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Abstract

We introduce FlowTIE, a neural-network-based framework for phase reconstruction
from 4D-Scanning Transmission Electron Microscopy (STEM) data, which inte-
grates the Transport of Intensity Equation (TIE) with a flow-based representation of
the phase gradient. This formulation allows the model to bridge data-driven learn-
ing with physics-based priors, improving robustness under dynamical scattering
conditions for thick specimen. The validation on simulated datasets of crystalline
materials, benchmarking to classical TIE and gradient-based optimization methods
are presented. The results demonstrate that FlowTIE improves phase reconstruc-
tion accuracy, fast, and can be integrated with a thick specimen model, namely
multislice method.

1 Introduction

Electron microscopy (EM) has become an indispensable tool in modern scientific research due to
its ability to resolve structures at nanometer to sub-nanometer scales. In (scanning) transmission
electron microscopy (STEM), the reconstruction of the phase of the electron wave after interaction
with an object under investigation is essential for understanding a wide range of physical phenomena,
for instance electromagnetic fields and compositional variations at the atomic scale [1l]. Both are
critical for the development of advanced materials, e.g. for quantum devices and magnetic storage
technologies. However, direct measurement of the phase is not feasible, making phase retrieval a
central challenge in electron microscopy. Several techniques have been developed to address this
limitation. Iterative ptychography approaches e.g., [2| 13,4, 5], are computationally intensive and
not compatible with large-angle Lorentz 4D-STEM imaging [6} [7]. Deterministic methods such
as differential phase contrast (DPC[8, 9} [10]/iDPC[11] or COM[1]J/iCOM[L1]), and Transport of
Intensity Equation (TIE)[12} [13]] provide faster, more direct solutions with analytical formulation
but are typically limited in resolution or applicability, especially under non-ideal imaging conditions.
Recently, the development of data-driven methods has accelerated rapidly, driven by the increasing
availability of large-scale datasets and advancements in machine learning. These approaches offer
flexible, scalable alternatives to model-based techniques, particularly in domains where physical
modeling is complex or poorly understood. One prominent example is generative models such as
diffusion models and flow-matching [14} (15} [16], which have demonstrated remarkable success
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in generating high-fidelity data across domains, such as natural images, molecular structures, and
material generation [19]. While such methods have shown compelling results in image
synthesis, their application to high-resolution scientific imaging, particularly 4D-STEM, remains
underexplored, due to its high dimensionality, noise sensitivity, and dependence on precise physical
interpretation. As a result, there is still a significant gap in both investigating and adapting generative
model in 4D-STEM. We propose an integration of the Transport of Intensity Equation (TIE) and
flow matching, coined as FlowTIE. FlowTIE offers a fast, analytical solution to the phase retrieval
problem, hence, avoiding the intensive computational demands by iterative algorithms.

2 Methodology

Notation Vectors x € C and matrices A € CX*Z are written in bold small-cap and bold big-cap
letter, respectively. JF, is two-dimensional Fourier transform applied to spatial grid. i.e., real space in
TEM terminology. The conjugate transpose is written as A . The absolute value and square root is
applied element-wise to vectors or matrices.

Multislice Model The multislice method is a common computational approach to model dynamical
scattering effects inside of thick crystalline materials [20]. The incoming electron wave is sequentially
propagated through slices, i.e., z—axis, accounting for both phase shifts due to atomic potentials

and scattering effects. Given the first slice of crystal on coordinate r = (z,y), O; (r) = €"7V=("),

A, . . . . . .
where V, (r) =V, (x,y) = f:+ V (z,y, z) dz is projected potential of crystalline materials with
interaction constant o. The interaction between the incoming focused electron wave with raster scan

P (r — ) at a specific scanning point coordinate ¥ is given by the product
El(rvf') =0 (I‘) P(I‘ - f') )

where F is the exit wave from the first slice and it is propagated with propagation model V), i.e.,
Fresnel propagation, before interacting with the next slice and producing exitwave

Es (r,#) = 02 (r) V (Eq (r,F)) .

This process is repeated until m slices have been traversed by the electron wave, resulting in a final
exit wavefunction. The intensity recorded at 4D-STEM detector can be written as

1(q,) = |Fr (B (r,8))]7.

In total we have total scan points S, x S; and detector dimension N x NN. Fourier transform on
coordinate r, F,, maps the exitwave in the far-field and we record intensity in Fourier space q,
or reciprocal space in TEM terminology. The scan coordinates f are still in real space. Figure T]
visualizes the 4D-STEM acquisition setting.

a b

Figure 1: 4D-STEM diffraction data and vector field of the phase are simulated from multislice
models, which serve as training data for the neural network model shown in (b). After training, the
model can generate vector fields based on the intensity distribution of diffraction patterns (c).

Apart from the classical representation of multislice formalism, one can write the scattering process
as a matrix transformation to disentangle probe effect, as discussed in [21]]. Hence, for all scan points
S = 8, x S and detector dimension N x N, the 4D-STEM diffraction patterns can be written as

I= |:E|2 = |F2DAP|2 S RNzXS7

. . . . . . 2 2
where the Fop is the matrix representation of two-dimensional Fourier transform, A € CN™ XN

is the matrix potential and P € CV *xS is the matrix representation of the focused electron wave



for all scan points. Regardless of whether the classical multislice or matrix model is used, the key
challenge in 4D-STEM multislice is to estimate the (gradient) phase, i.e., potential of crystalline
materials V' (x, y, z), given the intensity measurements.

Transport of Intensity Equation (TIE) The relationship between intensity I variations along the
beam direction z—axis and the phase ¢ of the electron wave can be described with the continuity
equation, due to the principle of conservation of a physical quantity, i.e., intensity, derived in [22} 23]
oI (z,y, z) A
a0 _%v%y (I (2,y,2) Vayo (2,9, 2)), ey
where the ) is the electron wavelength. In most cases, the constant transverse intensity assumption,
i.e., thin specimen [24], is given to simplify the model as Poisson equation:

oI (z,y,2) A
T ~ %vx,y(ﬁ (xvyvz)v 2

(251261 27, [28]], or the summary paper in [29]. The key idea to solve (2)) is by employing the property
of Fourier transform of Laplacian and estimating the phase in the Fourier space. Leveraging the
property of the continuity equation (TJ), we can develop a machine learning framework to estimate the
vector field vy, = V4 (¢ (z,y, 2)), similar to flow matching approach in generative model machine
learning. Apart from the possibility to generalize the model for any measurement data, incorporating
neural network model to estimate the vector field, i.e., phase gradient, and solving the continuity
equation does not require the thin specimen assumption.

FlowTIE Suppose we acquire series of intensity from focused and defocused 4D-STEM data over
finite difference along z—axis, with a series of defocus values —A,,0, A, written as Ia_ (q, ). To

approximate the derivative, we use the finite difference method by incorporating triplets, % ~

La. (q,#) = 1= (q’r)X;Az(q’r), where Ij (q, ) is the intensity acquired from focused probe.
Additionally, we have neural network ug, where 6 represents the neural network parameters. FlowTIE
learns vector fields of phase distributions from exit waves of 4D-STEM data by minimizing the mean
squared error loss

Lyt (0) = E|lug (Ioa, (a,7)) — Vi (¢ (a,7)]I5

and continuity loss given as
2

R A . .
IZAZ (qv I') + %vf‘ (IO (qv I') Ug (IZAZ (qa I‘))) .
2

Similarly, to control the prediction of the phase, we incorporate an integrator model to estimate the
phase ¢ (q, ), for instance, by applying a Fourier transformation after taking the derivative of the
vector field to generate the Laplacian. The phase loss can be written as
Lonase (¢) = E || integrator (up (2. (a.1))) = ¢ (@ D)5

Therefore, the total training loss for FlowTIE is given as follows

Liotal (9) = aly (9) + ﬁ»ccont (9) + 'Yﬁphase (0) s (3)
where «, 3, are the weighting factors for each loss. The algorithm for training and
inference can therefore be represented as shown in Algorithm (I) and Algorithm (@).

Ecom (0) =E

Algorithm 1 Training FlowTIE Algorithm 2 Inference FlowTIE
1: Initialization: 1: Input: Iy(q,#), Ioa.(q,T), ug«, probe
 Intensity over crystalline materials p(r — 1)
Ira. (q, 1), neural network model ug 2: Predict vector field of exit wave: Vpeq =
* Epochs, ground truth ¢y (q, ) and vector ug+ (Ian.)

field V: (¢ (q,T)), weighted loss .3,y : Reconstruct phase of exit wave: ¢prea(q, )

: Project phase: ¢proj € RS>y

return Learned neural network ug«
: Output: Apred, Gproj

3
2: for each epoch do 4: Construct exit wave: _ .
3: for each batch data do 5: Epred (q,%) = /Io(q, ) - eJ prea(a,F)
451 dOfptlmlze ug in (B), ming L (0) 6: Convert to matrix: Eyyeq, P € CN?x8
6 en de;:) - or 7: Est. matrix potential: Apeq ~ F, 5EpredPH
7: 8
: 9




3 Numerical Results

Dataset and Model Architecture The cubic crystal system for training data is generated from
Materials Project dataset [30]], where the energy potential is computed using Kirkland’s model [31].
Ground truth slices of projected potential and phase gradient are produced using the multislice
algorithm from [32] with pixel dimension N x N = 64 x 64. For training, we randomly select
100 structures, with a 0.9/0.1 split between training and validation. For testing, we evaluate the
model on well-known materials: GaAs and SrTiOs, as shown in Figure [2] where the intensity is
generated with aberration-free probe with total scan Sy, X .S, = 64 x 64. Our FlowPredictorModel
is a lightweight 4-layer convolutional encoder-decoder network for predicting dense 2D flow fields
across input channels. It is designed for multi-channel spatial data where each channel requires
a separate 2D flow vector. The encoder (ConvEncoder) uses two convolutional layers with batch
normalization and GELU activation to convert input tensors of shape (B, N2, Sy, Sz) into feature
maps of shape (B, D, Sy, S;), where D = 128. The decoder applies two more convolutional layers
to output tensors of shape (B,2, N%, S, S,), representing horizontal and vertical flow components.
Training is performed for 20,000 epochs using the AdamW optimizer with a learning rate of 10, All
loss terms are equally weighted (&« = 3 = v = 1), and no hyperparameter tuning is applied.

Figure 2: Material used for test data, (a) Gallium Arsenide (GaAs) projection over z— axis, (b) 3D
view of GaAs, (c) Strontium Titanate (SrTiO3) projection over z— axis, (d) 3D view of SrTiOs.
The unit cell dimension for both SrTiO3 and GaAs are (a,b,c) = (5.6533,5.6533,5.6533) and
(a,b,c) = (3.905,3.905, 3.905) all units are in A, respectively

Description of the comparative methods To assess the performance of the reconstruction al-
gorithm, we compare FlowTIE with the classical TIE solved via the Poisson equation (Fourier
approach) and with gradient descent that estimates the potential matrix by directly minimizing

2
mgn H VI~ [FopAP| H with respect to A.. In this case, the probe P is initialized as an aberration-
F

free point-spread function, and the optimization is run for 100 iterations.

Estimation of Projected Phase and Gradient Phase Figure 3] shows the phase vector field
estimated by FlowTIE for crystalline materials, as well as the projected phase. The model successfully
predicts consistent vector fields and projected phase for our test materials, GaAs and SrTiOs. While
minor artifacts are present, the overall direction and structure of the vector fields are clearly captured,
supporting the use of FlowTIE for vector-field estimation. The dynamic range of the reconstructed
projected phase (in radians) closely matches the ground truth.
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Figure 3: Reconstruction result (a) Ground truth of phase gradlent, (b) FlowTIE, (c) Ground truth of
projected phase, (d) TIE, (e) FlowTIE, (f) Gradient Descent.



In contrast, the Gradient Descent baseline reveals atomic structure but exhibits pronounced artifacts.
No explicit regularization was used in that optimization, which likely explains why vanilla gradient
descent fails to recover a clean reconstruction.

Material Thickness (A) MSE (TIE) MSE (FlowTIE) MSE (Gradient Descent)

GaAs 5.7 0.0075 0.0038 0.0068
GaAs 28.3 0.1485 0.1167 0.1482
S1TiO3 39 0.0073 0.0075 0.0072
S1TiO3 19.5 0.1520 0.0853 0.1517

Table 1: Phase estimation error (MSE) at different thicknesses for GaAs and SrTiO; using TIE,
FlowTIE, and Gradient Descent.

Table 1 reports the mean-squared phase error (MSE; lower is better) for GaAs and SrTiO3 at two
specimen thicknesses. FlowTIE attains the lowest error in three of the four settings and shows the
largest gains for thicker samples. For GaAs at 5.7 A, MSE is reduced by 49% and 44% in comparison
with TIE and Gradient Descent, respectively. At 28.3 A the reduction is 21% against both baselines.
In addition, for SrTiO3 at 19.5 A, the reduction is 44% versus both baselines. In all cases, an overall
increase in MSE with specimen thickness is observed, which is expected due to the increasing impact
of dynamical scattering effects at greater sample depths.

Computational Time We also report wall-clock runtimes measured on GPU-equipped machine.
The Gradient Descent baseline is implemented in PyTorch using automatic differentiation. Table
[2)shows that TIE and FlowTIE have similar computation times (well under 1 s) in both GaAs and
SrTiO3, whereas Gradient Descent is an order of magnitude slower, taking several seconds per
reconstruction as iterative process is performed. These results highlight a trade-off between accuracy
and computational efficiency, where FlowTIE improves accuracy over TIE at a modest additional cost,
while Gradient Descent incurs substantially longer processing times with limited accuracy benefits in
our settings.

Material TIE (s) FlowTIE (s) Gradient Descent (s)

SrTiO3 0.4622 £0.0769  0.4725 +0.1428 7.4761 +£0.1862
GaAs 0.5166 £0.1380 0.4864 +0.2424 8.0212 + 0.8219

Table 2: Average computation time (in seconds) for GaAs and SrTiO3 using TIE, FlowTIE, and
Gradient Descent.

4 Conclusion and Future Work

This study presents an initial demonstration of applying the Transport of Intensity Equation (TIE)
within 4D-STEM framework and integrating it with a flow-based generative model. By combining the
physical constraints of TIE, in terms of continuity equation, and neural network model to learn vector
field, FlowTIE offers a hybrid approach that blends physics-based modeling with data-driven learning.
The use of a simple convolutional architecture reflects the exploratory nature of this work, leaving
room for improvement through more advanced models. Future research will explore transformer-
based or attention-driven architectures to better capture complex phase behavior, especially in the
scenario with strong dynamical scattering effect. Furthermore, we will evaluate the method on
experimental data, both in- and out-of-distribution, to assess performance under realistic conditions.
Additionally, we will conduct systematic hyperparameter fine-tuning and ablation studies to quantify
the trade-off between physics-based losses and data fidelity. Although this work focuses on 4D-STEM
phase reconstruction, the framework is broadly applicable to other microscopy modalities.
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