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Abstract

The Monte Carlo-type Neural Operator (MCNO) introduces a lightweight architec-
ture for learning solution operators for parametric PDEs by directly approximating
the kernel integral using a Monte Carlo approach. Unlike Fourier Neural Operators,
MCNO makes no spectral or translation-invariance assumptions. The kernel is
represented as a learnable tensor over a fixed set of randomly sampled points. This
design enables generalization across multiple grid resolutions without relying on
fixed global basis functions or repeated sampling during training. Experiments on
standard 1D PDE benchmarks show that MCNO achieves competitive accuracy
with low computational cost, providing a simple and practical alternative to spectral
and graph-based neural operators.

1 Introduction

Neural operators extend the success of neural networks from finite-dimensional vector mappings to
infinite-dimensional function spaces, enabling the approximation of solution operators for partial
differential equations (PDEs). These models learn mappings from problem inputs, such as coefficients
or boundary conditions, to PDE solutions, allowing rapid inference and generalization across parame-
terized problem families. Early architectures like DeepONet [6] use branch and trunk networks, while
Fourier Neural Operators (FNO) [5]] leverage spectral convolutions and FFTs for efficient operator
approximation on uniform grids. Wavelet-based models such as MWT [[1] and WNO [7] improve
spatial localization, and graph-based approaches like GNO [4] extend operator learning to irregular
domains.

We propose the Monte Carlo-type Neural Operator (MCNO), a lightweight architecture that approx-
imates the integral kernel of a PDE solution operator via Monte Carlo sampling, requiring only
a single random sample at the beginning of training. By avoiding spectral transforms and deep
hierarchical architectures, MCNO offers a simple yet efficient alternative that balances accuracy and
computational cost. We evaluate MCNO on standard 1D PDEs, including Burgers’ and Korteweg—de
Vries equations, using benchmark datasets, and show competitive performance against existing neural
operators while maintaining architectural simplicity. Our contributions include the MCNO design,
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feature mixing for spatial and cross-channel dependencies, an interpolation mechanism for structured
grids and benchmark evaluation.

2 Monte Carlo-type Neural Operator (MCNO)

Neural operators provide a framework for learning mappings between infinite-dimensional function
spaces, enabling efficient approximation of solution operators for parametric PDEs [2]]. For a generic
PDE, the true solution operator G is a mapping that takes an input a to the corresponding PDE
solution u s.t G : a + u = GT(a). For many inputs, evaluating G' with classical solvers can
be prohibitively expensive. Given a dataset {(a;, uj)}é\’:l with u; = G'(a;), the goal is to learn
a parameterized approximation Gy ~ G by minimizing a suitable loss. A neural operator adopts
iterative architectures to compute such approximate operator G, to this end it lifts the input to
a higher-dimensional representation vo(z) = P(a(z)), € D C R? via a local map P. It then,
updates it through a linear transformation via matrix W and a kernel-integral transformation (}Cyv)(x)
with nonlinear activations o. The (¢ + 1)th, ¢ € N, neural operator layer is expressed as:

veia (@) = 0 (Wor(2) + (Kgv)(@), €D,
with

(Kyvo)(z) = /D ko(z,y,a(z), a(y))ve(y)dy,

where k4 is a learned kernel inspired by the Green function commonly involved in the solution of
linear PDEs. A final projection () maps the final features back to the target function space

(GO(G))(I') = Q(UT(I)), zeD.

MCNO follows this framework but replaces the integral with a Monte Carlo estimate over a fixed set
of sampled points, i.e.,
1 N
(Knpve) () = 5 > kg, o)) v (yi)- (1)

i=1

This avoids spectral transforms or hierarchical architectures and achieves linear complexity in the
number of sampled points. To enhance efficiency, MCNO leverages PyTorch’s einsum to aggregate
features across spatial locations and channels jointly by expressing the kernel x4 (x, v¢(y;)) as

Ke(T,ve(yi)) = Z ¢ vt (i),

allowing GPU parallelization and avoiding costly matrix multiplications. Since the Monte Carlo
integral is computed on a subset of points, results are interpolated to reconstruct a structured grid
representation compatible with standard neural architectures. The interpolation step maps sparse
Monte Carlo estimates onto a dense discretized domain while preserving the local function structure.
We employ continuous interpolation, typically using linear interpolation for smooth approximations
while maintaining efficiency.
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Figure 1: MCNO architecture.



Procedure 1 MCNO — Forward Pass

1: Given: parameters ¢, W; samples {y;} ¥ |; grid; activation o; interpolation rule
Input: current representation v,

Output: v 1(x)

Estimate kernel: (Kn,¢ve)(2) = & SN | kg, ve (i) ve (i)

Interpolate (ICnv 4v;) onto the full grid

Update: vy1(x) = U(th(x) + (KN,qut)(x))

AN AN ol

3 Bias—Variance Analysis and Dimensional Scaling

At each layer, MCNO computes the kernel aggregation (I)) using N points {ys, } Y, sampled uni-
formly from the grid {y; ;V:gf C D c R Each sample—feature update is used once, so the per-layer

cost is Costmeno = O(N d,) (feature width d,,). In practice, tensor contractions parallelized over x
give aggregation O(IV), while interpolation/reconstruction scales with Ng.

Error decomposition. Define
E(z) = (Kngve)(x) = (Kgve) (2).

Adding and subtracting (Kiridvt)(x) = ﬁ Z;V:g‘f Ke(m,y;)ve(y;) yields

E(x) = (K5 v)(2) = (Kgve) (@) + (Knvgve) (2) — (K§ o) ().

Bias Variance

Bias. Partition D into hypercubes {C} };V:g’f with side h s0 Ngig = (1/h)?. For each C; centered

at y;, fcj ko (T, y)ve(y) dy = kg, y;)ve(y;) )R + R;(x) with |R;(z)| < L @ ha*1 hence
Nria

(K50, (x) — (Kgve) ()] < 37 [Rj(w)] < LYEh Nyiah? = CiNgiy . )
j=1

Variance. For fixed z, (K 4v:)(x) = ~ Zfil Z;(z) with Z;(2) = ke (2, ys, )ve(ys, ), | Zi(2)] <
C. Hoeffding gives

P(

(K .pv0)(z) — E[(Knpvr) (2)]| > t) < 2exp (‘%) .

By a union bound over {z; };Vj{' and failure ¢,
¢ i log(2Ngyia /0
sug (Kn,pv) () — (Kirdvt)(x)’ < Oy w. 3)
re

Sample complexity and cost. From (2)-(3),

- log N
sup [E(2)] 5 CiNgy* + Cay | 22084,
zeD

To reach tolerance ¢, choose Ngig = O(e79) and N = O(c~2log(e~?)). Since aggregation is
O(N) and reconstruction is O(Niq), the total cost is

COStMCNO(€, d) = O(N) + O(Ngrid) = @(5‘72 + €7d),

with O hiding logarithms.

High-dimensional note. Dimension d enters via the bias (through V, g;iflj/ d) and grid cost; the Monte

Carlo variance, and thus the stochastic sample complexity, remains dimension-independent.



4 Numerical experiments

We evaluate the Monte Carlo-type Neural Operator on two standard benchmark problems: Burgers’
equation and Korteweg-de Vries (KdV) equation. These benchmarks are widely used for testing
operator learning methods due to their diversity in complexity and relevance to applications. To
ensure fairness and consistency, we adopt the same datasets and experimental setups as described in
[S]. The MCNO employs a four-layer architecture of Monte Carlo kernel integral operators, with
ReLU activations. Training uses 1000 samples, with 100 additional samples reserved for testing.
Optimization is performed with the Adam optimizer, starting at a learning rate of 0.001, halved every
100 epochs over a total of 500 epochs. We set the width to 64, N = 100 for Burgers’ equation
and N = 75 for Korteweg-de Vries (KdV) equation. All experiments are conducted on an Tesla
V100-SXM2-32GB of memory GPU and the accuracy is reported in terms of relative Lo loss. The
errors for the main benchmarks FNO, MWT and WNO are reported with our implementation on the
same GPU that we used to train our model. For the other benchmarks: GNO, LNO and MGNO, the
errors are taken from [[1]]. These models were trained and tested on an Nvidia V100-32GB GPU,
therefore the comparison with their reported errors is fair to a certain extent.

4.1 Burgers’ Equation: Dataset and Results

We consider the one-dimensional Burgers’ equation, a nonlinear PDE commonly used to model
viscous fluid flow, with periodic boundary conditions and initial condition u(z,0) = ug(x), where
up € L2.((0,1);R) and v > 0 is the viscosity: dyu + 0,(u?/2) = vdyeu, x € (0,1), t € (0,1].
Following the setup of the Fourier Neural Operator (FNO) benchmark [5], the initial condition is
sampled from a Gaussian 1 = N(0,625(—A + 251)~2), and the PDE is solved with a split-step
method on a high-resolution grid (8192 points) and subsampled for training and testing. The task
is to learn the operator mapping G : ug — u(-, 1). Table summarizes results of different neural
operators across resolutions: the proposed Monte Carlo-type Neural Operator (MCNO) achieves
competitive performance, outperforming GNO, LNO, MGNO, and FNO in speed and accuracy. While
WNO performs best on higher resolutions, it is inconsistent across grids and slower than MCNO
and FNO. The MWT Leg model achieves slightly lower consistent errors but is computationally
expensive. Overall, MCNO offers a balanced trade-off between accuracy, efficiency, and adaptability,
with relative Lo error and per-epoch time remaining stable as the number of samples increases

(Figures 2]and 3).

Table 1: Benchmarks on 1-D Burgers’ Equation showing relative Ly errors for different input
resolutions s.

Model g;“zlggffgpl"gcg 5=9256 | s =512 | s=1024 | s = 2048 | 5 = 4096 | s = 8192
GNO [4] - 0.0555 | 0.0594 | 0.0651 | 0.0663 | 0.0666 | 0.0699
LNO [6] - 0.0212 | 0.0221 | 0.0217 | 0.02I19 | 0.0200 | 0.0189
MGNO [3] - 0.0243 | 0.0355 | 0.0374 | 0.0360 | 0.0364 | 0.0364
WNO [7] (2.45s,3.1s) | 0.0546 | 0.0213 | 0.0077 | 0.0043 | 0.0027 | 0.0012
FNO [5] (0.44s, 1.56s) | 0.0183 | 0.0182 | 0.0180 | 0.0177 | 00172 | 0.0168
MCNO (0.40s, 1.32s) | 0.0064 | 0.0067 | 0.0062 | 0.069 | 0.0071 | 0.0065
MWT Leg [1] | (3.70s, 7.10s) | 0.0027 | 0.0026 | 0.0023 | 0.0024 | 0.0025 | 0.0023

4.2 Korteweg-de Vries (KdV) equation: Dataset and Results

We consider the one-dimensional Korteweg-de Vries (KdV) equation, a nonlinear PDE modeling
shallow water waves and dispersive phenomena, defined as d;u = —0.5ud,u — d3u, = € (0,1),
t € (0, 1]. Following the dataset setup in [}, the initial conditions ug(x) = u(z, 0) are sampled from
Gaussian random fields with periodic boundary conditions, ug ~ N (0, 74(—A + 721)~25), and
high-resolution solutions are computed with Chebfun (2'° points) and subsampled for training and
testing. The task is to learn the operator mapping ug — u(-, 1). Tablereports benchmark results
across resolutions: the proposed Monte Carlo-type Neural Operator (MCNO) outperforms FNO,
MGNO, LNO, and GNO, capturing the nonlinear dynamics effectively. While MWT Leg achieves
slightly lower errors, MCNO balances accuracy and efficiency, with relative L, loss and per-epoch
computation remaining stable as the number of samples increases (Figures @] and[5).
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Table 2: Korteweg-de Vries (KdV) equation benchmarks showing relative L, errors for different
input resolutions s.

Time per epoch B B B B
Model (s=128. s=1024) | = 128 | s =256 | s =512 | s =1024

MWT Leg | (3.24s,4.96s) 0.0036 | 0.0042 | 0.0042 0.0040

MCNO (0.36s, 0.49s) 0.0070 | 0.0079 | 0.0088 0.0081
FNO (0.48s, 0.50s) 0.0126 | 0.0125 0.0122 0.0133
MGNO - 0.1515 0.1355 0.1345 0.1363
LNO - 0.0557 | 0.0414 | 0.0425 0.0447
GNO - 0.0760 | 0.0695 0.0699 0.0721

5 Conclusion

We introduced the Monte Carlo-type Neural Operator (MCNO), a lightweight framework that learns
kernel functions using a single Monte Carlo sample to approximate integral operators. Unlike spectral
or hierarchical approaches, MCNO does not assume translation invariance or rely on global bases,
offering flexibility across grid resolutions and problem settings. Experiments on one-dimensional
PDEs, including Burgers’ and KdV equations, demonstrate that MCNO achieves competitive accuracy
with computational efficiency and architectural simplicity. These results highlight MCNO as a
practical alternative to established neural operator models. Future work includes extending MCNO to
higher-dimensional PDEs, exploring adaptive sampling strategies, and applying it to unstructured or
heterogeneous domains.
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