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Abstract

Scientific discovery has driven conceptual and technological advances in all ar-
eas, including non-scientific domains. Symbolic regression is a machine learning
subfield that focuses on automating scientific discovery towards making new dis-
coveries. It suffers from key limitations in its key component, data benchmarks.
This paper presents a new dataset benchmark originating from physics, specifically
high-energy physics. These equations are domain-specific and can be expressed in
different forms, thus allowing for different sets of input-output pairs.

1 Introduction

The ultimate goal of research at the interface of artificial intelligence (AI) and natural sciences is to
build models that understand the world, accelerate scientific discovery, and gather relevant knowledge
from a “science” perspective. Symbolic regression (SR) is a machine learning (ML) subfield that
has gained growing interest in recent years for learning transparent AI systems, automating scientific
understanding, and boosting scientific discovery. It focuses on learning analytical models from
numerical data. Following the deep learning (DL) revolution in early 2010, SR methods have
significantly evolved from search-based methods (e.g., heuristic search and genetic programming
(GP) (1), reinforcement learning (2)) to modern learning-based methods that leverage large-scale
synthetic data and transformers (3; 4), and hybrid techniques (5). A full review of SR methods can be
found in (6; 7).

SR is intuitively suited for applications in the natural sciences that seek to learn the latent structure
of the world through theoretical models, and particularly in the physical sciences, where laws are
expressed as equations. Despite significant advancements in SR in recent years, its application to
complex real-world and physics problems remains limited. Moreover, most existing applications
utilize synthetic (i.e., simulated) data, while only a few studies employ experimental physics data,
which is naturally noisy, to learn either fundamental laws or established physical models (8; 9; 10; 11).
Applications of SR to experimental data with known physical models are critical for testing the
credibility of SR at the practice level and evaluating its effectiveness, holding promise in SR. To
enhance trust in SR for making new discoveries in science, it is essential to demonstrate the efficiency
of SR in discovering fundamental laws (i.e., (8)) and phenomenological models (i.e., (10; 11)) using
experimental physics data. This may be hard to achieve using existing SR dataset benchmarks.
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Figure 1: Distributions of the features (x) and the target model (y) for the (exemplary) physics
equation y = (u + v)/(1 + uv/c2), where u and v are relativistic velocities and c is the speed of
light. Left: In the AIFeynman benchmark (13), x = {u, v, c} ∈ R3, all are uniformly generated in the
range [1,5]. Right: In the the revised benchmark SRSD (12), x = {u, v} ∈ R2 and c = 2.99× 108.
The distributions are significantly different, leading to a noticeable difference in SR performance.

It is no surprise that synthetic SR datasets, which involve generating numerical points using an
equation, are technically easier to create compared to the datasets required in other ML-related fields.
However, high-quality datasets in SR remain challenging, given that SR is primarily developed to
boost discoveries in science, and physical sciences are known for their scalability. Currently, the most
widely used physics benchmark is the AIFeynman, which suffers key limitations (7), as illustrated
in Fig. 1. A corrected version was proposed in (12), but it was not adopted in SR algorithmic
works. In nearly all domains of physics, there is an enormous amount of high-statistics and multi-
dimensional measurements of physical observables in the physical disciplines that could be used for
SR applications.

2 Cross-sections in high-energy physics

The cross sections hold particular importance in high-energy physics (HEP). They are experimentally
measured and subsequently compared to theoretical calculations. Such comparisons are essential to
validate theoretical calculations and explore missing factors in theory when a mismatch is observed.
Cross sections are calculated for different processes that involve different types of interactions, and
their expressions cover a wide range of energy.

A differential cross section of a scattering process in high-energy physics (14) is usually expressed
in terms of kinematical variables such as the energy (E) and the scattering angle (θ), which are are
defined using the four-momenta of incoming and outgoing particles. A more generalized manner
of expressing the cross section uses the so-called Mandelstam variables {s, t, u}. In the center-of-
mass (CM) frame, and assuming massless particles in the ultra-relativistic limit, these variables
are functions of the energy (ECM) and the scattering angle (θ) defined between the direction of the
scattered particle with respect to the direction of the incoming particles. They are expressed as
follows:

s = E2
CM, t = −E2

CM

2
(1− cos θ) , u = −E2

CM

2
(1 + cos θ)

}
dσ

dΩ
= g(ECM, θ) = g′′(s, t, u) (1)

The choice of the input vector of features and the target expression is flexible, yielding a total of
18 {x, y}, as summarized in Table 1. There are the kinematic variables {ECM, θ/ cos θ} which can
be regarded as the original features, the Mandelstam variables which are themselves functions of
kinematic variables, and the cross sections which could be expressed either in terms of kinematic or
Mandelstam variables. Therefore, one could build different sets of input/output using the columns
in Tab 1, and multi-dimensional distributions could be generated and used to infer ground-truth
expressions using SR, namely, one dimension using(θ/ cos θ) by fixing ECM’s value, two dimensions
(ECM, θ/ cos θ) by varying ECM’s value, and three dimensional configurations using (s, t, u). The
advantage of expressing the cross-section in terms of different but equivalent variables resides in
the different sampling ranges of these variables. This represents a robustness challenge, e.g., both
dσ(cos θ) and dσ(θ) exhibit the same angular dependence but with slightly different ground-truth
expressions whose skeletons are equivalent up to a variable changing.

Assuming that measurement for particles are restricted with a scattering angle greater than 10
◦
, then

the sampling range for θ would be [10
◦
, 170

◦
] whereas the sampling range of cos θ would ideally
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Table 1: Summary of possible input vector of variables and target expressions related to cross-section
topic in HEP. The Mandelstam variables are defined in terms of (E2

CM, θ/ cos θ) in the CM frame.
The cross sections (3rd column) could be expressed in terms of either (E2

CM, θ/ cos θ) or {s, t, u}.

Kinematic variables Mandelstam variables: {s,t,u} Cross-sections: dσ

ECM θ cos θ f(E2
CM, θ) f ′(E2

CM, cos θ) g(s, θ) g′(s, cos θ) g′′(s, t, u)

Table 2: Expressions of the differential cross section for various scattering processes in high-energy
physics (14) in terms of the Mandelstam variables (1st column) and kinematic variables (2nd column),
such as energy and scattering angle. For a given scattering process, the expressions of dσ have
different forms but the same numerical values. “O” refers to the complexity of an equation, which is
the number of nodes in the expression-tree representation (7).

Scattering Process dσ(s, t, u) O dσ(ECM, x = cos θ) O
Moeller

e−e− → e−e−
α2

2s

(
s2+u2

t2
+ s2+t2

u2 + 2s2

tu

)
42 πα2

E2
CM

(
2(x2+3)2

(x2−1)2

)
23

Bhabha
e−e+ → e−e+

α2

2s

(
s2+u2

t2
+ t2+u2

s2
+ 2u2

ts

)
42 πα2

E2
CM

(
(x2+3)2

2(x−1)2

)
23

emu
e−µ− → e−µ−

α2

2s

(
s2+u2

t2

)
18 e4

8π2s

(
1+1/4(1+x)2

(1−x)2

)
24

mupp
e+e− → µ+µ−

α2

2s

(
t2+u2

s2

)
18 α2

4s
(1 + x2) 13

be [−1, 1] and more realistically [−0.95, 0.95]. The set of angular data points is valid for a specific
value of the energy ECM, which in turn could take any value with ECM > 0. The numerical ranges
for t, u would be −s/2 < t, u < 0. The ideal θ-range is [10

◦
, 170

◦
]; however, at the practical level,

the angular coverage depends on experimental setups and therefore could be truncated to much
smaller intervals. When dealing with synthetic data, one could truncate the overall θ range into
different intervals, towards smaller or larger values, to imitate experimental conditions, and check
the performance of the SR methods in this regard. In other terms, if θ could only be measured in a
restricted range, would SR be able to recover the correct expression from that truncated range, and
how far could it extrapolate? This step is equivalent to systematic studies in physical observables’
measurement and could be considered as a fundamental task in the research workflow of developing
SR algorithms.

The expressions of the cross-section for various HEP processes are listed in Tab. 2, in terms of
{s, t, u} (1st column) and (s, cos θ) (2nd column). The cross-sections have similar expressions in
the "Mandelstam variable" representation; however, they exhibit different angular dependencies, i.e,
dσemu versus dσmupp. The expressions in terms of (s, θ) are obviously the same as those shown in the
second column by replacing x with cos θ. α is a physical constant and is equivalent to 1/137.

Figure 2: Left: 1D angular dependence of dσ for various HEP processes (expressions summarized in
Tab. 2), generated at s = 1 (GeV)2. Right: 2D angular dependence of the cross-section of the Bhabha
scattering at different values of the center-of-mass energy (s). Shown on logarithmic scales.
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Table 3: Results obtained by applying GP-based (PySR (1), 1st sub-row) and transformer-based
(NeSymReS (3), 2nd sub-row) SR methods on data generated from the equations presented in this
paper, namely Eq. 1 and Tab. 2. “R” refers to the recovery status, and Y/N refers to Yes or No for
recovering the ground-truth equation for each problem.

input output MSE expression R

(ECM , x)

s
0.0 (1) Y

1.2224391e-14 ECM*(ECM - sin(0.0*ECM)) Y

t
0.0062 −0.42 exp(−0.43x(ECM + 1.23)) N

1.1044069e-14 −0.5 ∗ ECM ∗ (−ECM ∗ x+ ECM) Y

u
0.0032 −0.65 cos(ECM − x)− 0.22 N

1.0132345e-14 −0.5 ∗ ECM ∗ (1.0 ∗ ECM ∗ x+ ECM) Y

(ECM , θ)

gmoller
0.038 1.26 exp(0.67ECM − θ) N

0.5269817 82.09788 ∗ exp(−1.27896 ∗ ECM − 0.32175 ∗ θ) N

gbhabha
3.410−05 7.72 exp(1.12ECM − 0.33 ∗ θ) N

1.0232418 −0.21606 ∗ exp(ECM − θ2) N

geµ
0.019 1.11 exp(ECM − θ2) N

1.0234939 0.6197 ∗ exp(ECM − θ2) N

gµpp
6.13e-11 1.20e− 7 ∗ ECM ∗ (θ + 44.73) N

0.51509655 0.0 ∗ (ECM + θ + 1.36933)/(ECM - 0.4185) N

(ECM , x)

g′moller
0.028 0.18 ∗ E2

CM ∗ (−x− 0.0064)2 N

0.7218451 0.0 ∗ exp(−15.35508 ∗ cos θ ∗ sin(1.59189 ∗ ECM)) N

g′bhabha
0.0158 0.0058 ∗ exp(ECM ∗ (x+ 1.83)) N

0.8730789 0.101 ∗ exp(ECM ∗ (−ECM + cos θ)) N

g′eµ
0.016 3.58 ∗ exp(ECM ∗ (x− 4.58)) N

0.8718219 0.10235 ∗ exp(ECM ∗ (−ECM + x)) N

g′µpp
1.34e-10 −1.33e− 5 ∗ ECM ∗ (x− 1) N

0.12042928 3e− 05 ∗ ECM/(E2
CM + 0.27527 ∗ ECM)2 N

(s, t, u)

g′′moller
0.028 0.182 s2 (0.99 t− u)2 N

0.515459 −5e− 05 ∗ s2/(t2 ∗ u) N

g′′bhabha
0.0001 0.0038 exp(179.6s(s− u− 1.96)) N

1.0080006 0.0 ∗ s2 ∗ u2/t2 N

g′′eµ
0.018 0.15s exp(−1.6 ∗ s2) N

1.0080122 0.0 ∗ s2 ∗ u2/t2 N

g′′µpp
3.26e-11 −10−5 ∗ s(t− 1.26) N

0.09380683 −1e− 05 ∗ (s+ t+ u− 1.85774)/s N
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Figure 2 (left) compares the cross sections for different processes as a function of θ, generated for a
CM energy value of 1 TeV. The expressions exhibit different angular dependencies. The black-dashed
line represents a possible experimental limitation of the angular coverage, which is arbitrarily chosen
here and depends on the experimental setup. Figure 2 (right) compares the angular dependence of the
cross-section for one scattering (cf. Tab. 2) evaluated at different values of s, namely, 1, 4, 7, and 14
(TeV)2.

We conduct several experiments to infer the target functions summarized in Tab.2. Two SR packages
were used: a transformer-based SR, i.e., NeSymReS (3), and a GP-based SR, i.e., PySR (1). The
choice of a transformer-based SR is mainly driven by the fact that learning the context in data holds
significant meaning in physics, particularly in light of the causal nature of physical phenomena, where
capturing correlations among variables is crucial. This study uses the NeSymReS model pretrained
on 100 million datasets, and the default configuration of PySR. This choice is driven by the successful
applications of SR using experimental data that use these two software. Results obtained using both
SR methods are reported in Tab. 3. Except for the equations of the Mandelstam variable, none of the
differential cross-section equations were correctly inferred, namely g, g′, g′′ in Tab. 1. In addition,
it’s evident that some of the learned models do not fulfill the dimensional requirements of physics
equations, i.e., the units of measurements have to follow dimensional rules.

3 Conclusion

This paper presents an exemplary set of physics problems that could be used in the training and
performance evaluation of SR algorithms, as part of an ongoing work on an SR benchmark consisting
of physics equations. The equations presented and discussed here depend on multiple variables that
are generated within specific physical ranges. In addition, they can be expressed in different analytical
forms when the input variables are changed, which can be challenging for SR algorithms.
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