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Abstract
Modeling how supermassive black holes co-evolve with their host galaxies is
notoriously hard because the relevant physics spans nine orders of magnitude
in scale—from milliparsecs to megaparsecs—making end-to-end first-principles
simulation infeasible. To characterize the feedback from the small scales, existing
methods employ a static subgrid scheme or one based on theoretical guesses, which
usually struggle to capture the time variability and derive physically faithful results.
Neural operators are a class of machine learning models that achieve significant
speed-up in simulating complex dynamics. We introduce a neural-operator–based

“subgrid black hole” that learns the small-scale local dynamics and embeds it within
the direct multi-level simulations. Trained on small-domain (general relativistic)
magnetohydrodynamic data, the model predicts the unresolved dynamics needed to
supply boundary conditions and fluxes at coarser levels across timesteps, enabling
stable long-horizon rollouts without hand-crafted closures. Thanks to the great
speedup in fine-scale evolution, our approach for the first time captures intrinsic
variability in accretion-driven feedback, allowing dynamic coupling between the
central black hole and galaxy-scale gas. This work reframes subgrid modeling
in computational astrophysics with scale separation and provides a scalable path
toward data-driven closures for a broad class of systems with central accretors.

1 Introduction

Background. Supermassive black holes (SMBHs) co-evolve with their host galaxies through a two-
way feeding-feedback loop that operates across nine orders of magnitude in scale [1]. Accretion flows
near the event horizon (milliparsec scales) are governed by general relativistic magnetohydrodynamics
(GRMHD) and launch relativistic jets and winds. These outflows propagate from AU to megaparsec
scales, well beyond the host galaxy, depositing energy and momentum into the interstellar and
intergalactic media [2, 3]. The resulting feedback regulates star formation and galaxy growth, while
galaxy-scale gas dynamics in turn modulate the inflow feeding the central black hole.

Challenge. This multiscale coupling makes end-to-end simulation computationally intractable:
accurately resolving accretion flows demands timesteps set by the gravitational radius (rg ∼ mpc for
M87), while capturing galaxy-scale feedback requires following dynamics over ∼ 109 times larger
spatial and temporal scales. Bridging these domains requires passing information across many orders
of magnitude in space and time without washing out variability or violating conservation.

1∗Equal contribution. In alphabetical order.
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Figure 1: Illustration of our method in a two-level setting. The neural operator ef�ciently replaces the
evolution on small scales (zoom in), enabling proper feedback on large scale (zoom out).

A considerable amount of efforts adopting various techniques has been made to bridge different
scales, including direct simulations under reduced scale separation [4–7], nested mesh “zoom-in”
approaches in Eulerian codes [8, 9], “Lagrangian hyper-re�nement” in Larangian codes [10, 11],
remapping between domains [12], and iterative “multi-zone” [13–15] or “cyclic-zoom” [16] schemes
that repeatedly re�ne/de-re�ne around the SMBH. Among these, multi-zone and cyclic-zoom methods
propagate small-scale feedback to larger domains and evolve to consistency, but can still struggle
with temporal variability and with specifying a physically faithful inner boundary (here we name
this bysubgrid black hole) across levels. The inner boundary adopted this way could feed erroneous
information (e.g., in both methods, the relativistic jet cannot be turned on/off when crossing the
boundary) to the active simulation domain, consequently alter the �nal results.

Neural Operator. Neural operators (NOs) represent a recent advance in machine learning for
partial differential equations, learning mappings between in�nite-dimensional function spaces rather
than approximating individual functions [17, 18]. This approach has demonstrated substantial
computational acceleration and shown promise as surrogate models across various applications [19–
24]. Recent studies have begun exploring NOs for coarse graining or closure modeling problems [23].
Astrophysical systems present unique challenges. Realistic galaxy formation involves large-scale,
strongly coupled dynamics with central singularities at supermassive black holes, requiring stable
long-term integration over cosmological timescales. The extreme dynamic range, combined with
the inherent scarcity of training data in astrophysical simulations, creates a particularly demanding
test case for NO or other machine learning methods. To the best of our knowledge, despite some
preliminary attempts in simpli�ed systems or transient-state predictions [25–28], no previous work
has demonstrated NO performance in such complex, multi-scale systems with limited training data.

Contribution. We introduce a neural-operator-based“subgrid black hole” coupled to a direct
multi-level solver, replacing hand-crafted closure rules with a data-driven model that captures realistic
variability in accretion and feedback (see �g. 1 for a schematic illustration of our method):

(1) Operator-learning subgrid.We train a neural operator to approximate the small-scale (GR)MHD
time-evolution semigroup. The learned model supplies boundary conditions and �uxes to the
next coarser level, enabling long-horizon rollouts without assuming steady or time-averaged in-
jection. (2) Two-way multiscale coupling.Embedded within a multi-level framework, the learned
subgrid responds to evolving large-scale conditions and, in turn, drives feedback that propagates out-
ward—preserving variability critical to galaxy–SMBH co-evolution.(3) General applicability.The
demonstrated approach is broadly applicable as a subgrid model for systems with a central accretor
(e.g., SMBHs and neutron stars), independent of problem setups and generalizable to different codes.

This work reframes subgrid modeling in computational astrophysics asoperator learning: rather
than prescribing �xed closures, we learn the small-scale dynamics to provide dynamically-updated
boundary conditions for larger domains. This advance in subgrid modeling �lls up the missing piece
for the black hole accretion and feedback problem. More importantly, this could revolutionize the
modeling of black hole feedback in cosmological simulations such as FIRE [29] and IllustrisTNG [30].

Related Works. Analytical subgrid prescriptions remain the standard tool in large-scale such as
cosmological simulations (e.g., supernova feedback, cold-gas processes, and black-hole growth [31,
32]). Machine-learning–based subgrid/surrogate models are only beginning to appear, with early
results for supernova feedback [33, 34] and for 2D black-hole accretion surrogates [35] trained on
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Figure 2:MHD outputs. Simulated (`DNS'), CNN-predicted, and NO-predicted magnetic �eld
componentBz , density� , internal energyE int , and velocity componentvz from the MHD simulation
on a horizontal slice through the domain center (after 50 steps). Unphysical artifacts are marked.
(2) Comparison of the mass density distributions on a 2D sphere, between analytically prescribed,
directed simulated, and NO-rollout (after 10 steps). (3) The radial pro�les of predicted quantities:
mass density� , temperatureT, and total mass �ux _M (Left to Right). Pro�le from simulation after
50 steps is also shown. The grey-shaded region shows the part that will be coupled to the direct
simulation (see Appendix E).

Newtonian hydrodynamical simulation of steadily accreting torus. Our work advances this line by
learning an operator-level “subgrid black hole” compatible with multi-level MHD/GRMHD.

2 Method

Method Framework. We consider the (general relativistic) magnetohydrodynamics (GRMHD)
equations on a bounded spatial domain
 � R3 over a �nite time interval. See Appx. A for gov-
erning equations and initial conditions. We introduce a two-level neural-operator–direct-numerical-
simulation framework for the accretion–feedback problem with a“subgrid black hole”model. Our
conventions are: (i)domain decomposition: a coarse level (with domain size(nL L)3) and a �ne
level (with domain size(L )3) are de�ned,nL is a large number which we choose to be6; (ii) domain
treatment: within affordable simulations, the coarse level is evolved via DNS, while the �ne level
is unresolved and represented by a subgrid model; (iii)domain coupling: resolving the �ne level
is ultimately necessary to address the multiscale problem discussed in Sec. 1. The framework is
summarized in Fig. 1.

Directly simulating the �ne and coarse levels together would shorten the timestep, thus increasing
the cost, by a factor of at leastn2

L . Instead, we �rst simulate the �ne level overt 2 [0; T], producing
Ndata = 300 snapshots (saved every� T := T=Ndata ) as the training set. We then train a local
neural operator [36] using the �ne level simulation data. This neural operator is coupled to the coarse
level, which is subsequently simulated overt 2 [0; NT ], with N � 102 in our current setup.

The direct simulation for 50 timestep (T=Ndata ) in the current time unit will cost 400 GPU hours.
With neural operator inference which takes only a few GPU sec, we achieve a speed up of� 105x.

Model Training. With supervised manner, we train a neural operator (LocalNO [36]) F � to learn the
mappingut ! ut +� T , whereu represents all the physical quantities in the system (appx. A). After
training, we employ the neural operator and roll out autoregressively in the �ne level, mimicking the
quasi–steady state attained on small scales ast ! 1 .

The large-scale coupled dynamics studied in this work pose signi�cant challenges for training: (1)
extreme dynamic range in function values; (2) scarcity of training data; (3) singularities and highly
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Figure 3:GRMHD outputs. Simulated and predicted magnetic �eld components(Bx ; By ; Bz ),
density� , internal energyE int , and velocity components(vx ; vy ; vz ) from the GRMHD simulations.
Jet structure near the polar region and disk structure near the midplane is preserved.

non-uniform spatial distributions near the black hole center; (4) long-horizon rollouts in chaotic
dynamics; (5) coupling across multiple physical �elds and PDEs.

We introduce a suite of training techniques speci�cally designed to overcome these challenges. The
general principle is to incorporate physics prior to enhance the data ef�ciency and long-term stability.
(1) Magnitude normalization: we apply (signed-) logarithmic transform for quantities with large
dynamic range, i.e., density, energy, and magnetic �eld. After that we apply robust z-scoring and
soft clipping to normalize the data. (2)Enforcing radial scaling: It is known that energy and
density display a radial scaling law:logu(~x) � � kj~xj + b, wherek can be estimated from the
training data. In our experiments, the models are trained to predict the residual relative to this law:
log(Final Output )(~x) = � kj~xj + N � 1(Model Output)(~x), whereN is the denormalization.
This reduces the dynamic range the model needs to learn, improving accuracy and ensuring physical
consistency. (3)Shell embedding: Since the majority of the �uctuations of the functions occur near
the black hole center, we employ a shell embedding to ensure the model to focus on the central
region. We divide the domain into 8 regions based on the logarithmic distance to the center, and
incoporate one-hot embedding of binary shell indicatorsc 2 f 0; 1g8. We �nd this to perform better
than standard position embedding. (4)Combined loss functions: In addition to standardL 2 andH 1

losses for all eight quantities, we add regularizations on dissipation [37] and the maximum of density
and energy model prediction to prevent severe deviation from the radial scaling. A region-of-interest
(ROI) mask further increases the loss weight near the black hole center [38].

Training takes 10 GPU hours, far less than the cost of direct numerical simulations. More technical
details in this section and implementations are presented in Appendices A and C.

3 Results

For both MHD and GRMHD, we train the model with the last 250 snapshots of the dataset and use an
80/20 train/validation split. We also train a CNN as baseline method, and conduct ablation study to
validate the effect and necessity of training techniques we mentioned above. See appx. D for details.

Evaluation. Recall that the ultimate goal in this study is to develop asubgrid blackholeproviding
realtime feedback for the large scale (coarse level), which requires long-term simulation in the �ne
level. Standard metric likeL 2 relative error quantifying transient-state prediction does not make
much sense here, as error will inevitably accumulate in these chaotic dynamics. In contrast, the most
important merit is the ability to capture the �ne-level statistical property well. As is the case, all
the baseline learning methods in our ablation study and CNN achieve similar accuracy for per-step
prediction, but none of these methods except the one we proposed generate unphysical artifacts after
long rollouts (Table 2, Appx. D). Moreover, the absence of ground-truth (due to the intractable
computation cost) for both long-term simulation in the �ne level and simulation with real-time
feedback in the coarse level suggests we can only make qualitative comparison and check certain
observables to validate our method.

MHD Qualitative outputs are shown in Fig. 2 (1). As boxed yellow in the �gure, predictions made by
CNN contain unphysical ripples in the magnetic �eld, and the velocity �eld does not match the torus
structure. Our method derive physically faithful results. In Fig. 2 (2), analytical prescribed subgrid
scheme fails to capture the jet, demonstrating the importance of having a data-driven dynamical
closure as in our approach. In Fig. 2 (3), the observables from our method match the truth well. Note
that in our sub-grid blackhole framework, the �ne level supplies the boundary for coarse level, thus
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the model preidction is applicable as long as it provides accurate results near the outer boundary in
the �ne-level simulation.

GRMHD Qualitative outputs are shown in Fig. 3. Jet structure and central torus are preserved.

Subgrid Black Hole in Simulation The implementation detail and result for zooming back to the
coarse-level are described in appx. E and �g. 6.

Our approach can serve as a �rst step (two-level version) towards a multi-level cyclic-zoom/multi-
zone neural operator framework, enabling large-scale simulation with dynamic feeding-feedback that
is previously intractable.
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Appendix

The structure of the appendix is as follows.

• Appendix A describes dynamical systems of MHD and GRMHD, as well as their numerical
simulations.

• Appendix B summarizes the observables we considered in this work as an validation metric.

• Appendix C presents the detailed methods we adopt to train a neural operator under this
large-scale astrophysics problem scenario, as well as the implementation details for model
training.

• Appendix D contains the experimental results for ablation studies and comparisons with
baseline methods.

• Appendix E provides the detailed method for zoom-out part of our feeding-feedback
paradigm and the results.

A Method-Simulation

We use a performance portable version ofAthena++[40] based onKokkoslibrary [41]-AthenaK[42].
We use piecewise parabolic reconstruction [43], an HLLD Riemann solver [44], a constraint transport
algorithm [45] for the divergence-free magnetic �eld evolution, and �rst-order �ux correction [46].

A.1 Magneto-hydrodynamics Simulations: Magnetized Bondi Accretion

The setup we used in this work is magnetized Bondi accretion onto a central supermassive black hole
[9]. Except for the case that the current run is without cooling and heating terms, the setup is the
same as the �ducial run in [9]. In this problem, we solve the Newtonian magnetohydrodynamics
equations in conservative form:

@�
@t

+ r � (� v) = s� ; (1)

@(� v)
@t

+ r � (� vv + PI � BB ) = sp � � r � ; (2)

@E
@t

+ r � [(E + P)v � (B � v) B ] = sE � � v � r � ; (3)

@B
@t

� r � [v � B ] = 0 ; (4)

where� : R3 ! R is the gas density,v : R3 ! R3 is the velocity,P : R3 ! R is the pressure,
E = P=(
 � 1) + � jvj2=2 is the total energy density, and�r � is the gravitational acceleration due
to the central accretor. The �ow evolved following ideal gas law with adiabatic index
 = 5=3. The
source termss� , sp , andsE represent removal of mass, momentum, and energy by the central black
hole, respectively (e.g., accretion or feedback). These source terms are concentrated at the very center
of the domain, covering1 grid for the training set resolution.

In code unit,GM = r 0 = � 0 = 1 . The output quantities include(�; P; v = ( vx ; vy ; vz ); B =
(Bx ; By ; Bz )) .

A.2 GRMHD Simulations

The conservative Valencia formulations for solving GRMHD equations with induction equation

@t U + @i F = S (5)

@t (
p

� gB i ) + @j (
p

� g(bi uj � bj ui )) = 0 (6)

where the conserved variables, �uxes, and source terms associated with the connection are

U =
p

� g

2

4
�u t

T t
i

T t
t + �u t

3

5 ; F =
p

� g

2

4
�u j

T j
i

T j
t + �u j

3

5 ; S =
p

� g

2

4
0

1
2 (@i g�� ) T ��

0

3

5 (7)
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respectively, where the metric isg (g = det g). The rest-mass density is� , the coordinate frame
4-velocity isu� and the stress-energy tensor is

T �
� = wu� u� � b� b� + ( pg + pm )� �

� (8)

where the magnetic �eld isb� , the magnetic pressure ispm = b� b� =2, and the total enthalpy isw.
The non-monopole constraint is preserved when evolving the 3-componentsB i of the magnetic �eld:

@j (
p

� gB j ) = 0 (9)

where
bt = ui B i ; bi =

1
ut (B i + bt ui ): (10)

We solve the GRMHD equations in a Cartesian Kerr-Schild coordinate. We adopt piecewise parabolic
spatial reconstruction, HLLE Riemann solver, RK2 time integrator, and �rst-order �ux correction
[46].

The setup we used in this work is the accretion of a Fishbone-Moncrief torus [47] onto a spinning
black hole (with spina = 0 :9). We choose the default magnetically arrested state setup inAthenaK
public repo.

In all runs, we adoptG = M = � 0 = 1 . The output quantities include(�; P; v = ( vx ; vy ; vz ); B =
(Bx ; By ; Bz )) .

B Observables

Here we use the spherically averaged mass density� , temperatureT = P=� , and mass accretion rate
_M as observables (shown in panel (2) of Fig. 2). The mass accretion rate is de�ned by

_M � �
Z

S
�u r p

� g d
 ; (11)

In the Newtonian limit,
p

� g = 1 .

C Implementation Details

C.1 System and Environment

Training is executed on Linux (x86_64) with CPython 3.11 and CUDA. A single NVIDIA GeForce
RTX 4090 GPU is used; data loading employs pinned memory and worker parallelism. Mixed
precision is disabled by default; gradient accumulation is enabled.

C.2 Data Representation

Each snapshot contains eight 3D �elds on a643 grid, stacked as a tensor of shape(C; D; H; W ) with
C=8 : magnetic–�eld componentsBx ; By ; Bz (variablesbcc1, bcc2, bcc3), mass density� (dens),
internal energye (eint ), and velocity componentsvx ; vy ; vz (velx , vely , velz ).

C.3 Normalization: Channel-wise Transforms, Robust Scaling, and Soft Clipping

Transforms. Before standardization, each channelxc is mapped by a type-speci�cTc:

x̂c =

8
>><

>>:

log10

�
xc + " c

�
; pos (dens; eint );

sgn(xc) log10

�
1 + j x c j

" c

�
; signed (bcc1:3 );

xc; linear (velx:velz ):

Per-channel scales" c are estimated from a representative training subset:

" c =

8
><

>:

10blog 10 (min x c )c� 2; pos;

10blog 10 (max jx c j )c� 2; signed ;

0; linear :
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Robust z-scoring and soft clipping. Let mc = median( x̂c) andsc = 1 :4826 median
�
jx̂c � mcj

�

(clamped to10� 6). De�ne

zc =
x̂c � mc

sc
; ~zc = 
 tanh

� zc




�
;

with soft-clip range
 =6 (default). Decoding inverts the pipeline via

zc = 
 atanh
� ~zc




�
; x̂c = sczc + mc; xc = T � 1

c (x̂c);

where

T � 1
c (u) =

8
><

>:

10u � " c; pos;

sgn(u) " c
�
10j u j � 1

�
; signed ;

u; linear :
Because of soft clipping, the inverse is approximate nearj~zcj � 
 ; we clamp inputs toatanh to
0:99
 .

C.4 Radial Shell Positional Channels

To provide absolute radial context, we augment inputs withm concentricshell indicators on the
643 grid. Let the grid center bec and de�ner (i; j; k ) = k(i; j; k ) � ck2. Choose logarithmically
spaced boundaries0 = b0 < b1 < � � � < bm = r max on [10� 1; rmax ] (defaults:m=8 , r max =10).
Each voxel receives an indexs(i; j; k ) with bs � r < b s+1 (voxels withr � r max uses= m� 1). We
one-hot encode intoE 2 f 0; 1gm � 64� 64� 64 andconcatenateE to the eight physical channels. Shell
channels are binary and are never normalized; normalization applies only to the physical channels.

C.5 Single-Stage Radial Scaling Baseline (Residualization)

We add a �xed radial reference to thedens andeint outputs and train the model to predict the
residual. With a precomputed radius gridr on643, the reference is

B (r ) = k r;
where the slopek is estimated of�ine by least-squares regression oflog10(U) versusr usingU =
dens + eint . During inference, the wrapped predictor returnsŷ = f � (x) + B (r ) on thedens/eint
channels.

Residual envelope around the radial baseline. With the referenceB (r ) applied todens/eint ,
the network predicts residuals� c = ŷc � B (r ) for c 2 f �; e g. SinceB (r ) captures the global radial
decay,� c should be near–zero and encode only local, non-radial structure. To prevent the model from
re-learning the radial trend or drifting by large offsets, we impose a symmetric hinge “envelope” of
half-width � c (in normalized units) aroundB (r ):

L env = w� E
��

jŷ� � B (r )j � � �
�2

+

�
+ we E

��
jŷe � B (r )j � � e

�2
+

�
;

where(u)+ = max( u; 0). The envelope is radius-aware (centered atB (r )), gives zero penalty to
residuals within� � c so �ne structure can be learned, and grows quadratically outside to discourage
large bias. We choose� c in normalized coordinates (�xed hyperparameters; e.g.,� � = � e = 1 :5
unless noted), roughly matching the robust spread of residuals on the training set.

C.6 Data-Driven Physical Bounds and Mapping to Normalized Space

We compute robust bounds for density and internal energy on thetraining partitionusing quantiles
qlow ; qhigh (defaults: 0:001; 0:999). With a symmetric multiplicative margin� (default: 5%) in
physical units,
` � = (1 � � ) Qqlow (� ); u� = (1+ � ) Qqhigh (� ); `e = (1 � � ) Qqlow (e); ue = (1+ � ) Qqhigh (e):
Bounds are mapped to the normalized domain via each channel's transform and robust scaling:

bnorm =
Tc(b) � mc

sc
:

During training we penalize violations wrt. these normalized thresholds; at evaluation we clamp
dens/eint in normalized space to[`norm ; unorm ] prior to decoding.
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C.7 Objective Function

Let ŷ andy denote predictions and targets in the normalized domain, with channels grouped as
magnetic �eldB := bcc1:3 , velocityv := velx:velz , density� , and internal energye.

Component-weightedL 2.

L B = � B kŷB � yB k2
2; L v = � vel kŷv � yv k2

2; L � = kŷ� � y� k2
2; L e = kŷe � yek2

2:

H 1 match.
L H 1 = � H 1

X

c

kr ŷc � r yck2
2:

Velocity ROI emphasis. Let v = decode(yv ) ands = kvk2 (voxelwise speed). For each batch,
de�ne a threshold� as the(100� � )% quantile ofs (default� =20). With maskM = 1[s � � ], scale
� =8 , and linear epoch rampr (e) = min(1 ; e=375),

L vel ;ROI = r (e) � E
�

k(ŷv � yv ) � M k2

kyv � M k2 + �

�
:

Dissipative regularizer. To discourage spurious ampli�cation, we penalizeonly positive growth of
the globalL 2 norm in normalized space. Letk � k denote theL 2 norm over all channels/voxels. From
the training set computeRmax = max kxk and setRin = 1 :05Rmax andRout = 1 :5Rin . De�ne a
contracted targetytgt = ( Rin =Rout ) x. For an inputx with raw predictionypred , use a smooth gate
� (x) = �

�
� [Rin � k xk]

�
(with � =10) and blend~y = � (x) ypred +

�
1 � � (x)

�
ytgt . The loss is

L diss = � E
h�

k~yk � k xk
�

+

i
; � = 5 � 10� 4; (u)+ = max( u; 0):

Intuitively, states withkxk � Rin are unaffected (� � 1), while large-amplitude states are softly
nudged towards a uniformly contracted copy.

Constraint penalties (normalized domain).

L constr = � lo
e E

�
maxf 0; `norm

e � ŷeg2�
+ � lo

� E
�
maxf 0; `norm

� � ŷ� g2�
(12)

+ � hi
� E

�
maxf 0; ŷ� � unorm

� g2�
+ � hi

e E
�
maxf 0; ŷe � unorm

e g2�
: (13)

Total loss.

L = L B + L v + L � + L e| {z }
component-weightedL 2

+ � H 1 L H 1 + L vel ;ROI + L dissip + L env + L constr :

C.8 Backbone and Wrapper

Backbone. We employ a 3DLocal Neural Operatorwith equidistant discrete–continuous convo-
lutions (DISCO) [36] specialized to volumetric inputs. When shell labels are enabled, inputs have
8+m channels, wherem comes from shell embedding; outputs remain the eight physical channels.

Wrapper. A Scaling Baseline WrapperaddsB (r ) = k r to thedens/eint channels on top of the
base model's residual prediction.

C.9 Optimization and Schedule

Defaults.

• Epochs: 1200; Batch size:4; Gradient accumulation: 4 (effective batch 16).

• Optimizer: Adam, learning rate10� 3, weight decay10� 4.

• LR schedule: Linear warmup for 75 epochs from0:1� lr, then cosine annealing to10� 6.

• Gradient clip: global norm1:0; Early stopping: patience 100 epochs.
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Table 1: Default training con�guration (summary).

Parameter Value

Epochs 1200
Batch size / Grad. accumulation 4 / 4 (effective16)
Adam learning rate / Weight decay1:0 � 10� 3 / 1:0 � 10� 4

LR schedule Warmup75 ! Cosine to10� 6

Gradient clip (global norm) 1:0
Early stopping patience 100
Normalization clip range
 6:0
Shell labels enabled,m=8 , r max =10
Scaling baseline single-stage,k = � 1:78� 10� 2

Quantile bounds(qlow ; qhigh ) (0:001; 0:999), margin5%
Velocity ROI top20%, scale8, ramp375
L 2 weights � B =1 :2, � vel =1 :0
H 1 � H 1 =0 :05
Dissipative regularizer � dissip =5 � 10� 4

Residual envelope � � =� e=1 :5, w� = we=0 :05
Constraint penalties � lo

e = � lo
� =0 :05; upper off

• Normalization clip range: 
 =6 :0.

• Shell labels:enabled;m=8 , r max =10.

• Scaling baseline:enabled; slopek = � 1:78� 10� 2 (single-stage).

• Quantile bounds: qlow =0 :001, qhigh =0 :999, margin� =5%.

• Velocity ROI: top20%, scale8:0, ramp375epochs.

• Loss weights:� B =1 :2, � vel =1 :0, � H 1 =0 :05, � dissip =5 � 10� 4, residual envelopew� = we=0 :05
with � � =� e=1 :5, constraint �oors� lo

e = � lo
� =0 :05, upper-bound weights off by default.

C.10 Metrics, Logging, and Evaluation

Validation metric. Unless noted otherwise, we report volumetric relativeL 2 error (%) on the
validation set in the normalized domain (after transforms and soft clipping), either per-channel or
average across channels.

Diagnostics and logging. Per-batch diagnostics include tensor shapes and dtype, global
min/max/mean/std, NaN/Inf counts, gradient norms at regular intervals, and rates of constraint
violations. Loss components and scheduler state are logged throughout training.

Evaluation-time clamping and decoding. For dens/eint , predictions are clamped in normalized
space to[`norm ; unorm ] before decoding to physical units. We then compute spectra and multi-step
rollout diagnostics as applicable.

C.11 Practical Notes

• Soft-clip inversion is approximate.Values near the clip boundary do not round-trip exactly; inputs
to atanh are clamped to0:99
 .

• Bounds depend on the training partition. Quantile bounds are computed on training data to
prevent leakage; changing the split or� will move thresholds.

• Normalized-space semantics.Envelope widths and penalties are speci�ed in z-scored units; their
physical meaning depends onmc andsc.

• Channel dimensionality with shells.Enabling shell labels increases input channels from8 to
8+m; outputs remain the eight physical channels.
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D Ablation Study

Protocol (held constant). Unless stated otherwise, all settings match Sec. C: same data split,
canonical643 grid, channel–wise transforms with robust z-scoring and soft clipping, optimiza-
tion/schedule (epochs, batch, LR, warmup+cosine, gradient clipping, early stopping), and reporting
in the normalized domain. Decoding and evaluation-time clamping fordens/eint follow the same
procedure.

D.1 Ablation con�gurations

We ablate one component at a time, keeping everything else as in the default setup (“Ours”). Let
B := bcc1:3 , v := velx:velz , � := dens, e:= eint , and letB (r )= k r denote the single-stage radial
baseline applied on the�=e channels.

• Plain L2. Remove all auxiliary loss terms and weights; minimize anunweightedper-voxel MSE
across the eight channels in the normalized domain:

L plain =
X

c2f B ;v ;�;e g

kŷc � yck2
2:

Concretely, set� B = � vel =1 , disableL H 1 , ROI velocity, dissipative regularizer.

• No radial/constraint. Keep component-weightedL 2, H 1, ROI velocity, and the dissipative
regularizer as in Sec. C, butdisable any radius-speci�c priors/constraints: (i) remove the scaling
baselineB (r ) (train/predict in the raw normalized space), (ii) remove residual envelope penalties
on �=e, (iii) remove constraint penalties (and do not clamp at evaluation). Positional channels
remain as in the default.

• No PE/Radial Shell.Remove all positional encodings: do not concatenate shell one-hots and do
not use any alternative positional features. Also set the inner-region loss nudge to zero so there is
no implicit radial reweighting; keep all other terms (component-weightedL 2, H 1, ROI velocity,
dissipative regularizer, constraints, and the single-stageB (r )).

• PE (Fourier positional encoding).Replace shell one-hots with Fourier features ofnormalized
Cartesian coordinates(�; �; � ) 2 [0; 1]3: for ` = 0 ; : : : ; L � 1 with L=4 ,

� ` (u) =
�
sin(2� 2` u); cos(2� 2` u)

�
; u 2 f �; �; � g:

Concatenate the3 � 2L channels to the physical inputs; do not use shell one-hots. All losses,
constraints, andB (r ) remain enabled.

• CNN backbone (3D CNN instead of neural operator).We replace the Local Neural Operator
with a lightweight 3D U-Net–style encoder–decoder matched for parameter count (base width 32;
four resolution levels with channel widths[32; 64; 128; 256]). Each stage uses residual3� 3� 3
conv blocks with GroupNorm and SiLU activations; downsampling is� 2 via max-pooling and
upsampling via transposed convolutions. Inputs are the eight physics channels+ nshell radial shell
one-hots; outputs are the physics channels. All training losses, constraints, and the radial baseline
B (r ) are kept identical to the operator models.

D.2 What each ablation isolates

• Plain L2probes the net contribution of all auxiliary inductive biases beyond plain �delity.

• No radial/constraintisolates the effect of the scaling prior and data-driven bounds from the rest of
the loss design.

• No PE/Radial Shellmeasures the value of absolute positional information.

• PE compares Fourier PE against our shell-based positional encoding under otherwise identical
training.

• CNN backbonetests whether the gains are architectural (operator layer) or purely due to
losses/normalization.
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Figure 4: Ablation study on a central slice at stept=50. Columns (left! right): Bx , By , Bz ,
mass density� , internal energye, and velocity components(vx ; vy ; vz ). Values are in the model's
normalized domain (see Methods). Rows: (a)Ground truth; (b) Ours(LocalNO + shell positional
encoding + radial baseline/constraints + ROI andH 1 terms); (c)CNN baseline(pure convolutional
surrogate); (d)Plain L 2 (no component weights/ROI/H 1); (e)Positional Embedding only(Fourier
features, no shells); (f)No Shell Encoding; (g) No Radial Constraint/Baseline. Colored boxes mark
typical failure modes observed in ablations:yellow: over-smoothing/texture blur;orange: spurious
mass/energy (unphysical de�cits or excess). The full model (b) most closely matches the ground
truth, preserving small-scale magnetic structure and inner-torus morphology while avoiding excessive
smoothing and mass artifacts.

Table 2: This table reports the avg. relativeL 2 error (%) across all channels, along with the per-
channel relativeL 2 error (%) based on the validation set.
Con�guration Avg. Error (%) Bx (%) By (%) Bz (%) � (%) e (%) vx (%) vy (%) vz (%)

Ours 14.02 16.71 17.01 14.73 10.98 11.25 13.47 14.04 13.94
PE (Fourier) 13.87 16.77 17.06 14.87 9.85 10.42 13.73 14.08 14.15
No PE/Radial Shell 13.93 16.84 17.15 14.89 10.03 10.42 13.87 14.18 14.06
No radial/constraint 14.17 16.84 17.26 14.87 10.87 11.33 13.82 14.29 14.07
Plain L2 13.69 16.76 16.98 14.67 9.55 9.89 13.45 14.06 14.16
CNN backbone 19.09 23.85 23.91 21.44 15.21 14.87 17.46 17.80 18.17

D.3 Rollout for 50 � T in MHD (�g. 4)

D.4 Rollout for 100 � T in MHD (�g. 5)

D.5 L 2 Loss while preserving dynamics near the singularity

When omitting certain components in our ablation study, we notice a lower L2 validation error
for density and internal energy, yet observe poor adherence to the ground truth for all �elds at or
directly around the black hole. The gravitational effect of the singularity creates a localized region
of increased complexity, marginal in size when compared to the entire domain, causing it to be
neglected by the Neural Operator in the objective to minimize overall loss. In such a case, we risk
losing dynamics near the inner torus region and physics critical to the entire system, emphasizing the
need for radial awareness and weightage.
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