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Abstract

Reduced/latent state dynamics models for parameterized PDEs offer a viable
alternative to high-fidelity methods for multi-query applications These reduced
state dynamics approaches rely on high-quality data and struggle with noisy and
sparse spatiotemporal measurements typically obtained from experiments and do
not satisfy underlying conservation laws. In this article, we propose a reduced state
dynamics approach, which we refer to as ECLEIRS, that satisfies conservation laws
exactly even for parameters unseen in the model training process. We compare
ECLEIRS with other reduced state dynamics approaches, those that do not enforce
any physical constraints and those with physics-informed loss functions, for three
shock-propagation problems: 1-D advection, 1-D Burgers and 2-D Euler equations.
The numerical experiments conducted in this study demonstrate that ECLEIRS
provides the most accurate prediction of dynamics for unseen parameters in the
presence of highly sparse and noisy measurements.

1 Introduction

Despite the availability of numerous accurate high-fidelity methods, these models have a high
computational expense making them expensive for multi-query forward and inverse problems such
as parameter estimation, design space exploration or optimization and uncertainty quantification.
Recently, there is a growing interest in non-intrusive methods [[1, 2} 13} 14} 15] to model solution dynamics
for these multi-query applications. Reduced/latent state dynamics methods offers a non-intrusive
data-driven approach for constructing reduced order models of full spatiotemporal dynamics, thereby
accelerating multi-query applications.

Early work on reduced state dynamics models for parameterized problems used autoencoder architec-
ture to reduce dimensionality and parametrized neural ODEs (PNODEs) [6] or Sparse Identification
of Nonlinear Dynamics (SINDy) [[7, 18] for learning dynamics of low-dimensional reduced states.
As these methods rely on autoencoder-decoder architectures, these methods are limited to fixed
spatial grid data. To extend these approaches for arbitrary space-time measurements, implicit neural
representations (INRs) [9, 10} 11} [12] were used in [13} 114} [15]] to reduce dimensionality. As these
methods rely solely on data, they struggle when the quality of data deteriorates due to low spatio-
temporal resolution and noisy measurements. For such scenarios, adding physical constraints using
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a penalty-type PDE-constrained optimization problem [16} [14] during training of a reduced states
dynamics model can improve results. However, this approach does not guarantee the satisfaction of
conservation laws at parameters or spatio-temporal instances not used in the model training process
and can provide nonphysical predictions. This behavior highlights the need for approaches that
satisfy conservation laws during the inference stage for arbitrary system parameters. There is recent
work on enforcing conservation by projecting solutions through solution of an equality-constrained
optimization problem [[17, (18| [19]. However, these method must be evaluated on a fixed spatial grid
and may not ensure local conservation at an arbitrary spatial location. To our knowledge, there is no
prior work on exactly enforcing conservation laws for reduced state dynamics approaches applicable
to arbitrary spatio-temporal measurements. Furthermore, there are limited studies that rigorously
evaluate the performance of reduced state dynamics approaches for spatiotemporal sparse data with
added noise.

In this work, we propose an INR-based reduced state dynamics approach, which we refer to as exact
conservation law-embedded identification of reduced states (ECLEIRS), that applies to arbitrarily
space-time distributed noisy data and ensures exact satisfaction of conservation laws for any spatial,
temporal locations and system parameters, even those that are included in the training dataset.
The performance of ECLEIRS is rigorously compared to other INR-based reduced state dynamics
methods, those without conservation law information and a physics-informed variant, both of which
can by definition also handle sparse data with noise. We demonstrate that ECLEIRS yields overall
superior performance when trained on sparse and noisy data compared to the other methods while
exactly satisfying local conservation laws.

2 Existing Methods

System description: We consider a solution vector g(zx,t; u) € R% that evolves in time ¢ € R
within a spatial domain z € D, C R?, where d is the dimensionality of the spatial domain, subject
to the parameters p € D, C R, where d,, is the dimensionality of system parameters. For
many physical phenomena of interest, the evolution of the solution vector is governed by nonlinear
conservation laws of the form

Iq(z,t;p)
ot
where f(q(+)) is defined as the flux vector. The divergence operator considered in this article is of the
formV, = a%lém + 8%2@:%2 + 8%3?313, where €, , €, and €, are unit vectors along the Cartesian
coordinate directions for d = 3.

Identified reduced states (IRS): Using autodecoder-based INRs [[10] for dimensionality reduction
involves approximating the solution as

q" (xz,t;p) = dg,(q(p,t),x) and q(p,t) = hg, (u,t), 2

where ¢ (z, t; ) € R is the modeled solution field, § € M are reduced states, dg,, is an multilayer
perceptron (MLP) parametrized with weights 8, and hg, is an MLP hypernetwork parameterized
with weights 8},. Given the data for high-fidelity solution g(z, t; p), the unknown parameters 8, and
), are identified by solving a nonconvex optimization problem

2
64,0, = arg min||dy, (hy, (1,0),2) — a(a, t:p)]| 3)
0a.6,, 2
As the hypernetwork provides maps time directly to reduced states, it may not yield accurate reduced
states for long time periods, which is needed for dynamics forecasting problems. Therefore, we
instead use parametrized neural ODEs to determine dynamical equations for reduced states. These

neural ODEs are obtained as

dq(t,p)
dt
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where gp_ is an MLP with 8, weights. This approach is similar to the methods in [13}[14, [15] with
some differences in the neural network architecture.



Physics-informed INR-based dimensionality reduction (PI-IRS): Addition of physics conservation
information during dimensionality reduction serves as a good regularization in the presence of low-
quality measurements. Therefore, this “physics-informed" approach involves the same solution
representation used in Eq. (Z) while augmenting the optimization problem in Eq. (@) with a
conservation law-based constraint. Following this strategy, the nonconvex optimization problem is
written as

2
2

04,6, = arg min ’ ‘dad (hy, (1, t),2) — q(=, t;#)‘ ‘2 +A
0.0,

ody, (hy, (1, 1),
W V- f(dy, (B, (1))
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Data loss A
Conservation law loss

&)
where ) is a user-input penalty parameter that governs the strictness of enforcement of the conservation
law constraint. Once the low-dimensional reduced states g are identified, the dynamical evolution of
reduced states are obtained following the procedure as Eq. ().

3 Proposed method: ECLEIRS

We consider vector fields of dimensionality d. = 1 to simplify the notation for method formulation.
As shown in [20], conservation laws of the form in Eq. @) can be written as

Vi - 2(w;p) =0, (6)

where z(w; p) = [q(w; p) f(q(w;p))]T € R s the lifted vector field and V,, = 21 + %ézl +
a%zéwz + ngém is used to redefine the divergence operator with respect to space-time coordinate

vector w = [t 2] € R4TL. For high-dimensional vector fields d + 1 > 3, the form of 2 to satisfy
divergence free behavior was studied in [21}, 22]. In particular, [22] identified that if there exists a
skew-symmetric matrix field A(w) € R4+1X4+1 guch that 2 defined as row-wise divergence of A(w)
exactly satisfies Eq. (@) The above statement implies that z(w; p) has the form

. Vi - Al (w; )
2™ (’w’ ll‘) = |;?"LEZ,; Z)):| = ) s 7)
vw . Ad+1 (wv l‘l’)

where 2™ (w; ) is the modeled approximation of z(w; u) and A, (w; p) is the ith row of the skew-

symmetric matrix field A(w; p) € R(A+1D*(d+1)  The % components of A(w; ), represented

d(d+1) . . .. .
asa(w;pu) € R™ 2, are modeled using implicit neural representation of the form

a(w”l') :de(‘}(/j‘vt)vm)v (®)

where dy, is the MLP defined in Eq. . The detailed derivation of the condition in Eq. (7)) can be
found in [21} 22} 20]. For a 1-D spatial domain system

| 0 awip) w197 _ [ 5
Alw;p) = {—a(w;,u) 0 and 2" (w;p) = fm| = _%1? . 9)
Similarly, for a 2-D spatial domain system,
da da
0 ay(w;p)  ax(w;p) , q" 901 T 0g
Awip) = |—alwip) 0 aswip)|, and zm(wip) = |fr]| = [~0k 4 O
—az(wip) —az(w;p) 0 f3" —% _ gu
(10)

Following the same definition of g(t, t) = hg, (i, t) as in Eq. (2), the problem reduces to determining
the unknown parameters 6, and 65, by solving a nonconvex optimization problem
2
04,0, = arg min‘ ’zm(w;u) - z(x,t;u)H
04,0

(11)

2.

Once the low-dimensional reduced states ¢ are identified, the dynamical evolution of reduced states
are obtained following the formulation in Eq. ().



Table 1: Details of the learning and validation datasets for 1-D advection problem. The learning
dataset is further randomly divided between training (75%) and testing set (25%) to ensure that the
model is not overfitted.

Test case Dataset Name Parameter values
U — c€1{08,09,1.0,1.1,1.2}. qo € {0.9,0.95,1.0, 1.05, 1.1}
1-D advection Learning in € {0.1,0.15,0.2,0.25, 0.3}
— c € {0.75,0.85,0.95,1.05, 1.15,1.25}, qo € {0.88,0.93,0.98,1.03,1.08, 1.13}
Validation 2 € {0.07,0.12,0.17,0.22,0.27,0.32}
) c€1{08,0.9,1.0,1.1, 1.2}, qo € {0.8,0.9, 1.0, L.1, 1.2}
1-D Burgers Learning we {0.8,09,1.0,1.1,1.2}
Validation ¢ € {0.75,0.85,0.95, 1.05,1.15,1.25}, ¢ € {0.75,0.85,0.95,1.05,1.15,1.25}
w € {0.75,0.85,0.95,1.05,1.15,1.25}
2D Euler Learning 70 random samples, 2§ ~ U(0, 1), 3 ~ U(0,1)
Validation 30 random samples, 2§ ~ (0, 1), 25 ~ (0, 1) (different from the learning dataset)

Table 2: Hyperparameters in the neural network architectures for different problems. MLP with the
SIREN [[11]] activation function is used to represent the three sub-networks.

Test case Hypernetwork (hyg, ) Decoder (dy,,) Dynamics (gy, )
1-D advection | 4 layers, 64 neurons 4 layers, 40 neurons 4 layers, 32 neurons
1-D Burgers 4 layers, 64 neurons 4 layers, 40 neurons 4 layers, 32 neurons
2-D Euler 4 layers, 100 neurons | 4 layers, 100 neurons | 4 layers, 100 neurons

4 Results and Discussion

In this section, we assess and compare the performance of different reduced state dynamics approaches
for: 1) the 1-D advection problem, 2) the 1-D Burgers problem and 3) the 2-D Euler problem. The
details for the training and validation data for these test cases are shown in Table[T] The 1-D advection
problem is parameterized by initial wave height (g), initial wave width (x;,,) and wave speed. The
1-D Burgers problem is parameterized by the initial sine wave amplitude (qp), wave frequency (w)
and advection speed (c). Lastly, the 2-D Euler problem is parameterized by the size of length (29)
and width (z9) of the initial density field centered at the origin. The details of the neural network
architecture for the three sub-networks: decoder, hypernetwork and reduced dynamics ODE, are
mentioned in Table 2] All the reduced state dynamics approaches are trained using ADAM optimizer
[23]], while the number of neural network parameters are kept similar for each method to enable a fair
comparison. The validation dataset comprises of full spatio-temporal resolution solution fields at
system parameters unseen in the training dataset. More details on the setup of numerical experiments
and comprehensive analysis of results can be found in [24].

A comparison of density fields predicted by different reduced state dynamics models for 2-D Euler
problem is shown in Figure[T] For this test case, all the models are trained on significantly sparse data
as mentioned in the figure caption. The results indicate that IRS does not capture shock boundaries
accurately for this test, whereas both PI-IRS and ECLEIRS perform much better at representing
the density field. More quantitative results for all the test cases are tabulated in Table [3] The
tabulated results indicate that PI-IRS and ECLEIRS perform better than IRS for all test cases, while
ECLEIRS exhibits overall lowest errors. Despite PI-IRS also providing accurate results, these results
are sensitive to user-selected A, which appears to vary with different sparsity, noise levels and test
cases. Therefore, obtaining good results using PI-IRS involves a time-consuming human-in-loop
tuning step. On the other hand, ECLEIRS provide a tuning-free overall accurate predictions across
different data scenarios. Lastly, we observe that both IRS and PI-IRS exhibit a high conservation
error which is expected as these method do not embed any conservation structure in their formulation.
Conversely, ECLEIRS provide machine-precision conservation errors for spatio-temporal locations
and parameters that are outside the training dataset for all three test cases.

In this work, all the networks were trained to the same number of epochs. As the three approaches
use the same number of neural network parameters, the cost of model training is similar between the
three approaches, with PI-IRS and ECLEIRS having a slightly higher training cost due to additional
backpropagation required for enforcing the nonlinear conservation law. In the model inference stage,
as the cost of dynamics evolution depends solely on the cost of evaluation of gy, and chosen time
integration scheme, this cost is the same for the three reduced dynamics approaches. However,
additional cost is incurred for ECLEIRS when q is obtained from the time-evolved latent variables
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Figure 1: 2-D Euler problem: Predicted density at g4 = [0.527, 0.775] in the validation dataset for
ground truth (left), IRS (center-left), PI-IRS with A = 10~! (center-right) and ECLEIRS (right).
These reduced state dynamics models were trained using data from learning dataset with 1% spatial
sparsity, 40% temporal sparsity and added noise with standard deviation of 0.1.

Table 3: Solution and conservation error for different test cases. The 1-D advection and 1-D Burgers
test cases are trained using 20% spatial and temporal randomly sampled data, whereas 2-D Euler
test cases is trained using 0.5% spatial and 20% temporal randomly sampled sparse data. Different
noise levels represent different standard deviation of added Gaussian noise (01 < 02 < 03 < 04),
where 0 = [01,09,03,04] = [0,0.03,0.1,0.2] for 1-D advection, o = [0,0.05,0.1,0.2] for 2-D
Euler problems and o = [0, 0.1, 0.2, 0.4] for 1-D Burgers problem. The validation dataset comprises
of full resolution clean solution fields at parameter values unseen in the training dataset. Solution and
conservation (cons.) errors are quantified over full resolution spatial and temporal locations. The
mean and standard deviation (SD) of errors are with respect to parameters in the validation dataset.

Test case Models Solution error (mean + SD) Cons. error
g1 g2 g3 04 T4
IRS 0.31£0.43 0.53 £0.47 0.39 £0.29 0.59+023 | 8x102£7x 102
1-D advection | PFIRS: A = 1073 | 0.19+0.21 0.09 +0.05 0.31+0.36 0294021 | 3x1072£5x 1072
PI-IRS, A =10"' | 0.2540.43 0.35+0.58 0.27 4 0.49 0.214+0.16 9x 1073 +1072
ECLEIRS 0.15 £ 0.09 0.16 £ 0.19 0.25 4+ 0.25 0.30+£0.24 |8x1072+6x10"°
IRS 0.24+0.15 0.27£0.15 0.29£0.11 0.38£0.12 10°T£10° T
1D Burgers PI-IRS, A = 1073 | 0.20+0.05 0.2+0.17 0.24 +0.10 0244010 | 3x10724+5x 102
PI-IRS, A =10""' | 0.29+0.13 0.25 +0.08 0.27+£0.12 0.204+0.14 | 6x1072+8x 1072
ECLEIRS 0.25 =+ 0.09 0.15+0.12 0.18 £ 0.08 0.244+0.12 |[6x1072+5x107?
IRS 0.031 £0.010 | 0.048£0.019 | 0.I£0.037 | 0.127 £0.03 N/A
2D Euler | PFIRS. A= 10~% | 0.028 +0.010 | 0.0224+0.007 | 0.05+0.034 | 0.057 +0.023 5x 1072 £ 1072
PI-IRS, A = 10~! | 0.023 £ 0.013 | 0.022 £ 0.007 | 0.028 +0.023 | 0.039 £ 0.019 | 9 x 1073 £6 x 1073
ECLEIRS 0.013 £0.003 | 0.028 +0.008 | 0.033£0.01 | 0.052+0.015 2x 1079 +107?

due to additional gradient computation. The difference in this additional cost compared to other
models will be low if solution q is only desired at a few spatial and temporal instances.

These results indicate that ECLEIRS gives the overall best performance by consistently providing
the most accurate results while not requiring expensive parameter tuning and satisfying conservation
laws to machine precision even for parameters unseen during the model learning phase. The
ability to ensure exact conservation and accurately predict dynamics makes ECLEIRS a reliable and
robust approach for parameterized PDE problems. We plan to extend this formulation for quantify
uncertainty especially for out-of-distribution parameters and time instance while also validating these
models for more complex physical problems, especially those exhibiting a conservation structure.
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