract

Recent work in deep learning has opened new possibilities for solving classical
algorithmic tasks using end-to-end learned models. In this work, we investi-
gate the fundamental task of solving linear systems, particularly those that are
ill-conditioned. Existing numerical methods for ill-conditioned systems often
require careful parameter tuning, preconditioning, or domain-specific expertise
to ensure accuracy and stability. In this work, we propose Algebraformer, a
Transformer-based architecture that learns to solve linear systems end-to-end, even
in the presence of severe ill-conditioning. Our model leverages a novel encoding
scheme that enables efficient representation of matrix and vector inputs, with a
memory complexity of O(n?), supporting scalable inference. We demonstrate its
effectiveness on application-driven linear problems, including interpolation tasks
from spectral methods for boundary value problems and acceleration of the Newton
method. Algebraformer achieves competitive accuracy with significantly lower
computational overhead at test time, demonstrating that general-purpose neural
architectures can effectively reduce complexity in traditional scientific computing
pipelines.

1 Introduction

Linear systems are ubiquitous in the physical sciences. Many fundamental tasks in physics, from
solving inverse problems [29] to performing interpolation [46], or from discretizing and simulating
differential equations [10}169], ultimately reduce to solving a system of linear equations. Yet, while
the theory behind linear solvers is well established, the practical numerical solution of ill-conditioned
systems remains notoriously challenging. These systems are extremely sensitive to input perturbations
and often lead to numerical instability, making their resolution highly dependent on problem-specific
choices such as solver type, preconditioner design, and regularization strategy. As a result, even
standard scientific computing libraries may yield poor results unless the system structure is explicitly
accounted for and, in general, approaching these problems requires substantial expertise in numerical
linear algebra, creating a barrier to accessible and robust solutions.

Over the decades, three main classes of methods have been developed. Direct methods (LU, Cholesky,
QR [16]) are accurate but computationally prohibitive for large or sparse systems. Iferative solvers
(Krylov methods [70]], Jacobi, Gauss-Seidel, SOR [58]]) scale better but require tuning and often
fail under ill-conditioning. Randomized algorithms [49,|64]] offer scalability but remain sensitive to
conditioning. In all cases, the condition number is central, motivating preconditioning [13} 151} 13} [7]
and regularization [67} 152, 17,160l 26} 57,8} 162], which improve stability but demand careful design.

In this work, we propose a new machine learning-based paradigm for solving linear systems that
is simple, general, and effective even in the presence of severe ill-conditioning. Inspired by recent
advances in machine learning, end-to-end solution for scientific computing, from solving PDEs [11 6]
to learning classical algorithms [[72] [74} [77], we introduce Algebraformer, a Transformer-based
architecture [[71] that can solve linear systems via a single forward pass.
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Overall, our main contributions are as follows:

+ We design a novel matrix encoding scheme that scales quadratically with the system size (O(n?)
memory), enabling Transformers to process linear systems of practical size;

* We evaluate Algebraformer on a broad suite of problem instances, highlighting its robustness to
ill-conditioning and noise, as well as its ability to quickly solve linear systems.

* We demonstrate strong generalization across two use cases: spectral interpolation problems arising
in solving boundary value problems and acceleration of the Newton method (we want to remark
that the Newton method is widely used in physics, for example, in inverse problems [54,159]). In
the BVP experiment, we further demonstrated the adaptability of Algebraformer to previously
unseen equations. The model was first pre-trained on a diffusion equation and then fine-tuned on
a more complex one, consistently outperforming a model trained from scratch. This highlights
its ability to transfer relevant knowledge and effectively generalize to datasets outside its original
training distribution. The experiment concerning the Newton method is provided in Appendix [6]

While we do not aim to outperform finely tuned, task-specific numerical methods, our goal is to
provide a general-purpose, plug-and-play solver that offers a compelling trade-off between accuracy,
robustness, and ease of use. By sidestepping the need for handcrafted solver pipelines and extensive
tuning, Algebraformer reduces the entry barrier to solving challenging linear systems, opening the
door to broader adoption of ML-based numerical solvers in scientific and engineering workflows.

2 Related Work

Learning to accelerate numerical algorithms. There has been a surge of interest in learning-based
approaches for improving classical solvers. Several works focus on accelerating iterative methods such
as Conjugate Gradient for symmetric positive definite systems [42, 37, 181]], or GMRES-type solvers
for specific applications like the Poisson equation [45]. Others focus on learned preconditioning
strategies: neural networks have been used to construct preconditioners that speed up convergence
[28l 48\ 166], or to optimize heuristics such as Jacobi and ILU variants [21} 163]. NeurKItt [47],
for example, employs a neural operator to predict the invariant subspace of the system matrix and
accelerate solution convergence. However, these approaches are primarily designed to enhance
classical numerical pipelines. In contrast, our work takes a fundamentally different perspective: we
aim to learn an end-to-end solver that directly outputs the solution to a linear system, bypassing the
traditional iterative or decomposition-based steps altogether. We leave for the appendix an extended
related works section appendix [A]

3 Method

In this section, we present the design of Algebraformer, highlighting how matrices can be efficiently
encoded into a sequence-to-sequence model that can be applied out of the box to solve a wide range
of linear systems.

3.1 Algebraformer

Transformers have become a cornerstone in many areas of machine learning, excelling at processing
one-dimensional sequences of token embeddings. However, adapting them to handle inherently
two-dimensional data poses significant challenges. In [11]], the authors address this by flattening a
matrix of size n X n into a sequence, representing each matrix entry with symbolic tokens. They
explore various encoding schemes: P10, P1000, P1999, and FP15, which correspond to using 5, 3,
2, and 1 token(s) per matrix entry, respectively. While this approach is innovative and has inspired
further research, it also comes with notable limitations. Most critically, the memory complexity of
the self-attention mechanism scales as O(n*), making it infeasible to train even on moderate-to-small
matrices. Additionally, the symbolic encoding introduces significant computational overhead during
inference. Finally, the method reduces numerical precision, capping accuracy at 10~2, which may be
inadequate for applications requiring finer resolution.

Rather than flattening the matrix A € R™*" into a one-dimensional sequence of length n?, we encode
the matrix and vector inputs more efficiently. Specifically, we represent each column of A separately
and associate it with the corresponding entry in the right-hand side vector b € R™. The resulting input



sequence consists of n tokens, where the i-th token is defined as [a;, b;] € R™+1, with a; denoting
the i-th column of A, and b; the i-th component of b. This structured encoding enables the model
to process the linear system in a format that preserves its two-dimensional nature without incurring
the excessive memory costs of full flattening, in fact, the requirements grow as O(n?). A graphical
overview of the model architecture is provided in fig. [T}
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Figure 1: Model overview. We split the matrix A into column patches, to each patch we attach one
component of the vector b, then we embed each patch into a decoder-only Transformer backbone. At
the end, we decode the output of the backbone to output the vector solution x

For the backbone, we choose a decoder-only transformer, akin to the one used in [53]. The I-th
block is represented by the equation eq. (), where n; and ny denote the normalization layers. For
normalization, we employ Layer Normalization [2]], and we use a pre-norm strategy. Additionally,
the normalization layer is applied to the output of the backbone:

T =z + Attn(nl(xl)), Zi1 = & + MLP(n2(2)). @))
To train our model, we use the following loss

min B [£ (Modely(A) , )] 2

where z is the solution of the linear system, A = [A, b], and L(z,y) = >_,(z; — y;)* is the MSE
between the ground truth solution vector and the predicted vector.

4 Models details

We are interested in approximating a function defined as follows (A, b) > = A~'b. This mapping
possesses two key properties: nonlinearity and smoothness. While the context differs from ours,
[24] demonstrates that specific classes of nonlinear smooth functions can be learned using in-context
examples. Their findings show that Transformers with approximately 10M parameters can effectively
approximate function classes with comparable characteristics. Another motivation to keep the model
size small is that we aim to have fast inference and be competitive with standard numerical solvers.
To this end, we train Algebraformer with 12 Transformer blocks. Each block uses an embedding
dimension of 256 and 8 attention heads. In the MLP sublayers, we project the embedding dimension
by a factor of 4 and use the GELU as activation function [34]. Our model has 9.5M parameters.

We train two baselines: bidirectional LSTM and GRU. [11]] showed that for linear algebra tasks, these
RNNSs perform comparably to transformers, though their study used very small matrices and did not
focus on linear systems. To investigate further, we adopt an Algebraformer-like encoding for both,
using 4 layers with 384-dimensional embeddings, yielding 12M parameters for the LSTM and 9M
for the GRU. All three models employ a linear layer as encoder and decoder.

S Experiments with spectral method for BVPs

In this section, we evaluate Algebraformer on linear systems arising from spectral methods for
boundary value problems. We pre-train Algebraformer on a diffusion equation and, on this dataset,
compare it with bidirectional LSTM and GRU models, as well as with standard numerical solvers (a
direct method using LU decomposition with partial pivoting and least-squares solvers using SVD



and QR decomposition) under noisy conditions. Furthermore, we show that Algebraformer can be
easily fine-tuned on more complex equations in a low-data regime, specifically, a reaction-diffusion
equation and an advection-diffusion equation, comparing the pre-trained model with the one trained
from scratch. We want to highlight the fact that for all the equations analyzed in this dataset, the
resulting matrices have a condition number on the order of 10°.

We defer the introduction to boundary value problems to appendix [B] spectral methods to appendix
the equations used to appendix [D] data generation to appendix [E] and training details to appendix

5.1 Results
In table[T] we can notice that Algebraformer outperforms both the LSTM and GRU baseline, on the
dataset of the diffusion equation eq. (3).

The first two panels on the left of fig. 2] show
performance on the fine-tuning task. In both

cases, the fine-tuned model outperforms the Model MSE

model trained from scratch, demonstrating that LST™M 0.00048211
pretraining on the simpler diffusion equation GRU 0.00031371
improves the model’s ability to adapt to new Algebraformer  0.00024131

and more complex equations. For eq.
(left), the fine-tuned model achieves an order-of- Table 1: MSE comparison on the diffusion equa-
magnitude lower test error by epoch 50, a level tion.

that the scratch-trained model does not reach

even after 1000 epochs. For eq. (middle), the fine-tuned model matches the scratch-trained
model’s performance at epoch 1000 within just 100 epochs, and continues to improve until around
epoch 500.

The right panel of fig. 2] assesses robustness to noise on the diffusion equation. Algebraformer
maintains low relative MSE even with noisy test data, outperforming classical solvers such as direct
methods and least-squares approaches (SVD, QR).

[ @ Algebraformer (Scratch) @ Algebraformer (Fine-tune) ~ —@— Algebraformer @ Direct method  =—#A— LSTSQ (QR) == LSTSQ (SVD)]
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Figure 2: The two plots on the left show the relative MSE on the test set during training for (6) and
(7). The plot on the right displays the relative MSE on the test set with noisy data for (3)), where we
compare Algebraformer with 3 different numerical methods.

6 Experiments with Newton method for nonlinear optimization

In this section, we focus on one more key setting where solving a linear system plays a crucial
role: second-order optimization. In particular, we look at the Newton method [39]]. One of the
main drawbacks of Newton’s method for the unconstrained optimization problem min, f(x) is
that, at each iteration, it requires solving the linear system p, = H () 'V f(z) to compute
the update x,11 = x + pg, from the current approximation xy. Here H;(xy) is the Hessian
and V f(xy) is the gradient of the objective function f in z;. While the update direction py, is
locally optimal, as it guarantees very fast quadratic local convergence, this procedure remains



computationally prohibitive in most applications as it requires computing the Hessian matrix and
solving the associated linear system at each step. Approximated or inexact Newton alternatives are
popular alternatives that significantly reduce the cost per iteration by approximating the Hessian
and its inverse, albeit sacrificing on the convergence speed side [19, [20,/39]. Here we show that the
method can be drastically sped up by using Algebraformer to replace the standard linear system
solver step.

As a reference problem, we consider the following minimization task:

min f(z) = [|Az — bl|,,

where p # 2, A € R™™ and b € R™. Choosing p # 2 ensures nonlinearity, and this is a well-
studied problem in the literature [41,[14,19]. A detailed technical introduction to Newton’s method
and the problem formulation is provided in appendix

As previously mentioned, constructing the Hessian and solving the corresponding linear system is
costly. To address this, we propose using Algebraformer to take as input the current iterate xj, and
the problem data (A and b), and directly predict the update direction py.

We conduct an experiment using matrices with
10* rows and 60 columns, with A and b uni-

—0— Newton Algebraformer
formly distributed and normalized to unit norm. Cu\‘
We conduct the experiments with p = 6, which "
is typically employed to reduce the influence of _ n
outliers. To reduce memory demand, due to the S 107 B
high amount of rows in the matrix A, instead b n
of encoding the full matrix A and vector b, we =
encode the vector A'b concatenated with the N
current iterate 2. We generate 1,250 Newton T 55 i 0E GF T 15
iteration trajectories for the training set. By tra- Time (s)

Jjectory, we mean a sequence of Newton method
steps [z, 1, . . ., T] until convergence, i.e., un- Figure 3: Time to convergence for Newton and

til the norm of the residual |f(zy) — f(wxy )| accelerated Newton methods.
reaches a tolerance of 107>, We use 125 trajec-
tories as the test set.

For the training of our model, we use the AdamW optimizer with 8; = 0.9 and B = 0.95, without
any warm-up, and apply cosine decay to the learning rate, starting from 10~* and decaying to 1072,
and we train our model for 50 epochs. The architecture hyperparameters remain unchanged across
experiments.

6.1 Results

After 50 epochs, our model can solve the linear system with a mean squared error (MSE) of 1 x 10~*
on the test set.

As shown in fig. 3] although the updates produced by our model are inexact, they enable convergence
approximately four times faster than the classical Newton method. The plot also shows that both
methods do converge; however, the objective function does not reach zero, as the linear system
Az = b has no exact solution. In fact, the minimum value achieved is approximately 2 x 1072,
Additionally, we observe that the first model evaluation takes noticeably longer than the subsequent
ones. This initial latency is likely due to internal mechanisms within PyTorch.

7 Conclusion

We introduced Algebraformer, a Transformer-based architecture for solving linear systems. We show
that Transformers can effectively solve linear algebra problems, and we propose a more scalable
encoding framework than existing approaches in the literature. Experiments on BVP interpolation and
Newton’s method (section[6) demonstrate that Algebraformer offers greater robustness and speed-ups
compared to standard numerical methods, highlighting its practical potential.
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A Extended related works

Transformers for mathematical tasks and algorithmic reasoning. Transformers have been
extensively explored for symbolic manipulation and mathematical reasoning tasks, including equation
solving and symbolic integration [40,153}132}|61,4,[12]. More recently, large language models (LLMs)
have demonstrated remarkable capabilities in arithmetic and logical reasoning [[15} 23,22, 30]. Studies
have begun to shed light on the internal mechanisms behind this behavior: for example, [38]] suggests
that LLMs internally use trigonometric structures to perform operations like addition. In [80], it
was shown that Transformers can emulate structurally recursive functions from input-output data,
while [24] [78] examined how Transformers trained from scratch generalize to function classes in
context. Another active line of work investigates how Transformers can emulate classical algorithms,
leveraging recursion [25} 36], or integrating graph-based inductive biases [3)]. These methods have
been applied in diverse settings, from competitive programming tasks [73] to fixed-point iteration
problems in reinforcement learning [[18]].

Neural PDE solvers. A growing body of work applies neural networks to solve partial differential
equations (PDEs). Among the most prominent frameworks are neural operators [[1], which aim to
learn mappings between function spaces in a resolution-invariant fashion. Notable examples include
the Fourier Neural Operator [43]], Factorized FNO [68]], U-Net FNO [76]], Physics-Informed Neural
Operator [27]], GNOT [33], and Convolutional Neural Operator [56]. These models are particularly
suited for modeling the infinite-dimensional solution operators of PDEs. Beyond operator learning,
architectures like message-passing neural networks (MPNNs) and U-Nets have also proven effective
in discretized PDE settings [6} [31]. More recently, foundation models for PDEs have emerged
[50, 354 [79} 165], aiming to generalize across families of equations that arise in diverse physical
domains.

Learning to accelerate numerical algorithms. There has been a surge of interest in learning-based
approaches for improving classical solvers. Several works focus on accelerating iterative methods such
as Conjugate Gradient for symmetric positive definite systems [42, 37, 181]], or GMRES-type solvers
for specific applications like the Poisson equation [45]. Others focus on learned preconditioning
strategies: neural networks have been used to construct preconditioners that speed up convergence
[28l 48\ 166], or to optimize heuristics such as Jacobi and ILU variants [21} 163]. NeurKItt [47],
for example, employs a neural operator to predict the invariant subspace of the system matrix and
accelerate solution convergence.

B Boundary value problems and spectral methods

A boundary value problem is given by a differential equation of the form

Lu(z) = f(x), x € Q, 3)
Blu(x)] =0, x € 09,
where 0 C R? is a bounded domain with boundary 92. The differential operator £ : X — ) acts
between suitable functional spaces, with u : {2 — R denoting the unknown solution and f : 2 — R
the prescribed source term. The boundary operator B imposes conditions on 0f2.

Spectral methods are a widely used class of numerical techniques known for their exponential
convergence and global, basis-coefficient representation of solutions [69]]. In contrast, finite difference
schemes (and related discretizations) typically offer only polynomial convergence and provide local
approximations. However, finite difference methods often yield structured matrices, which are
generally easier to handle than the dense matrices that arise in spectral methods. These observations
motivate our approach: our model is agnostic to the matrix structure and can efficiently solve the
resulting linear system, while preserving the key advantages of spectral methods, namely, exponential
convergence and a polynomial representation of the solution.

Among spectral methods, a common choice involves Chebyshev differentiation matrices [[69] (see
appendix [C)). This formulation is particularly attractive, as it interprets the model as an oracle that
outputs the node of a polynomial. Polynomials are mathematically tractable and interpretable objects,
an essential advantage for applications in physics.
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C Spectral Method and chebyshev differentiation matrix

This section is based on the book [69]. For a smooth function v : [—1, 1] — R we employ a Chebyshev
spectral interpolant

N
un(z) = Z arpTy(x), Tx(cos @) = cos(kf),
k=0
sampling at the Chebyshev—Gauss—Lobatto nodes

zj:cos<%j), 7=0,...,N,

with data u; = u(z;). The cardinal functions ¢, (x) satisfy ¢;(z,,) = d;m, so the derivative of the
interpolant is

N
uy(z) = Z u; ().
=0

N+1)

Evaluating at every node z; yields the Chebyshev differentiation matrix D € R+ ( through

N
u’N(mL) = ZDijUj, Dij = é;(.’];l)
7=0

Closed-form entries Let co = ¢y =2and¢; = 1for1 < j < N — 1. Then

¢ (1)
*Q7 i # 7,

Cj 1’251']

- 1<i<N-1
D = 2(1_3312), == ’
4T Y 2N?2 41 . —0

—_— 1 = :7

6 ) J

2N2 +1

fTJF, i=j=N.

Spectral convergence theorem (Bernstein—Jackson—-Clenshaw—Curtis). If v is analytic in a
Bernstein ellipse E, (p > 1) with foci £1, then for any integer m >0

-N

(m) L (m) < C Pi 4
wglffu‘u () —ux"(@)] < " p—1)m’ @

where C,, depends on u and p.

D Equations

We consider a sequence of three differential equations on the one-dimensional domain [0, 7.5] with
Dirichlet boundary conditions, aiming to model diffusion-dominated processes and extend to more
complex physical phenomena.

We first train our model on a classical second-order elliptic equation describing diffusion in a
heterogeneous medium:

—V(K(z)Vu(z)) = f(z), 5)
Commonly used in heat conduction, groundwater flow, and diffusion through materials with spatially
varying diffusivity K (x).

To assess generalization to more complex scenarios, we fine-tune the model on two variants of eq. (5).
The first introduces an reaction term:

V(K (2)Vu(@)) + a(a)u(z) = f(@), ©)

modelling phenomena such as heat loss, chemical reactions, or decay processes. The second variant
adds an advection term:

V(K (x)Vu(x)) + V(v(x)u(z)) = f(x), @)
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capturing the transport of u by a velocity field v(z), relevant in fluid dynamics and pollutant
dispersion.

In all cases, the resulting matrices have a condition number on the order of 105. For the training
details, we refer to appendix [Fand for the details regarding the dataset we refer to appendix [E]

E Datasets for BYP

For eq. (@) the function K is
K(z) =1+ acos(2rwx),

where a ~ UJ[0.25,0.75] and w ~ U[0.01,0.75], the function K (x) models a spatially varying
medium with periodic structure. The parameters o and w control the amplitude and frequency of
variation, allowing tunable complexity. It ensures smoothness and positivity, making it ideal for
testing PDE solvers in heterogeneous settings.

On the other for, the source term f(x) often represents external forcing, such as heat sources,

K(x)
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Figure 4: Three different samples of the function K

chemical reactions, or applied loads, distributed across space. The function
fl@) =0 -a)+a-r(x)

Can be interpreted as a blend between a uniform background source (the constant 1 — o) and a spatial
random fluctuation « - r(z), where r(z) is a random field with unit average.

f(x)
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Figure 5: Three different samples of the function f

For the eq. @ we choose the absorption term to be not null only in the interval [3, 4.5] where we
choose a constant 1/3, thus as an attractive force that pushes to 0, the solution «. Instead, for the
velocity field of eq. (7), we choose and uniform velocity field v(z) = « where a ~ U(—2,2), based
on the sign of the velocity field, the maximum of the solution is moved toward right or left.

We plot the three different solutions appendix [E]
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Figure 6: Three different samples for each equation

F Training details

For egs. (8) to (7), we aim to predict the approximate solution passing through a basis of functions.
The model receives two inputs: for eq. (5), the Chebyshev differentiation matrix based on the
spatially variable coefficient K, and for the other two equations, the inputs are dependent on their
respective coefficient terms. Furthermore, we concatenate the right-hand side f(x) into the input
matrix, as described in section @ The training dataset consists of 50,000 samples, and the test
set contains 5,000 samples; further details on sample construction can be found in appendix [E] For
the more complex equations eq. (6) and eq. (7), we train with fewer samples to simulate real-world
scenarios where the data for the simpler equations is more abundant. Specifically, we used 250
training observations for eq. (6) and 1, 500 for eq. (7), finding that the latter is the minimal number of
observations for a good generalisation due to the complexity of the equation. We test the model on
5,000 samples for both equations.

For eq. (3)), we train all models for 400 epochs using the AdamW optimizer with 3; = 0.9 and
By = 0.95, applying cosine decay to the learning rate from 10~* to 10~°. For fine-tuning tasks on
eqs. (6) and (7), we use the same learning rate schedule and train for 1,000 epochs when starting
from scratch. For fine-tuned models, we use a fixed learning rate of 5 x 10> and train for half the
epochs. In all experiments, we used a base of 64 elements, resulting in a matrix 64 x 64.
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G Newton Method for min, || Az — b|[?

The Newton method is a classical iterative algorithm for solving nonlinear optimization problems [39].
It is particularly attractive due to its quadratic convergence rate, and it finds widespread application
in areas such as interior-point methods for constrained optimization [75] and large-scale machine
learning [44].

Consider the unconstrained optimization problem:

min f(z).

At each iteration, the Newton method computes the next iterate as:
-1
Tpp1 =z — Hy(zk) ™ Vf(ze),
where V f(xy) is the gradient and 7 s () is the Hessian matrix evaluated at x,.

In practice, rather than computing the inverse of the Hessian explicitly, it is common to solve the
linear system:

Hy(zr) pr = Vf(z),
and update using xx4+1 = xx — pi. This approach avoids direct inversion but still incurs high
computational cost.

Both strategies, explicit matrix inversion and linear system solving, are expensive in terms of both
time and resources, especially in high-dimensional settings. This motivates the search for techniques
to accelerate the Newton method while preserving its fast convergence properties.

Algorithm 1 Newton’s Method
1: procedure NEWTONMETHOD(f, V f, H ¢, x¢, tol, max_iter)

2: X < X
3 for k = 0 to max_iter do
4: g« Vifx)
5: if ||g|| < tol then
6: return x
7 end if
8: H + Hys(x)
9: Solve Hp = g for p
10: T 4T —DP
11: end for
12: return x

13: end procedure

As discussed, Newton’s method is a powerful tool for solving nonlinear optimization problems. We
now consider applying it to the following objective:

f(x) = [ Az = bl

where A € R™*"™ b € R™, and p > 1. This function arises in robust regression and data fitting
applications, especially when p # 2.

Unlike the £2-norm case (where p = 2), the £5-norm leads to a nonlinear, non-quadratic objective for
general p. As a result, the optimization problem becomes nonlinear and requires iterative methods
like Newton’s method for efficient minimization.

Let us define the residual vector 7(z) = Az — b. Then the objective can be written as:
m
f@) =3 [ri(a)P.
i=1

Gradient. The gradient of f(z) is given by:
Vf(x) = pAT (jr(2)[P~! ©sign(r(x))) ,

where © denotes elementwise multiplication, and the operations | - |
elementwise.

! and sign(-) are applied

15



Hessian. The Hessian 7 ¢(z) is:
Hy(x) =plp— AT diag (Ir(2)["~?) 4,

which is valid for p > 1 and r;(x) # 0. For values near zero, regularization or smoothing techniques
are often needed to ensure numerical stability.
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