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Abstract

Effective quantum control is essential for scalable quantum technologies, but exist-
ing methods face challenges in high-dimensional systems due to the high cost of
conventional solvers. For example, molecular systems, which host many accessible
states and serve as key platforms for precision measurements, remain difficult to
control efficiently. To address this, we present a Fourier Neural Operator (FNO)-
based framework that learns to simulate population dynamics of hyperfine states
in CaH™ from reference simulations. For the 6- and 12-dimensional systems
considered, the FNO predicts complete trajectories accurately, given a constant
driving frequency and initial state populations, while achieving 2 to 6 orders of
magnitude speedups. These speedups are expected to grow further with higher
system dimensionality, thereby opening the path to efficient simulations of previ-
ously intractable high-dimensional quantum systems. Leveraging the FNO’s speed
and differentiability, we successfully demonstrate two inverse-design strategies for
controlling the driving frequency to steer a system toward a desired final state while
minimizing evolution time: (i) extensive parameter space sampling across dense
parameter grids, yielding accurate solutions, and (ii) gradient-based optimization,
which demands more tuning but holds greater promise due to its substantially
higher scalability. These results show that neural operators can provide both ac-
curate forward simulation and scalable inverse design, opening new avenues for
quantum control in complex systems.

1 Introduction

Optimal control of quantum systems has been central in advancing quantum technologies by enabling
precise manipulation of quantum states. Widely used methods include gradient-based optimal control,
such as GRAPE [1]] and Krotov’s algorithm [2], which have been applied to optimize operations
in trapped-ion systems [3] and to design high-fidelity quantum gates [4]. Parameterized-pulse
methods like CRAB [5] restrict the control field to a small set of basis functions. Despite recent
advances, quantum control of high-dimensional systems remains computationally intensive, making
real-time optimization challenging. While accurate numerical propagation can model such systems,
it is too slow for scalable control and in some cases lack differentiability with respect to control
parameters. Simulating dynamics that involve transitions across multiple timescales, such as optical
carrier transitions and motional sidebands that differ by several orders of magnitude in frequency,
introduces significant stiffness to the system. As a result, fine time steps are required during numerical
propagation, which makes even moderately sized simulations (e.g., 50 internal states coupled with
2 motional degrees of freedom) computationally expensive. Consequently, the repeated trajectory
evaluations needed for parameter optimization can take several hours on a typical desktop workstation.
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Figure 1: Fourier Neural Operator (FNO) framework for quantum evolution and control. a) Physics-informed
embedding: a constant driving frequency w is compared to molecular transition frequencies w;; to form detunings
Aj; = wij — w, which are modulated as F(t) = sin(At) to encode the oscillatory phase evolution. b) Forward
pipeline: given an initial state and the embedded detuning vector A, the FNO learns the operator mapping to the
full time evolution of state populations. ¢) Inverse pipeline: a set of candidate driving frequencies {w1, ..., wn }
together with the initial and target state populations is provided to the trained FNO, which chooses the optimal
control parameter w either by brute-force search (large M) or refinement via gradient descent (small M).

To overcome the high cost and limited scalability of traditional solvers, closed-loop optimization [6]]
and machine learning approaches [7H9] have emerged, offering adaptive control strategies and fast
surrogates. Notably, neural quantum states (NQS) [[10] have demonstrated that neural networks can
significantly reduce the cost of simulating high-dimensional quantum systems by representing wave-
functions via trainable parameters. Neural operators also provide a well-suited framework to address
the computational bottleneck in real-time and large-scale optimization (see Appendix [A.T). They
generalize neural networks to learn mappings between functions, making them efficient approaches
for simulating dynamical systems. For example, Fourier Neural Operators have been used to predict
quantum dynamics, even beyond the training window [[11]. Related approaches inspired by operator
learning [[12}[13] instead learn short-time propagators, which are applied iteratively to reconstruct
the full dynamics. Overall, the flexibility and differentiability of neural operators allow for very fast
simulations and enable inverse design through extensive sampling and gradient-based optimization.

We propose a quantum control framework for steering the population dynamics of complex quantum
systems with large Hilbert spaces. We generate data by evolving product states with diagonal density
matrices, ensuring initial conditions without coherence terms. We then train a FNO to predict the full
time evolution of hyperfine-state populations, given the initial states and a constant driving frequency.
While we do not explicitly monitor the coherence terms, their effects are implicitly captured through
the evolution of the state populations. The FNO predicts the dynamics with maximum average error
across all states under 1.5%, and providing substantial speedups around 2 and 6 orders of magnitude
over the numerical solver for 6- and 12-dimensional systems, respectively. While these speedup results
should be interpreted with caution as both the solver and FNO could be further optimized, the FNO
would still remain multiple orders of magnitude faster. The speedups are also expected to grow further
with higher system dimensionality, owing to the superior scalability of the FNO, thereby opening
the path to efficient simulations. Leveraging this accuracy and differentiability, we demonstrate
successfully two complementary inverse-design strategies to identify driving protocols that prepare
desired state populations within a specified time interval: (i) extensive parameter space sampling
across dense frequency grids, providing accurate solutions, and (ii) gradient-based optimization via
differentiable frequency reparameterization, which converges with far fewer evaluations but requires
careful tuning. We apply the framework to the rotational-hyperfine dynamics of CaH ™, a molecular
ion relevant to quantum logic spectroscopy and precision measurement experiments, highlighting
its potential for scalable optimization and real-time feedback control in regimes where conventional
solvers are prohibitively slow.

2 Forward Modeling

We use a Fourier Neural Operator (FNO) [14] (see Appendix [A) to simulate the observable dynamics
of the quantum states of CaH+. The dynamics of the system are described by the Hamiltonian
H(t), which in the lab frame comprises two parts: a time-independent molecular Hamiltonian H
(the hyperfine Hamiltonian) and a time-dependent interaction Hamiltonian that captures the coupling
between the laser fields and the internal molecular states. For numerical efficiency, the Hamiltonian
is often expressed in the interaction picture. For a detailed description, see Appendix
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Figure 2: Examples of FNO predictions, compared to reference numerical simulations (RK8) for: a) Carrier
transitions: the FNO accurately reproduces the oscillatory dynamics of a randomly initializes 6D system with
w = 0.603 kHz and 4.5 ms duration. b) Blue sideband transitions: the FNO captures the driven population
dynamics of a randomly initialized 12D system, with duration = 9.0 ms. Bottom panel: maximum absolute error
across all states at each timestep. Solid lines denote FNO predictions and dots indicate solver values.

The FNO accurately predicts the evolution of an arbitrary initial state (with no initial coherences)
under a constant driving frequency over a predefined time interval, as shown in Fig.[Tb). Although
the model only tracks the observable dynamics (i.e. diagonal elements of the density matrix) the
predicted populations still reflect how coherence influences the system’s behavior over time. Efficient
learning is enabled by a physics informed embedding (see Figure[Th)) that encodes the laser detuning
from the molecule’s allowed transitions and measures how far the laser frequency is from driving
each one. At each timestep, we further modulate the detuning vector by applying sin(At), where A
is the detuning vector containing the A 7 7, terms defined in Eq. (1), to capture the oscillatory phase
evolution appearing in Hg (t). Using only the bare frequency or only the static detuning vector did
not yield reliable training performance, likely because these inputs lack the explicit phase information
that appears in Hg(t). The use of a sinusoidal feature embedding is particularly synergistic to FNOs,
which capture complex interactions between frequency components. It acts as a form of spectral
lifting, translating low-dimensional or constant inputs into a richer frequency-domain representation
that FNOs can process more effectively and efficiently. The initial state populations are encoded in
the channel dimensions of the input, and the output consists of their predicted time evolution.

We train two FNO models, one for a 6-dimensional (6D) system undergoing carrier-type transitions
and one for blue sideband transitions (BSB) with a 12-dimensional (12D) subspace, as shown in
Figure [2] (see Appendix [A.3] for the hyperparameter details). Both models predict dynamics that
remain close to the solver, with the average maximum error across all states at each timestep below
0.012, as shown in Figure [d The FNO generates predictions much faster than the reference solver.
For the 6D case, the qutip.propagator solver takes on average ~ 0.11s to propagate a single
trajectory, while the 12D case takes ~ 185.7 s. With batched inference at the optimal batch sizes, the
trained FNO produces results in ~ 0.32/0.019 ms per prediction for the 6D/12D cases, corresponding
to speedups of about 3.44 x 102 and 9.77 x 105, respectively. For larger Hilbert spaces, such as a
48-state system, direct simulations take closer to the order of hours, and the effective speedup of
the FNO is expected to be even greater. While the number of input and output channels increases
with the number of states, the FNO lifts them to a fixed high-dimensional representation, meaning
only the linear lifting and projection layers grow in size, but these remain small relative to the rest
of the model and have a negligible effect on running time. Thus, the gains in efficiency become
increasingly apparent with system size. Detailed runtime comparisons with the solver are provided
in Appendix [A.4] In addition, FNOs can learn not only from numerical simulations but also from
experimental data, enabling the study of systems that are intractable for classical simulations.

3 Inverse Design

Quantum state control requires identifying driving protocols that steer the system toward desired
target populations within an optimal time. We frame this as an inverse design problem, where the goal
is to determine the driving frequency that achieves the target outcome in the shortest possible duration.
Using the FNO model, we explore two complementary strategies: i) Extensive parameter space
sampling of large parameter spaces becomes feasible thanks to the FNO’s speed. ii) Gradient-based
optimization, enabled by the full differentiability of the FNO pipeline, providing a direct and efficient
route to optimal solutions that can converge with fewer evaluations than exhaustive search. We
compare results obtained with the two methods, side-by-side, in Figure[5]



Extensive Parameter Space Sampling. As detailed in Appendix the trained FNO delivers
substantial speedups over the reference numerical solver. This acceleration enables millions of
predictions within minutes on a single GPU, allowing experimental parameters to be explored and
adjusted within the same day. This process becomes impractical with traditional numerical simulations
as system size increases. We use it to probe the trained FNO across a dense grid of control parameters
and rank outcomes against target populations, directly identifying which frequencies and initial states
best reproduce the target dynamics. Unlike gradient-based optimization methods, which require
good initialization, carefully designed loss functions, and may converge to local optima, extensive
sampling provides a global, exhaustive view of the control landscape. By tracking error at each
timestep, this procedure also reveals the earliest times at which the target can be reached, enabling
simultaneous optimization of both state accuracy and evolution duration. In this way, it identifies
not only the parameters that yield the best outcome but also the optimal moment to stop the system
to minimize control time. Using this approach, we determined the optimal driving frequency and
initial state that steer the system toward the desired final state while minimizing evolution time, as
illustrated in Figure[3]

Gradient-Based Optimization. The FNO also supports gradient-based optimization due to its
inference speed and differentiability, a capability that conventional solvers lack due to their slower
forward evaluations and non-differentiability with respect to design parameters. To demonstrate this,
we consider the problem of determining an optimal driving frequency that leads to target populations,
using the mean-absolute error between the FNO predictions and the desired state populations as the
loss function. We begin with a coarse grid search across frequency intervals to identify promising
regions, sampling a few frequencies within each physically relevant range that influences the dynamics.
Evaluating the loss at these points allows us to select the intervals with the lowest losses. Within
each selected interval, we employ a differentiable reparameterization scheme using sigmoids for the
driving frequency, ensuring that the optimized frequency remains constrained to physically relevant
regions while maintaining smooth gradients. Gradient-based optimization is then applied to converge
to an optimal solution, where gradients of the loss function with respect to the design parameters
are obtained via backpropagation through the entire pipeline. Although the current implementation
optimizes only the driving frequency, we also explore truncating simulated trajectories to reduce
pulse duration, effectively treating time as an adjustable cutoff.

4 Discussion

We demonstrated that FNOs can learn the observable dynamics of quantum states using a physics-
informed embedding, enabling accurate predictions for experimentally relevant driving pulses: blue
sideband and carrier transitions. The FNO takes as input the driving frequency and initial state
populations, and reproduces the dynamics of C.aH T with high fidelity and orders of magnitude faster
than the numerical solver. This establishes the FNO as an efficient and accurate dynamics propagator.

Leveraging the substantial speedups offered by the FNO, we first tackled inverse design tasks through
extensive sampling, via dense sweeps over frequency and initial-state parameters to directly identify
combinations that achieve target outcomes. By tracking fidelity at each timestep, we determined
the minimum control duration required to reach the desired states. We then applied gradient-based
optimization to the same tasks, taking advantage of the FNO’s differentiability and speed. In this
one-dimensional control space, dense sampling generally outperformed gradient-based optimization,
providing near-global optima while remaining computationally tractable. Gradient-based methods,
however, require far fewer evaluations and would likely become more advantageous in higher-
dimensional settings where exhaustive search is impractical. Together, these results demonstrate that
FNOs not only deliver accurate and efficient forward modeling of quantum dynamics but also enable
practical and rapid inverse design, offering a powerful framework for quantum control.

In future work, we plan to extend the proposed framework to handle time-dependent frequency se-
quences, moving beyond constant-frequency driving. This broadens the accessible control parameter
space and enables more flexible and powerful designs. We also plan to include pulse duration and
selected initial states as optimization variables, enabling joint optimization of both control fields and
system preparation. Looking ahead, we aim to scale these methods to larger Hilbert spaces, targeting
at least 50 states in CaH ™ and ultimately hundreds in larger molecular systems. This approach could
demonstrate that FNOs can efficiently optimize complex control regimes that would otherwise require
days of computation, highlighting their potential for significantly accelerating quantum control tasks.
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A The Fourier Neural Operator (FNO) for Forward Modeling

A.1 Neural Operators

Machine learning models have been developed to overcome the high computational costs and limited
scalability of traditional numerical integrators across scientific fields. Among them, standard neural
networks map between finite-dimensional vectors, but PDEs define relationships between infinite-
dimensional functions. Neural operators extend the neural network paradigm to learn mappings
between these functions [[15 [16], making them particularly well-suited for approximating PDE
solution operators. They have a universal approximation property for nonlinear operators [17]], accept
input functions on any discretization, and output functions that can be queried consistently at arbitrary
resolutions. This flexibility improves data efficiency by supporting training with data of varying
discretization and fidelity. Various neural operators like the Fourier Neural Operator (FNO) [[14]
have been applied successfully to diverse problems [[18H21]. Additionally, physical laws can be
incorporated as auxiliary losses terms to enhance or replace supervised data, as demonstrated in
physics-informed neural operator frameworks [22424]. With these capabilities, neural operators
enable efficient inverse design, both through extensive parameter space sampling or gradient-based
optimization (enabled by the differentiability of neural operators).

Neural operators compose linear integral operators /C with pointwise non-linear activation functions o
to approximate highly non-linear operators. More precisely, we define the neural operator

Go:=Qoo(Wr+Kp+br)o---oo(Wy+K1+b)oP D

where P, Q are the pointwise neural networks that encode the lower dimension function into higher
dimensional space and vice versa. The model stacks L layers of o(W; + K; + b;) where W, are
pointwise linear operators (matrices), K; are integral kernel operators, b; are bias terms, and o
are fixed activation functions. The parameters € consists of all the parameters in P, Q, W;, K;, b;.
Kossaifi et al. [25] maintain a comprehensive open-source library for learning neural operators in
PyTorch, which serves as the foundation for our implementation.

A.2 The FNO Architecture

Throughout our numerical experiments, we employ Fourier neural operators to approximate the
solution operators of PDEs. A Fourier neural operator (FNO) [14] is a neural operator using
Fourier integral operator layers, which are defined via

(K(@)ve) (@) = F* (R - (Fu) ) () @)
where 2, is the Fourier transform of a periodic function x parameterized by ¢. On a uniform mesh,

the Fourier transform J can be implemented using the fast Fourier transform (FFT). Note that Fourier
neural operators are differentiable. Here is a depiction of the Fourier Neural Operator:

®—> Fourier layer 1|—>{Fourier layer 2> @ ® ® —»{Fourier layer T

o — 0@

Figure 3: The FNO architecture (extracted from [14]).




A.3 FNO Hyperparameters

For our numerical experiments, we use a 1D Fourier neural operator (FNO) [14].

For carrier transitions, the FNO has 4 layers, with 64 hidden channels and 512 Fourier modes. The
resulting architecture has 8.5M trainable parameters and was trained in PyTorch for 150 epochs
to minimize the absolute L2 error using the Adam optimizer with learning rate 0.005, and the
ReduceLROnPlateau scheduler with factor of 0.6 and patience 4.

For blue sideband transitions, the FNO has 4 layers, with 20 hidden channels and 50 Fourier modes.
The resulting architecture was trained in PyTorch for 150 epochs to minimize the absolute L2 error
using the Adam optimizer with learning rate 0.008, and the ReduceLROnPlateau scheduler with
factor of 0.6 and patience 4.

In both cases, the scalar frequency input is encoded as sinusoidal functions of the detunings. These
encodings are then concatenated with the representation of the initial state to form the stacked input
to the model. The dimensions of the input are [D + N, T where D, N, T are the dimensions of the
detuning, number of states, and number of timesteps, respectively. The input if then passed through
the FNO to generate a prediction for the population dynamics of rotational states in CaH ™.

A.4 Speedups enabled by the FNO

The trained FNO produces predictions orders of magnitude faster than the reference numerical
solver for the 6-dimensional (6D) and 12-dimensional (12D) examples considered. Running time
measurements were performed on a workstation equipped with a single NVIDIA RTX 4090 GPU
(24GB VRAM), an AMD Ryzen 9 7900X CPU, and 64GB of system RAM.

For the reference solver, generating a single trajectory required on average ~ 0.11 s (6D example)
and ~ 185.7 s (12D example), measured over 20 different samples. In contrast, running one FNO
inference at a time (batch size 1) took only ~ 1.27 ms (6D) and ~ 1.16 ms (12D), averaged over
10,000 samples. This corresponds to a speedup of approximately 8.7 x 10! (6D) and 1.6 x 105 (12D)
relative to the duration that the numerical solver takes to propagate all the product states.

In addition, the trained FNO can generate multiple predictions simultaneously on a single GPU by
exploiting batched inference. In particular, with a batch size of 9/63 (which we found to be optimal
for speed), the trained FNO takes roughly 0.30/0.019 ms per prediction for the 6D/12D examples
(averaged over 10,000 samples). This corresponds to speedups of 3.44 x 102 (6D) and 9.77 x 10°
(12D) compared to the numerical solver.

These computational speedup results should be interpreted with caution, since the reference solver
was not optimized for performance and could be further accelerated, in particular by leveraging GPU
capabilities. Likewise, additional hyperparameter tuning and model compression could yield smaller,
more efficient FNO architectures with similar accuracy. Nevertheless, even accounting for possible
improvements of the reference solver, the trained FNO would remain significantly faster by several
orders of magnitude.

It is worth noting that the effective speedup of the FNO is expected to become even more pronounced
for larger Hilbert spaces. Although the number of input and output channels grows with the number
of states, the FNO typically maps these to a fixed high-dimensional latent space. Consequently, only
the linear lifting and projection layers expand in size, and their contribution to the total computational
cost remains negligible. For instance, a typical latent dimensionality in the FNO is 256 channels,
implying that computational cost remains nearly constant until the Hilbert space reaches 256 states or
a higher-dimensional latent space is required for sufficient expressivity. Beyond that point, while the
cost would increase due to the additional channels, the FNO is still expected to scale more efficiently
than the numerical solver for inference, leading to increasingly significant performance gains as
system size grows.



B System Hamiltonian

In the lab frame, the time-independent part of the Hamiltonian is given by

1
Hmol + Hmot == Z hwk|k><k‘ + hl/ <(1Ta -+ 2) . (3)
k

The system comprises two coupled degrees of freedom: the internal rotational-hyperfine states of the
molecule and the motional states, captured by H,,,1 and Hy,¢, respectively. Here, iwy denotes the
molecular energy levels, and v is the motional mode frequency.

The time-dependent part consists of the interaction between the laser field and the internal states of
the molecule:

Q ! 7 a aT —w
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Here, Q7,7+ denotes the effective two-photon Rabi coupling between the initial state |7) and the
target state | 7'). The effective laser frequency of the two-photon transition is w = w; — wy [rads™?],
and the detuning from the molecular transition is A 7/ 7 = wy/ 7 — w. The Lamb-Dicke parameter
characterizing the coupling strength between the internal and motional degrees of freedom.

For numerical efficiency, we transform the lab-frame Hamiltonian to the rotating frame with respect
to Hy:

Hg(t) = ot H(t)e~Hot
= > LRt 7T @ (14 A (e + ahe™)| +hes ()
[T)—=1T")

Subsequently, we generate training data numerically (using QuTiP or CUDA-Q) by evolving the
system according to the time-dependent Schrodinger equation:

. d
th= [H(t) = H(t) [$(2)) - (©)

C Additional Results
C.1 Forward Modeling

While Figure [2] showed examples of FNO predictions with the corresponding errors, we display in
Figure ] the maximum errors obtained over all states, averaged over the entire test dataset.

a) Average Max Error vs Time (across all test samples) b) Average Max Error vs Time (across all test samples)
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Figure 4: Average maximum error across all states as a function of timestep for a) the 6D system
evaluated over 32,000 test samples. and b) the 12D system evaluated over 37,200 test samples.



C.2 Inverse Design

Here, we display the results obtained for an example of inverse design task, both with extensive
parameter space sampling and gradient-based optimization.

Initial vs Final Populations (Cutoff=430)

Initial
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Figure 5: Comparison of initial and final populations across six states at cutoff time ¢ = 430. The
target final distribution (green) is obtained from numerical dynamics, while the predicted finals
are obtained using Adam-based optimization (red, MAE = 0.0141) and extensive sampling search
(orange, MAE = 0.0117). Both optimization strategies closely reproduce the target populations
starting from the given initial distribution (blue).

Optimization Loss Frequency Convergence
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Figure 6: Loss and corresponding frequency trajectory across iterations of the optimization for the
example in Figure[5] The left panel shows the loss landscape evolution, while the right panel tracks
the frequency updates as the optimizer converges.
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