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Abstract

Recent studies have shown phase-transition—like behavior in diffusion models,
where a small perturbation of the initial Gaussian noise sample can cause an abrupt
change in the generated image. The underlying mechanism of these transitions,
however, remains theoretically underexplored. In this work, we investigate this
phenomenon through the lens of the Riemannian metric on the latent space induced
by the distance between CLIP embeddings. We observe a hierarchical emergence
of phase boundaries: coarse boundaries appear in the early denoising steps, while
finer boundaries progressively emerge within these regions as the diffusion process
advances. These findings have practical implications for diffusion inversion—based
image editing: images within the same Riemannian basin can be edited with only a
few inversion steps, whereas images that are nearby in latent space but separated by
a phase boundary require substantially more steps. To provide a theoretical founda-
tion, we approximate the reverse diffusion dynamics by a discrete-time sequence
of quadratic-cost optimal transport maps between successive noisy marginals. By
employing Caffarelli’s regularity theory, we demonstrate that discontinuities of
the diffusion generative map are associated with mode-splitting, thereby giving
rise to phase boundaries. This leads to a hierarchical, tree-like organization of
data distribution modes, implying that distances between images in this geometry
follow an ultrametric structure.

1 Introduction

Diffusion models are powerful generative models capable of achieving good mode coverage. Recently,
their behavior has been studied from the perspective of statistical physics and the phenomenon of
phase transitions has been revealed. Phase transitions in diffusion models can be divided into temporal
and spatial ones.

Temporal phase transitions Diffusion sampling undergoes different regimes as time evolves from
high noise to clean data, which are known as dynamical phase transitions |Biroli et al.| [2024]]. In
the high-noise regime, the distribution over noisy data remains unimodal. In the middle stage, the
diffusion path chooses the data mode from which the sample will be generated, so the medium- and
low-frequency details of the image are formed. In the final stage, only high-frequency details are
altered, while the overall content of the generated image remains the same. It was also noted that the
Lipschitz constant of diffusion diverges as time approaches zero|Yang et al.|[2023]]; see also analyses
of nonequilibrium and phase phenomena Sclocchi et al.| [2025]], 'Yu and Huang| [2025].
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Figure 1: Left: a grid of predicted noiseless images, Ro( ; ), over a 2D latent slice. Right: evolution
of the determinant of the CLIP pullback metric, G, shown on a log scale as log(" + det G) (with
" =10 8)across denoising timesteps for the same slice. The determinant is proportional to the local
volume element of the latent space; high values indicate regions where the features of the generated
images change abruptly. The red circle and cyan square mark the two latent points used in Figure 3]

Spatial phase transitions The second line of research concerns how the generated image changes
under small perturbations of the initial Gaussian noise. These studies are related to the geometry of
the latent space. Empirically, it has been observed that generative models which learn primarily a
single data mode — such as GANs or VAEs trained on human faces — exhibit latent geometry that is
nearly flat, with vanishing curvature [Shao et al.| [2018],Wang and Ponce] [2021]]. In contrast, when
models generate data from multiple distinct modes, diffusion models exhibit boundaries between
phases [Lobashev et al.| [2025]. Within a single mode, the latent geometry is flat: a straight line in
latent space corresponds to a geodesic interpolation. However, when the geodesic crosses a boundary,
it curves, and the generated image changes abruptly. This indicates that diffusion models, as maps
from the prior Gaussian distribution to the data distribution, exhibit a diverging Lipschitz constant
(with respect to the spatial axis). To reduce sensitivity to latent perturbations [Liu et al| [2021]], |Guo|
[2024]] promote smoothing the geometry of the latent space.

Previous work has mostly studied the map from noise to clean data, leaving the formation of
intermediate boundaries underexplored. In contrast to this, our analysis covers both the temporal and
spatial aspects of boundary formation. It relies on the theory of regularity of the optimal transport

maps [Caffarellil [1992]], [Figallil [2010], [Cuo et al.| [2022].

Contributions In this work, we study in detail the formation of phase boundaries in the latent space
of diffusion models. We show that boundaries emerge in a hierarchical way. As sampling progresses
further into the low-noise regime, new finer boundaries appear within the regions separated at the
previous level, Figure[I] We represent the denoising process as a series of optimal transport maps
connecting probability distributions between consecutive timesteps and attribute the appearance of
these boundaries to the singularity of optimal transport maps.

2 Background and Method

Regularity of transport maps was studied in the works of Caffarelli and Figalli. We refer to Figalli’s
regularity results for optimal maps between nonconvex planar domains for precise statements

[2010].



Reverse diffusion path could be approximated by a sequence of optimal transport maps We give
a derivation showing that, for a sufficiently smooth probability density on RY, the heat (diffusion)
interpolation

ti= t; t = N(0; tlg); ()
is close to the quadratic-cost optimal-transport (displacement) interpolation between = ¢ and
t= t when time t is small. A precise statement of this result is provided in the appendix.

By leveraging this connection, we can model the reverse diffusion path as a sequence of optimal
transport maps. Another way to see this is by using Jordan-Kinderlehrer-Otto (JKO) scheme Jordan
et al.| [[1998] for the Fokker-Plank equation (FPE). Since solution of the FPE is the gradient flow of
the Wasserstein metric then discretization of this flow gives the approximation of the reverse ODE
solution by a composition of optimal transport maps. This framework then allows us to apply Figalli’s
regularity theorem [Figalli| [2010] to rigorously explain the appearance of growing singular sets during
the denoising process.

Caffarelli regularity of optimal transport maps Our theoretical explanation of the appearance of
phase boundaries (as illustrated in Figure[T)) can be summarized in the following statement.

Theorem 2.1 (Hierarchical Emergence of Phase Boundaries). Let pt be a high-noise Gaussian prior
and po be the target data distribution. Consider the discrete approximation of the probability-flow
ODE given by a sequence of optimal transport maps (Tx)RL,, where Ty : RY ¥ RY is the Brenier
map pushing pg, t0 Py, -

1. (Existence and Regularity) For each k, the map Ty exists, is unique, and is the gradient of
a convex potential, Tx = r . Away from a singular set of measure zero,  is smooth.

2. (Formation of Singularities) A singular set Sy supp(py, ) for the potential  emerges if
the domain supp(pe, ,) is not convex with respect to the mapping from supp(py, ). Such a
condition arises naturally during mode-splitting or due to non-convexity of the support of
data distribution.

3. (Propagation and Accumulation) Let Txwo =T1 T» Tk be the composed map from
time ti to to. The total singular set in the latent space at time T, corresponding to all phase
boundaries, is given by the union of preimages:

E 1
Stotal = (MTnrk) ~(Sk): )
k=1

The complexity (number of singularities) of this set is non-decreasingast ¥ 0.

3 Experiments

Phase boundaries evolution We investigate the formation of phase boundaries in the latent space of
diffusion models. We use CLIP embeddings of generated images at different noise levels to estimate
the metric tensor on a 2D latent slice. For each noise level, we use the data generation procedure
described in [Lobashev et al.|[2025]]. We fix three latent anchors Zg; Z1;Z» 2 R¥ and parametrize a
two—dimensional affine slice by

z(; ) =20+ (21 z0) + (22 2z0); (;)2[017% (3)

At reverse time t, we run the diffusion sampler to obtain the predicted clean image Xo( ; ;t) and
embed it with CLIP (ViT-B/32) |Radford et al.|[2021]] to obtain a feature

f(; ;) = Ro(; ;1) 2R™: )

The same sampler settings (guidance, steps, ) are used across the grid to ensure comparability across
(; )andt.

Onauniform N N grid with ; =i=(N 1), j =j=(N 1), we estimate the Jacobian of the
feature map by centered finite differences and one—sided differences at the boundary. Stacking the
columns gives J( ; ;t) 2 RY 2, and the pullback metric on the slice is

G(; ;) =J3(; :t)7J(; ;2R = 5
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Figure 2: Spacetime density heatmap with linked maxima (blue) showing branching/merging and
with spacetime geodesic (red) between chosen endpoints.

For each t, we render heatmaps of S( ; ;t) = detG on [0; 1]* with a shared color scale (see
Figure [I). We observe that: (i) for large noise (early reverse time), S 0 (flat metric); (ii) as
t decreases, narrow high—S ridges appear and branch, partitioning the slice into phases with low
interior sensitivity; (iii) at late t, the ridge pattern stabilizes and the mean of S approaches a plateau.

1D Diffusion We study how branching (emergence/merging of modes) arises over time and relate
these changes to the intrinsic spacetime geometry by computing geodesics introduced in [Karczewski|
[2025]). We consider the 1D variance-preserving (VP) SDE. Let the initial data be an empirical
distribution with atoms Xo.igjL; sampled uniformly on [a; b]. The forward marginal at time t is the
equal-weight Gaussian mixture

_1 X . .2 .
P00 =2 NX O%oi A(D) : ©®)
i=1

We evaluate p¢(X) on a spacetime grid to produce a density heatmap using exact forward marginals.

For each time slice X ® p¢(X), we detect local maxima using a relative-height threshold that adapts to
the slice’s scale. This yields a piecewise-linear “mode evolution tree” (blue line segments), revealing
branching and merging as diffusion progresses.
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Figure 3: Prompt-guided edits: (top) an eye edited with ’a green eyed cat’; cyan square latent at
Figure[T} (bottom) cat in mountains edited with *snow mountains’; red circle latent at Figure/T]

Following [Karczewski et al.|[2025]], we compute spacetime geodesics by minimizing the discrete
( ; )-energy along curves between fixed endpoints (see |[Karczewski et al.| [2025] for details). We
parameterize the curve with a cubic spline and optimize with Adam while softly constraining
t(s) 2 [0; T]. The resulting geodesic (red curve) reflects the intrinsic geometry of the diffusion
spacetime (see Figure[2).
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