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Abstract

Accurate in situ monitoring of thin-film growth typically requires complex and
expensive techniques such as ellipsometry or X-ray reflectivity. We introduce
reflax, an open-source library to infer growth dynamics from simple, low-cost
single-wavelength reflectance time series. reflax employs a differentiable physics-
based simulator in which the film’s growth behavior is parameterized by a neural
network, minimizing the discrepancy between simulated and experimental re-
flectance while incorporating physical priors such as growth monotonicity and
smoothness for model robustness. To reduce the computional burden introduced
by optimizing physical parameters in the simulator, we propose neural operator
initialized optimization, where a neural operator provides a strong initial estimate
of the growth function, which can be fine-tuned efficiently. First experimental
tests show promising agreement with ellipsometry in the predicted final thickness,
suggesting that accurate thickness monitoring can be achieved at much lower cost.

1 Introduction

»In ML, the considerations are almost all at the level of the data...«, note Hogg and Villar in [1]. In
contrast, the natural sciences seek latent structure. We can bridge both worlds by embedding ML
models in differentiable simulators, where learned terms gain physical meaning. Such approaches
have been applied, e.g., to drag-force modeling in robotics [2].

We demonstrate our library reflax on interferometric monitoring of dielectric films grown by
initiated chemical vapor deposition [3, 4, 5]. In this process, monomers polymerize on a cooled
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substrate, and film thickness can be tracked in situ via interference of reflections at the film surface
and the film–substrate interface [6]. reflax enables compact, low-cost thin-film monitoring. Existing
methods face a trade-off: low-cost tools like quartz crystal microbalances suffer from large errors
and limited lifetimes [7], while high-accuracy methods such as ellipsometry or X-ray reflectivity are
expensive, bulky, and difficult to integrate [8, 9, 10, 11]. Interferometry addresses both issues but
remains underutilized due to complex signal interpretation and the lack of ready-to-use systems.

Our thickness model is an »algorithmic model« in Breiman’s terminology [12], i.e., the neural
network parameters lack a direct physical interpretation. However, the predicted thickness gains
physical meaning through its placement in the simulator, and we incorporate inductive biases such
as monotonicity (ensuring uniqueness) and smoothness (which leads to robustness against noise;
see Section 3). Three challenges remain: (I) multiple learned quantities may be degenerate, which
we address by carefully selecting measurements and model terms. (II) inaccurate simulators can
yield wrong physical terms despite good fits, but in our case costly reference measurements allow
verification and adaptation. (III) optimization through simulators can be computationally demanding,
for which we introduce neural operator initialized optimization (Section 2).

2 Differentiable film growth models

Modelling task. Interferometry can be modeled either by ray propagation, summing individual
ray contributions to estimate total reflectance, or by the 1D transfer matrix method (TMM), which
tracks electric fields across stratified media. We implement (i) a single-layer Fabry–Pérot model
[13] and (ii) TMM in Rumpf’s scattering-matrix formulation [14], which is computationally robust.
Both are detailed in Appendix A.2. For fixed optical parameters, the reflectance r is a function of
the thickness d, r = f(d). The inverse problem—recovering d(t) from r(t)—is ill-posed unless d(t)
is constrained to be continuous and monotonic. We thus define an operator R : D ! S mapping
admissible thickness functions D to reflectance signals S. Our task is to approximate R�1, with
continuity and smoothness improving robustness against noise. Because only a few oscillations
are typically recorded, we require models that incorporate the correct functional form of the signal;
generic instantaneous frequency methods such as ChirpGP [15] are ill-suited without such priors.

Implementation. We provide both models in our open-source library reflax1, which, being based
on JAX, supports GPU scaling, forward/backward differentiation [16], and growth recovery tools
tailored to thin films. While tmmax [17] implements TMM in JAX, reflax is specialized for growth
inference and also includes the simpler single-layer model.

To obtain a unique solution, the thickness must be monotonic with known initial value (d(0) = 0).
We model d(t) with a neural network predicting growth rates, forced positive by a softplus activation
and integrated via the trapezoidal rule. This yields a monotonic thickness profile from which the
simulator generates a reflectance signal. The predicted and measured signals are compared with an
MSE loss, optimized using Adam [18] (see Fig. 1). While numerical integration introduces small
rate inaccuracies, thickness recovery remains reliable, and comparisons to ground truth are made on
the predicted growth rate. Currently we assume a known refractive index. When amplitude as well
as phase information is included (see Appendix A.2.1), both thickness and refractive index can be
inferred.

Neural operator initialized optimization. Initialization of the growth network strongly influences
optimization. We consider three strategies: (i) random, where network parameters are randomly
initialized and scaled to yield reasonable growth outputs; (ii) linear, where the network is preset2 or
pre-trained to produce a linear thickness profile; and (iii) neural operator initialized optimization,
where a neural operator is trained to approximate R�1 : S ! D, mapping reflectance r(t) to
thickness d(t). Its prediction serves as an informed initialization for the growth network, which is
then refined by the differentiable simulator. Our baseline neural operator is a two-layer feed-forward
network (512 neurons per layer); additional architectures (DEEPONET [19], hybrid) are compared in
Appendix A.5, with hyperparameters tuned by OPTUNA [20]. This strategy combines the fast but

1https://github.com/leo1200/thin-films
2The linear pre-set approach achieves a linear prediction by setting network weights to zero and choosing an

appropriate bias term for the output layer, yielding a constant growth rate and hence linear growth.
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Figure 1: Optimization pipeline in reflax for thin-film growth inference. Growth rates predicted
by a fully connected neural network (NN) are made positive via a softplus activation and integrated
(trapezoidal rule) to yield a monotonic thickness profile. A differentiable interference model (JAX-
based) simulates the corresponding reflectance. The NN parameters are optimized with Adam to
minimize MSE between simulated and measured reflectance. Initialization of the NN (random, linear,
or neural operator) precedes optimization.

uninformed guesses of neural operators with the physically grounded refinement of differentiable
simulators, akin to warm-starting numerical solvers [21].

3 Experiments

Training and validation data. For thin-film depositions in our experimental setup on the one-
hour timescale (parameters of the experimental setup can be found in Table 1), growth rates are
non-decreasing, so we restrict to convex thickness functions.3 Training data is generated from smooth
convex time series sampled via Gaussian Processes (GPs, see Section A.3), with an RBF kernel of
length-scale l = 0:4. Each sample consists of neval = 100 points, scaled to a final thickness between
dfinal,min = 800 and dfinal,max = 1200 nm. Kernel variance v is adapted to cover growth rates from
200–1800 nm/h. We generate 2000 such samples plus 100 constant-growth samples, and compute the
corresponding reflectance signals using the single-layer model. Validation data consists of 200 convex
samples with shorter RBF length-scale (l = 0:1), imitating more variable experimental conditions.
Appendix Fig. 4 provides a visualisation of training and validation data.

Results All evaluations below use the validation data unless stated otherwise. The neural operator
is trained for 20;000 epochs with Adam. Linear initializations assume a final thickness of 1000 nm,
representing a plausible user guess within the 800–1200 nm range. Optimizations were run for
14;000 epochs and required about five minutes per run. Since no significant differences were
observed between single-layer and transfer-matrix models, we report only the former.

Across the validation set, linear initialization frequently fails to converge to the true growth profile,
with failure rates of about 28% for the pre-trained variant. Neural operator initialization, in contrast,
consistently converges to accurate thickness estimates, eliminating these failure modes. As an
illustration, Appendix Fig. 5 shows an example case where linear initialization fails while the neural
operator initialization succeeds.

Fig. 2 summarizes quantitative comparisons. Kernel density estimates of reflectance, thickness,
and growth-rate errors demonstrate that only neural operator initialization avoids a bimodal loss
distribution with a high-loss mode, which is observed for all other methods. On average, the neural

3In later experiments this assumption did not hold up and we adapted the neural operator training accordingly.
This should not impact the general results, but will be corrected in the future.
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Figure 2: Kernel density estimates of re�ectance, thickness, and growth rate MSEs across 200
validation samples. Neural operator initialization avoids the high-loss secondary peak seen for other
methods and the subsequent optimization yields strong improvements over its own direct prediction.

operator's initial guess is re�ned by3–4 orders of magnitude through simulator-based optimization.
Random initialization consistently performs worst, while linear pre-trained initialization is competitive
when successful but unstable overall. In successful cases, growth rate errors remain minor (RMSE
� 6 nm/h, well below the200–1800nm/h scale).

Convergence analysis con�rms these �ndings: optimizations initialized by the neural operator start
closer to the correct solution and maintain a signi�cant advantage throughout early epochs, while
linear initialization often stalls at high re�ectance loss. The loss trajectories corresponding to this
observation are visualized in Appendix Fig. 6.

Neural operator initialization also improves robustness to measurement noise. Even when adding
Gaussian noise corresponding to signal-to-noise ratios of� 37, 23, and17 dB, thickness errors
remain below5 nm (< 0:5%), with deviations mostly at the boundaries of the signal. An example is
shown in Appendix Fig. 7. This robustness can be attributed to the spectral bias of ReLU networks
toward smooth, low-frequency components [22], which aligns with the expected growth behavior.

Finally, we demonstrate a �rst application to laboratory data (Fig. 3). The recovered re�ectance �ts
well (RMSE< 3%of signal amplitude), but discrepancies at early times suggest surface roughness
effects not captured by our current model, leading to unphysical growth rates. Additionally, a �rst
experimental comparison against ellipsometry further supports our approach: across several iCVD
depositions with varying monomer shares, the �nal thickness inferred by our cost-effective setup
deviates from ellipsometry by only0:2–3:2%(cf. Appendix A.6, especially Table 3).

Figure 3: First application to laboratory data. Thickness pro�le and growth rate inferred from
measured re�ectance using neural operator initialization and simulator optimization. Early-time
deviations point to missing surface roughness modeling.

4 Discussion

We presentedreflax , an open-source library for inferring thin-�lm growth from low-cost single-
wavelength re�ectance time series. Our approach combines a differentiable physics-based simulator
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with a neural network thickness model incorporating physical priors such as monotonicity and
smoothness. A key contribution isneural operator initialized optimization, where a neural operator
provides a robust initial guess subsequently re�ned by the simulator. This substantially improves
convergence and stability compared to standard initializations, avoids common failure modes, and
yields accurate growth recovery. We further demonstrated robustness to noise and a �rst successful
application to real-world measurements.

Despite these advances, several limitations remain. Correct thickness recovery requires an accurate
forward model; discrepancies observed in experiments suggest the need to model surface roughness.
Current validation is limited to convex growth pro�les and single-layer setups, chosen for simplicity,
though we expect similar behavior with multilayer growth. Neural operator initialization assumes
�xed measurement duration and must be retrained for each optical setup, restricting real-time
monitoring, though training is fast (< 30s on an A100).

Future work will focus on re�ning the physical model, extending the framework to variable-length
time series for real-time applications, and validating against establishedin situ techniques such as
ellipsometry. Beyond thin �lms, the paradigm of combining neural operators with differentiable
simulators may bene�t broader domains, from industrial monitoring to astrophysical modeling.
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A Technical Appendices and Supplementary Material

A.1 Supplementary �gures

Fig. 4 illustrates the training and validation data used throughout our experiments, showing example
traces and the increased variability in the validation set. Fig. 5 exempli�es how linear initialization
can fail while neural operator initialization converges successfully. Full convergence behavior across
all validation samples is shown in Fig. 6, highlighting the faster and more stable progress with
neural operator initialization. Finally, Fig. 7 provides an additional example of robustness against
measurement noise, where thickness errors remain below5 nm even at low signal-to-noise ratios.

Figure 4: Training and validation data for neural operator initialization and testing of the thickness
pro�le estimation pipeline. Left: example re�ectance, thickness, and growth rate traces, generated
by sampling convex thickness pro�les and simulating re�ectance with our model. Right: KDEs
of per-sample growth-rate (top) and acceleration (bottom) standard deviations, used as proxies for
time-series variability. Validation data shows higher variability due to shorter GP length-scale.

Figure 5: Example from the validation set. Left: re�ectance �t. Center: recovered thickness. Right:
predicted growth rate. Linear initialization (pre-trained) fails in this case, while neural operator
initialization converges to the ground truth. Such failures occurred in� 28%of the200validation
samples.
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Figure 6: Re�ectance, thickness, and growth rate losses over optimization epochs for linear (pre-
trained) vs. neural operator initialization across all validation samples. Loss curves are monotonized
for clarity; the smoothed median (100-epoch window) excludes failed runs (�nal thickness MSE
> 100nm2). Neural operator initialization provides faster convergence and avoids failure modes.

Figure 7: Noise robustness. Results after neural operator initialization and optimization for simulated
re�ectance signals with different SNRs (� 37, 23, 17dB). Thickness errors remain< 5 nm even at
lowest SNR.

A.2 Interference models

A.2.1 Single layer model

In its essence, the ray propagation approach used in this work for the single-layer model is based on
a Fabry-Pérot etalon [13]. Using the geometric series summation, the condensed derivation of the
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re�ectance is [23]:

r 012 = r 01 + t01ei� r 12ei� t10 + t01ei� r 12ei� r 10ei� r 12ei� t10 + � � � (1)

=
r 01 + r 12e2i�

1 + r 01r 12e2i� (2)

with r ij andt ij as Fresnel re�ection and transmission coef�cients for the interface between materials
i andj (0 = environment,1 = growing layer, and2 = substrate). The factorei� constitutes the phase
of the interferogram

� =
2�d
� 0

q
n2

1 � n2
0 sin2(� ); (3)

which, for thin �lms with negligible attenuation, is the only part of the re�ectance formula that depends
on the �lm thicknessd, whereas the amplitude is solely related to Fresnel re�ection coef�cients,
hence independent ofd:

A = jr maxj � j r minj =

�
�
�
�

r 01 + r 12

1 + r 01r 12

�
�
�
� �

�
�
�
�

r 01 � r 12

1 � r 01r 12

�
�
�
� : (4)

The re�ectance takes the form of a complex Möbius transformation, mapping the phase factore2i�

onto a corresponding complex re�ection coef�cient, thereby producing the interference oscillations.

A.2.2 Multi-layer transfer matrix model

We also implemented the TMM based on R. Rumpf's improved formulation [14], modeling the
propagation of complex electric �eld amplitudes through layers via scattering matrices (SMs) more
ef�ciently and computationally robustly than other formulations of the TMM. It begins with solving
Maxwell's curl equations with normalized magnetic �elds~H x=y , leading to coupled differential
equations for the transverse electric and magnetic �eld components

d
dz0

�
Ex
Ey

�
= P

�
~H x
~H y

�
;

d
dz0

�
~H x
~H y

�
= Q

�
~H x
~H y

�
(5)

whereP andQ are auxiliary matrices derived from material permittivities and permeabilities as well
as wave vector components. From these, a second-order matrix wave equation for the electric �eld
components is derived:

d2

dz02

�
Ex
Ey

�
= PQ

|{z}

 2

�
Ex
Ey

�
(6)

Fields in each layer are described by eigenmodes. At each interface, SMs—drawing analogies from
network theory—are applied, whereby respective interfaces act as a 2-port, 4-terminal device:

�
c�

i � 1
c+

i +1

�
=

"
S( i )

11 S( i )
12

S( i )
21 S( i )

22

# �
c+

i � 1
c�

i +1

�
(7)

where the submatricesS( i )
11 (e.g., re�ection at the interface between layeri � 1 andi , i.e., propagation

from port 1 to port 1),S( i )
12 , S( i )

21 andS( i )
22 relate incident and transmitted wave amplitudes across

interfaces. For multilayer systems, individual layer SMs are combined recursively using the Redheffer
star product to yield a device SM:

S(global) = S( ref) 

h
S(1) 
 S(2) 
 � � � 
 S(N )

i

| {z }
S( device)


 S( trn) (8)

Once the global SM is computed, the re�ected electric �eld vector~E ref is obtained via the global
re�ection blockS(global)

11 , acting on the normalized incident �eld~P:

~E ref = S(global)
11

~P (9)

In homogeneous isotropic media, �eld amplitudes directly correspond to modal coef�cients. The
longitudinal electric �eld componentEz is derived fromEx andEy using Maxwell's divergence
conditionr � ~E = 0 :

E ref
z = �

~kx E ref
x + ~ky E ref

y

~kref
z

(10)
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Accordingly, the re�ectancer is de�ned as the squared norm of the total re�ected electric �eld,
normalized by that of the incident �eld:

r =

�
�
� ~E ref

�
�
�
2

�
�
� ~E inc

�
�
�
2 =

�
�
� ~E ref

�
�
�
2

(11)

because~E inc is normalized to be~P, with j ~Pj = 1 .

A.3 Generation of monotonic and convex test thickness time series based on Gaussian
Processes

We would like to generate smooth monotonic thickness time series to cover a wide range of test cases.
We can sample such functions based on Gaussian Processes (GPs) [24]. All the necessary tools for
doing so are implemented in our libraryreflax .

Given a covariance matrixK , e.g., given by pairwise application of a radial basis function (RBF)
kernel:

k(x; x 0) = v � exp
�

�
jx � x0j2

2 � l2

�
; two evaluation points x,x' (12)

on the evaluation points of interest, with the variance parameterv and length-scale parameterl , we
can sample a smooth function with expected zero mean following the covariance structureK based
on the following steps:

1. Find a matrixL such thatK = LL T by Cholesky decomposition (where one adds a small
jitter term to the diagonal ofK for numerical stability).

2. Sample a vectorz from a standard normal distribution.

3. Return the sampleLz .

To generate monotonic thicknesses, we apply a softplus function to the GP sample, numerically
integrate, and then scale the result so that the �nal thickness lies in a prede�ned range. Additionally,
we employ rejection sampling to only accept thickness pro�les with growth rates in a limited,
physically sensible range.

For our current thin-�lm depositions of interest (on the timescale of one hour), the growth rate itself is
non-decreasing, so the thickness function is convex and monotonically increasing. To sample such a
convex function, one samples the second derivative, applies the softplus, adds a uniformly distributed
random number between the minimum and maximum desired growth rate, and then proceeds as
before.

A.4 Experimental and simulation setup parameters

The experimental and simulation setup parameters are given in Table 1.

Table 1: Experimental parameters used for our experiments and simulations.

Quantity Value

Polar angle� 75° (simulation tests), 25° (experiment)
Polarization state s-polarized
Wavelength� 632.8 nm
Incident medium permittivity" r; inc 1.0
Transmission medium permittivity" r; trans (3:8827 + 0:019626i )2

Variable layer permittivity" r; var 1:4572

All permeabilities� r 1.0
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