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Abstract

Accurate macroscopic traffic prediction could lead to smarter vehicles and safer
roads. It is however dependent on reliable and frequent measurements. Recent
research in scientific machine learning has shown progress on reconstruction tasks
using probe vehicles, hinting at potential gains for a sequential prediction model.
In this work, we adopt the classical data assimilation framework and gather insight
on how to design effective predictors. Our results highlight the effectiveness of
macroscopic solvers given sparse data while confirming the flexibility of Kalman
filtering. However, we report the difficulty of calibrating the solution given the low
amount of measures and their high variance.

1 Introduction

The goal of Traffic State Estimation (TSE) is to infer physical traffic quantities (velocity, density) from
partial observations. In this paper, we study a fleet of connected vehicles that continuously transmit
their GPS coordinates and speed to a remote computing center. We are interested in predicting the state
of traffic in real time even when no probe measurement is available. Due to the low penetration rate
of probe vehicles (typically 1-5%), direct estimation of macroscopic traffic quantities is challenging.
TSE algorithms exploit physical knowledge of the traffic dynamics, they often consider the speed of
individual vehicles as a noisy and sparse measure of a macroscopic mean velocity.

Several models have been introduced in the TSE literature to address this particular challenge.
In this study, we build upon the most common modeling blocks and evaluate their effectiveness
across diminishing probe penetration rates. We investigate what conditions are required to achieve
a reliable estimation of congestion patterns and how to find reasonable values for the physical and
statistical hyperparameters. Our implementation is available at https://github.com/J-Moreau/
traffic-assim.

2 Background

Macroscopic Traffic PDEs Car traffic can be represented with tools from compressible fluid
dynamics. The Eulerian formulation defines continuous scalar fields for velocity v(x, t) and density
ρ(x, t) which depend on space and time coordinates. The evolution of traffic quantities is described
with partial differential equations (PDEs), notably the one-dimensional transport equation from
Navier-Stokes ∂tρ+ ∂xQ = 0 where Q = ρv is the traffic flow (vehicles per time unit).

A simple relation for speed and density The most common formulation is the LWR model
[Lighthill and Whitham, 1955, Richards, 1956] which constrains v and Q to be functions of ρ. A
popular choice is Greenshields’ model where the density-velocity relation is affine v = Ve(ρ) =
Vmax(1−ρ/ρmax) and the flow is a quadratic function Q = Qe(ρ) = ρVmax(1−ρ/ρmax) as illustrated
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in Figure 1. This is strongly related to the inviscid Burgers equation and exhibits the same shockwave
behavior. The parameters (Vmax, ρmax) depend on the road characteristics and are usually estimated
from real data or domain knowledge.

The relation between ρ, Q and v is referred to as the Fundamental Diagram. Other formulations
are possible for Qe such as triangular or trapezoidal [Daganzo, 1994, 1995, Newell, 1982]. If the
fundamental diagram is invertible, as is the case for Greenshields’ model, it is possible to define the
inverse function for density ρ = Re(v). The LWR model can thus be equivalently formulated as a
PDE on velocity [Work et al., 2010].
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Figure 1: Macroscopic Fundamental Diagram fitted to the NGSIM US-101 data.

Numerical solutions A popular solution for integrating hyperbolic PDEs are finite volume methods
such as Godunov’s scheme [Godunov and Bohachevsky, 1959] which divides the road into discrete
cells. The application of Godunov to LWR with trapezoidal flow is known as the Cell Transmission
Model [Daganzo, 1994, Lebacque, 1996]. If conditions at the boundaries are known (e.g. through
loop detectors) it is possible to unroll the physical model to obtain an estimate of the state [Fan and
Seibold, 2013]. However, the measures are expected to differ from the simulated physics and one has
to reconcile the two.

Data Assimilation Incorporation of measurements into a physical model has been studied exten-
sively in the geophysics community and is referred to as Data Assimilation (DA). DA Algorithms
minimize the discrepancy between the observed measurements and the inferred state, they can be
classified into two main categories: variational (e.g. 3D, 4DVar) and sequential (e.g. Kalman and
Particle Filters). In TSE problems, the state dimension is reasonable, and the solver is computationally
cheap, making sequential methods the standard. Given a linear state space model with Gaussian
noise, the Kalman Filter (KF) iteratively returns the optimal interpolation between physical process
and measurements at the present time. The Extended Kalman filter (EKF) linearizes the process at
each step to handle non-linear fluid mechanics solvers.

3 Related Work

Sequential Data Assimilation Applying a linearized KF for predicting the traffic state has shown
good performance in practice [Herrera and Bayen, 2010]. However, solvers such as Godunov are not
differentiable everywhere which can lead to error accumulation [Blandin et al., 2012]. An alternative
is to use the Ensemble KF [Work et al., 2010, Seo et al., 2015] or a differentiable solver such as
finite differences [Wang and Papageorgiou, 2005]. Later research has shown the benefits of adopting
Lagrangian coordinates [Duret and Yuan, 2017, Yang et al., 2019] which require additional processing
to get back to an Eulerian prediction.

Deep forward solvers Extensive research was led on training neural substitutes for fluid dynamics
solvers [Li et al., 2021, Sun et al., 2023, Brandstetter et al., 2022]. They are usually trained in an
autoregressive fashion on clean simulated data and are not meant to work directly on sparse noisy
inputs. Another research direction is to train models on noisy or partial simulation measurements
which can later be applied to a data assimilation framework [Cheng et al., 2023, Singh et al., 2023,
Rozet and Louppe, 2023]. Bridging the gap between simulation and the real setting remains a
non-trivial problem.

Inverse solvers for reconstruction Many studies have focused on solving the inverse problem,
i.e. inferring missing data or parameters from partial observations. A popular solution is to leverage
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Physics informed deep learning [Raissi et al., 2019] to obtain a solution that respects both the
measures and the PDE prior. PINNs have been applied for TSE on probes [Shi et al., 2021, 2022]
or loop measurements [Goatin and Inzunza, 2023] and are able to learn the physical parameters.
However, they can struggle to learn the discontinuous shockwaves of hyperbolic PDEs [De Ryck
et al., 2024]. Networks can also be trained to reconstruct traffic on simulations and later applied to
real data [Thodi et al., 2022, 2024]. These architectures are designed to infer the gaps in the traffic
state history and are not directly suited for sequential prediction.
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(a) Predicted Velocity field (left) and ground truth (right).
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Figure 2: Triangular-EKF prediction results on NGSIM US-101. Fig. 2a and 2b: The EKF is able to
reconstruct coherent values even when measurements strongly deviate from the macroscopic mean
value. In contrast, the naive assimilation procedure is perturbed by the noisy observations. Fig. 2c
shows the input data: probe penetration 2%, boundary information 20%.

4 Data Assimilation Model

We use the EKF framework and model the system with a Linear State Space and Gaussian noise.
Time is discretized into steps of length ∆t indexed by t ∈ [1, N ], space is divided into cells of length
∆x indexed by k ∈ [1, C]. Let vt ∈ RC be the mean velocity in cells [ck, ck+1]. Let xmeas

t and
ẋmeas
t vectors of RP be the measured position and speed of probe vehicles indexed by i ∈ [1, P ]. We

consider the following discretized model of traffic flow:{
vt+1 = Fθ(vt) +wt , wt ∼ N (0,Q) (Macroscopic Process)
ẋmeas
t = H(xmeas

t )vt + ϵt , ϵt ∼ N (0,R) (Measurement)
(1)

Where Fθ is the fluid mechanics solver (see Appendix A for details), with physical parameters θ, and
wt, ϵt are i.i.d. Gaussian error terms. H : RP → RP×C is the mapping between cell k and probe
vehicle i: H(x)i,k = 1(xi ∈ [ck, ck+1]). The discrete scheme has to respect the CFL condition
∆x ≥ Vmax∆t.

The EKF prediction and correction equations are:{
vt|t−1 = Fθ(vt−1|t−1)

Pt|t−1 = Ft−1Pt−1|t−1F
T
t−1 +Q


Kt = Pt|t−1H

T
t (HtPt|t−1H

T
t +R)−1

vt|t = vt|t−1 +Kt(ẋ
meas
t −Htvt|t−1)

Pt|t = (I−KtHt)Pt|t−1

(2)

Where Ft is the Jacobian of the solver Fθ (see Appendix C) and Ht = H(xmeas
t ).
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5 Experiments

Dataset Experiments are led on the NGSIM dataset [USDT, 2016] which contains trajectories of
all vehicles on two U.S. freeway segments, US-101 and I-80. We acknowledge that incoherences
have been detected in the trajectory interpolation [Coifman and Li, 2017], but we hypothetize that
macroscopic quantities are correctly represented. We sample the position and speed of vehicles every
3 seconds to simulate periodic fleet measurements.

Boundaries The Godunov solver can handle partial boundary conditions with the use of ghost cells,
letting waves exit the domain and assuming constant flow when no wave is entering. To mitigate the
lack of information at the boundaries, we add a larger fraction (p=20%) of probe information at the
borders. This emulates contributions from fleet vehicles outside the studied domain.

Hyperparameters Fundamental Diagrams are fit to the US-101 data: parameters for the Triangular
FD are chosen to be the same as Herrera and Bayen [2010] and the Greenshields FD is fitted with
least-squares on the Q(v) relation. We use the discretization ∆t = 1s, ∆x = 50m, measurement
variance for ϵ is computed by taking the mean of the empirical variance for each cell and timestep.

We argue that reasonable values for physical parameters and measure variance R can be inferred
from domain knowledge. The Kalman process variance Q however depends on the correctness
of the model approximation and is trickier to determine beforehand. We use an initial value of
σ2
Q = 0.1m2s−2 and use a single step of Desroziers’ method [Desroziers et al., 2005] to get a

variance estimate E[(vt+1|t+1 −F(vt|t))
2]. This has no significant effect on performance.

6 Results

In Table 1, the benchmarked physical models are the Greenshields and Triangular diagrams as well
as a physics-agnostic baseline where the solver is the Identity. We also compare the Kalman analysis
to a naive assimilation protocol where the state is set to the average between measure and prediction,
this is the equivalent of setting a constant gain K=1/2. This model obtains surprisingly good results on
US-101 which we attribute to the greater trust it gives to measures. Figure 2 highlights a successful
reconstruction.

Table 1: EKF MSE (m2s−2), avg±std over 10 probe sampling seeds. The Triangular function
consistently outperforms Greenshields. Tri. (K=1/2) is the Triangular diagram with naive assimilation.

US-101 I-80
Model p=1% p=2% p=5% p=1% p=2% p=5%

Identity 10.4± 1.4 7.37± .60 4.41± .18 8.06± 3.2 5.75± 1.5 3.43± .27
Greenshields 4.57± 1.11 3.74± .24 3.27± .34 3.23± .42 3.01± .30 2.83± .22
Triangular 4.43± 1.18 3.16± .37 2.37± .27 2.31± .35 2.07± .19 1.75± .11

Tri. (K=1/2) 5.18± 1.51 3.19± .42 2.10± .16 3.34± .82 3.28± .39 3.14± .30

This benchmark suggests the importance of choosing a valid physical model, the amount of measures
is too small to correctly guide a physics-agnostic filter. While it is not straight forward to parametrize
the process and measurement variance, the EKF exhibits consistent performance and is a sound
choice for the assimilation.

7 Future Perspectives

An interesting future work direction would be to include learning-based components to improve
the algorithm. The presented EKF is differentiable and could be optimized with gradient descent,
however a direct grid search seems more appropriate given the low number of parameters. Training
a more expressive solver on probe data only is challenging due to the low supervision information
contained in the sparse and noisy trajectories. Exploring whether these issues can be addressed with
a larger, potentially simulated, dataset could be a topic for further investigation.
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A Fluid Mechanics Solver

We provide more background on applying Godunov’s scheme to a velocity-based LWR.

The macroscopic process Fθ takes velocities vt as input and translates them to densities ρt using the
fundamental diagram. For Greenshields this is simply:

ρt = Re(vt) = ρmax(1− vt/Vmax) (3)

The Godunov step then updates each cell k given its neighbors k − 1 and k + 1:

ρkt+1 = ρkt +
∆t

∆x

(
Qboundary(ρ

k−1
t , ρkt )−Qboundary(ρ

k
t , ρ

k+1
t )

)
(4)

Qboundary is the flow at the cell boundaries and is given by the solution to Riemann’s problem [LeVeque,
2002]:

Qboundary(ρℓ, ρr) :=

{
min [Qe(ρℓ), Qe(ρr)] if ρℓ ≤ ρr
max [Qe(ρℓ), Qe(ρr), Qe(ρc)] if ρℓ ≥ ρr

(5)

Where ρc is the critical density where flow is maximal, it is the threshold between the congestion
regime (ρ ≥ ρc) and free flow (ρ ≤ ρc). For more insight into the Riemann problem, refer to
Appendix B.

Then the Fundamental Diagram is used again to convert ρt+1 to vt+1.

vt+1 = Ve(ρt+1) = Vmax(1− ρt+1/ρmax) (6)

The solver can thus be defined as the composition of (3), (4) and (6).

Fθ = Ve ◦Godunov ◦Re (7)

Note that the relations can be greatly simplified for specific Fundamental Diagrams. The interested
reader can refer to Work et al. [2010] for Greenshields and Herrera and Bayen [2010] for the
Triangular flow.

B Solution to the Riemann Problem for LWR

The Riemann problem studies the evolution of a conservation law under a piecewise-constant initial
value with a discontinuity at the middle. The initial density on the left and right sides is defined as:

∀x ∈ R \ {0}, ρ(x, t = 0) =

{
ρℓ if x < 0

ρr if x > 0

For a 1D Hyperbolic conservation law of the form ∂tρ + ∂xQ(ρ) = 0 and strictly concave flow
function Q ∈ C1(R), a general solution can be derived analytically. Figure 3 summarizes the solution
dynamics depending on the values of ρℓ and ρr.

The problem is solved by a similarity solution, i.e. it only depends on x/t.

If ρℓ > ρr the solution is a rarefaction wave or "fan":

∀x ∈ R ,∀t > 0 ρ(x, t) =


ρℓ if x/t < Q′(ρℓ)

Q′−1(x/t) if Q′(ρℓ) ≤ x/t ≤ Q′(ρr)

ρr if x/t > Q′(ρr)

When the wave speeds verify Q′(ρℓ) < 0 < Q′(ρr) the density spreads in the two directions, this is
a two-sided rarefaction. Here we assumed that the derivative Q’ of the flow is invertible which is true
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Figure 3: Solution to the LWR-Greenshields PDE with Riemann initial value (solid line) at t = 0.
The dashed line represents the density value for a given t > 0. The wave direction varies depending
on the sign of Q(ρℓ)−Q(ρr) i.e. if the inflow is greater (blue) or lower (red) than the outflow.
Left: Shockwave propagation. Center: Rarefaction wave. Right: Two-sided rarefaction.

only for strictly concave Q. In the case of Triangular flow, the two-sided rarefaction can instead be
solved with ρ(x, t) = ρc if Q′(ρℓ) ≤ x/t ≤ Q′(ρr).

If ρℓ < ρr the solution is a discontinuous shockwave:

∀x ∈ R ,∀t > 0 ρ(x, t) =

{
ρℓ if x/t < c

ρr if x/t > c
Where c =

Q(ρℓ)−Q(ρr)

ρℓ − ρr

This setting is the basis for solving finite volume schemes where density is piecewise constant with a
discontinuity at the cell boundaries. Here the left and right "cells" are of infinite length. To apply this
scheme in discretized space and time, the CFL condition |Q′| ≤ ∆x∆t must hold. It ensures that the
waves don’t travel past the cell boundaries during one time step.

Note that the value of Q(ρ(x = 0, t)) is constant for t > 0. This boundary flow is the one used in
Godunov’s scheme (5). The flow Qboundary is either equal to the left or right side depending on the
direction of the wave, or to the critical value Q(ρc) = max0≤ρ≤ρmax

Q(ρ) when there is a two-sided
rarefaction. Because the flow is concave, the value of ρ(x = 0, t) for a two-sided rarefaction is
Q′−1(0) = ρc, when Q reaches its maximum.

C Jacobian of scalar Godunov scheme

It is possible to rewrite the Godunov step (4) in terms of supply s and demand d:

ρkt+1 = ρkt +
∆t

∆x

(
min(dk−1

t , skt )−min(dkt , s
k+1
t )

)
dkt =

{
Qe(ρ

k
t ) if ρkt < ρc

Qe(ρc) if ρkt ≥ ρc
skt =

{
Qe(ρ

k
t ) if ρkt > ρc

Qe(ρc) if ρkt ≤ ρc

Let us introduce the following scalar derivatives:

Ak
t =

∂

∂ρkt
min(dk−1

t , skt )

∣∣∣∣
ρt

= Q′
e(ρ

k
t ) · 1(ρkt > ρc·)1(dk−1 > skt )

Bk
t =

∂

∂ρkt
min(dkt , s

k+1
t )

∣∣∣∣
ρt

= Q′
e(ρ

k
t ) · 1(ρkt < ρc) · 1(dkt < sk+1)

Ck−1
t =

∂

∂ρk−1
t

min(dk−1
t , skt )

∣∣∣∣
ρt

= Q′
e(ρ

k−1
t ) · 1(ρk−1

t < ρc) · 1(dk−1
t < sk)

Dk+1
t =

∂

∂ρk+1
t

min(dkt , s
k+1
t )

∣∣∣∣
ρt

= Q′
e(ρ

k+1
t ) · 1(ρk+1

t > ρc) · 1(dk > sk+1
t )
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The Jacobian matrix J ∈ RC×C is tridiagonal. The diagonal terms are:

Jk,k =
∂ ρkt+1

∂ρkt

∣∣∣∣
ρt

= 1 +
∆t

∆x

(
Ak

t −Bk
t

)
Then the lower and upper diagonal terms are:

Jk,k−1 =
∂ ρkt+1

∂ρk−1
t

∣∣∣∣
ρt

=
∆t

∆x
Ck−1

t

Jk,k+1 =
∂ ρkt+1

∂ρk+1
t

∣∣∣∣
ρt

= −∆t

∆x
Dk+1

t

Finally, the complete solver Jacobian is:

Ft =
∂Fθ

∂v

∣∣∣∣
vt

= diag[V ′
e (ρt+1)]J diag[R′

e(vt)]

In the specific case of Greenshields, this simplifies to:

Ft = J

9
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