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Abstract

Many deep learning models implicitly structure data by evolving it through layers
in a way that resembles the flow of a dynamical system. In this work, we investigate
the structure of classical image datasets through the lens of dynamical systems
and partial differential equations (PDEs). We demonstrate that several widely used
image datasets can be effectively modeled by a simple wave-like PDE in the latent
embedding, revealing an underlying geometric and temporal coherence. Further-
more, we show that when these datasets are passed through a basic autoencoder, the
reconstructed data preserves the wave-like structure up to a high-frequency cutoff.
Remarkably, this indicates that neural networks inherently respect the dataset’s
underlying dynamics, suggesting that PDE-inspired approaches can potentially
guide the design of more structured and efficient representations. These findings
offer new insights into the interplay between data geometry and deep learning, and
suggest that viewing datasets through the framework of PDE dynamics may yield
fruitful directions for representation learning. The data and codebase are available
at the following link: https://github.com/yyexela/dataset_dynamics

1 Introduction

Understanding and exploiting the structure of high-dimensional data is central to modern machine
learning. Many successful models—from word embeddings like word2vec to large language models
and image diffusion models [1–5]—implicitly rely on structured latent spaces to extract and ma-
nipulate the underlying information in data. Natural images, in particular, exhibit rich statistical
regularities, including scale invariance, spatial correlations, and predictable local structures [6–10],
suggesting inherent geometric and temporal coherence. While prior work has characterized these
statistical properties and explored spectral biases in neural networks [11, 12], less is known about how
geometric and temporal regularities can simultaneously be captured through a dynamical systems
framework—which could enable latent-space control, data generation, and exploration of underrepre-
sented modes—and how such structures are preserved in learned latent neural representations. This
paper starts to address this gap.

Motivated by a growing body of research on spectral analysis of deep networks, we focus on
uncovering the latent dynamical structure of datasets themselves. Prior work has shown that neural
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Figure 1: Spectral eigenimage evolution for the PCAM dataset. Shown are eigenimages corresponding
to (sorted) indices j ∈ {100, 950, 2100, 3100}.

networks often learn low-frequency information first [11], create high-frequency barriers that separate
classes [12], or can be modified to control spectral bias during training [13, 14]. Inspired by these
insights, we study the spectral eigenimages of classical datasets and investigate how their underlying
dynamical (wave-like) patterns are maintained through autoencoder reconstruction.

Our findings reveal a propagating wave structure that can be described by a simple partial differential
equation (PDE) across multiple datasets. In particular, we find that different classical image datasets—
e.g., MNIST and CIFAR—can be modeled by wave-like PDEs in latent space, revealing a common
underlying structure despite differences in dataset-specific terms, and remarkably we observe a prop-
agating wave in the datasets’ spectral eigenimages (cf. Figure 1). Importantly, this structure is largely
preserved by autoencoders, thereby suggesting that neural networks inherently respect the underlying
dynamical system representation of the data. This perspective opens the door to abstracting neural
network architectures as task-dependent PDEs, analogous to how diffusion models use stochastic
differential equation formulations. Such a framework can enable new approaches for representation
learning, generative modeling, and even data-driven control, e.g., to detect underrepresented samples
or guide optimization in structured latent spaces.

2 Methodology

We first describe the pipeline for converting a grayscale image dataset to a spectral representation
visualized in Figure 2. Each image is first flattened into a vector, and each vector is stacked on top of
one another to create a single 2-dimensional matrix for the entire dataset. This 2-dimensional matrix
A ∈ Rm×n is decomposed into a product of three matrices through Singular Value Decomposition
(SVD): A = UΣV∗, where U ∈ Rm×n and V ∈ Rn×n are unitary and Σ ∈ Rn×n is diagonal,
containing the singular values of A in descending order (see, e.g., [15]). The vectors in V form
a sorted basis of flattened images that span the original dataset. Using the language of Navarrete
and Ruiz-Del-Solar [16], we call these basis images eigenimages. The eigenimages are sorted by
descending singular value, where larger singular values correspond to eigenimages capturing greater
variance in the dataset. Each eigenimage is then reshaped into a 2-dimensional image and passed
into the 2-dimensional FFT algorithm to obtain the spectral eigenimage. The magnitude of the sorted
spectral eigenimages are used in our analysis.

In addition to obtaining a deeper understanding of the frequency information encoded in each studied
dataset, we use this pipeline to observe the effects of how a simple MLP AE [17, 18] with a latent
space bottleneck affects the spectral eigenimages, shown in Figure 3.

3 Results

We explore several common PyTorch Datasets which are listed in Table 2, Appendix A. For the first
set of experiments, we simply take each image dataset and pass it directly into the spectral pipeline
explained in Section 2. By combining the sorted

magnitudes of spectral eigenimages into a movie, one observes a propagating wave in for each dataset.
This is shown in Figure 1 for the PCAM dataset, but the same applies to all the studied datasets.
Visualizations of the j-th sorted spectral eigenimage are shown in Figure 4, where j was selected to
demonstrate the unique wave composition of each dataset.
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Figure 2: Grayscale image dataset spectral pipeline.
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Figure 4: The j-th sorted spectral eigenimage of the remaining studied datasets. Shown are MNIST,
FMNIST, CIFAR10, EuroSAT, and STL10. The value of j was determined heuristically to showcase
the unique wave shape for each dataset.

Viewing the sorted spectral eigenimages as a propagating wave allows us to directly model the
spectral information of each image dataset as a PDE in a purely data-driven manner. We pass this
data into PySINDy: a Python library that contains a data-driven approach for discovering symbolic
PDEs from raw data [19, 20]. The SINDy (sparse identification of nonlinear dynamics) algorithm is
an efficient sparse regression algorithm for identifying underlying dynamical systems in data [21, 22].
The resulting equations describe the evolution of the wave front, shown in Table 1 with more details
provided in Appendix B.

Table 1: Discovered PDEs

Dataset p-norm PDE

MNIST 2.000 ut = 0.010uxuxxx − 0.016u2
xuxxx

FMNIST 1.000 ut = 0.169uxx − 1.034uxuxx + 1.214u2
xuxx

CIFAR10 1.273 ut = −0.560ux − 1.587u2ux + 0.175u2uxx

EuroSAT 1.492 ut = −13.008u2ux − 0.007u2uxxx

STL10 0.318 ut = −6.207u2ux − 0.002u2uxxx

PCAM 1.935 ut = −1.772uxux − 11.196u2
xux − 0.003u2

xuxxx

These results show that complex high-dimensional datasets can be described in terms of a hierarchy of
nonlinear PDE equations that exhibit shock front propagation in the latent embedding. Indeed, across
data sets, generalizations of the underlying Burgers equation structure [23] with either nonlinear
diffusive or dispersive regularization is observed. Burgers equation was one of the earliest models
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used for the understanding of shock waves in the 1950s as humans approached super-sonic flight. In
latent space, the model learns a propagating shock-like structure. Frequencies beyond the shock front
are "filtered" so that the latent space acts as a nonlinear low-pass filter. The organization of the data
into latent nonlinear wave dynamics is a remarkable observation that merits further exploration.

Viewing the MLP AE’s spectral eigenimages alongside the original dataset shows that it prioritizes
learning eigenimages corresponding to the largest variance directions (cf. Figure 5). In particular, the
wave-front from the MLP AE spectral eigenimages closely matches the wave-front from the original
data up to a specific frame/j-value. After this j-value, the autoencoder’s spectral eigenimages are
noisy except for a low-frequency hole in the center of the spectral eigenimage, matching the size of
the wave-front at the transition frame/j-value. This hole persists for the remaining MLP AE spectral
eigenimages. This reinforces previous results that MLP AEs work as a band-pass filter, prioritizing
the learning of the low-frequency information of a dataset [12].

0 20 40 60 80

0

20

40

60

80

0 20 40 60 80

0

20

40

60

80

0 20 40 60 80

0

20

40

60

80

0 20 40 60 80

0

20

40

60

80

0 20 40 60 80

0

20

40

60

80

0 20 40 60 80

0

20

40

60

80

Input V647 AE V647 AE V648 AE V649 Input V6065 AE V6065

Figure 5: Evolution of spectral eigenimages of the original PCAM dataset (1,5) and the reconstructed
PCAM dataset (2,3,4,6). Shown are j = 647 (1,2), j = 648 (3), j = 649 (4), and j = 6, 065 (5,6).
The MLP AE had a bottleneck size of 2, 048 and was trained for 500 epochs with a batch size of
1, 024, and a learning rate of 0.0001 using the Adam optimizer and the Mean Squared Error (MSE)
loss function.

What this result also shows is that autoencoders preserve the dynamics of the spectral eigenimages.
The governing equations describing the wave dynamics of spectral eigenimages are followed closely
by the MLP AE. In fact, for a dataset containing M images of size ℓ × w, it appears that the first
T spectral eigenimages of the input dataset are prioritized during training by the MLP AE (where
ℓ · w > T ≥ 1). We conjecture that the model bottleneck prevents the MLP AE from learning the
high-frequency information for the remaining j > T high-frequency information of the input dataset.
Further analysis is presented in Appendix C. To the best of our understanding, this observation has
not been shown before.

4 Conclusion

In this work, we study the frequency content of various image datasets and find that they can be
described by a set of nonlinear shock-like PDEs with a common underlying structure. Each PDE is
simple and some form of generalization of Burgers equation, containing no more than three terms,
although the dataset it describes is up to 962 = 9, 216 dimensional. We also observe that MLP AEs
mimic the low-frequency content of the underlying datasets by following the dynamics of the spectral
eigenimages until a certain high-frequency limit. Thus the latent representation acts as a nonlinear
low-pass filter, organizing the data into a propagating shock-structure.

Our work opens several promising avenues for future research by leveraging a structured dynamical
systems perspective on image datasets. For instance, one possible direction is compression, where
instead of storing the full dataset, a stored initial condition is evolved according to the dataset’s
PDE to reconstruct the original dataset. This approach could also enable synthetic data generation,
producing samples consistent with the dataset’s intrinsic dynamics. Another exciting possibility is
using the PDE to detect out-of-distribution samples or underrepresented regions in the data. Finally,
the wave-like dynamics uncovered via the proposed methodology could be incorporated into diffusion
models, guiding latent space evolution to improve both in-class image synthesis and conditional
generation. More broadly, this framework suggests a principled way to connect neural representations,
dataset structure, and PDE-based modeling, potentially inspiring new architectures and analysis
techniques across machine learning.
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While our experiments do not directly establish a PDE structure for neural network architectures
themselves, the fact that classical datasets exhibit wave-like PDE dynamics and these dynamics are
largely preserved through autoencoder reconstruction suggests that analogous task-specific PDE
abstractions for networks may be possible. Such a perspective, if realized, could enable the application
of stochastic control and optimization techniques to guide network behavior, latent space evolution,
and generative modeling.
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A Datasets

We consider several common PyTorch Datasets which are listed in Table 2 [24–30]. We did not
consider other interesting image datasets, such as the CelebA dataset, due to the full size of the
dataset exceeding the 32 bit limit from the BLAS backend for computing the SVD in PyTorch.

Each dataset was converted to grayscale before being used in any of the aforementioned pipelines.

Table 2: Used PyTorch Datasets

Dataset Name Image Width Image Height Number of Images
MNIST 28 28 60,000
FMNIST 28 28 60,000
CIFAR10 32 32 50,000
EuroSAT 64 64 27,000
STL10 96 96 5,000
PCAM 96 96 262,144

B Governing Equations

We explain in more detail how to obtain the governing equations presented in Section 3. First, a
chosen image dataset needs to be converted to a grayscale format so that the dataset can be represented
as a single 2-dimensional matrix. This dataset needs to then be passed into the pipeline described in
Figure 2 to obtain a sorted spectral eigenimage dataset. To determine the p-norm the propogating
wave follows, pick one of these spectral eigenimages that has the most clear structure and perform a
p-norm fit to the data. Afterwards, calculate the radial integrals using the provided p-norm for each
spectral eigenimage. This whole process yields a 1+1-dimensional system evolving over time, where
the spatial dimension is the p-norm distance from the origin and the temporal dimension is each
successive spectral eigenimage.

Note that for many of the datasets there is a spike for the first few eigenimages, which need to be
skipped in order to assist PySINDy in finding a set of equations (nskip), shown in Figure 6 (left).
Similarly, the behavior for the final few eigenimages is noisy, so they are skipped as well (nend). This
noise is shown in Figure 6 (right), which contains MNIST’s final spectral eigenimage. Clearly, a
radial integral here would not be useful data for obtaining a PDE.

This trimmed 1+1-dimensional system can be passed directly into PDE-FIND in the PySINDy library
to obtain a set of governing equations. For each dataset, we used the Sequentially Thresholded Least
Squares (STLSQ) algorithm with a polynomial library of degree 2 and 3rd order derivatives. The
PySINDy parameters used to generate Table 1 are presented in Table 3.
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Table 3: PySINDy PDE-FIND Parameters

Dataset p-norm nstart nend α threshold
MNIST 2.000 10 150 1e− 5 30
FMNIST 1.000 15 150 1e− 5 62
CIFAR10 1.273 40 375 1e− 5 20
EuroSAT 1.492 60 1500 1e− 5 250
STL10 0.318 60 800 1e− 5 292
PCAM 1.935 100 4000 1e− 5 325

C Transition Frames

To study what would happen to the transition frame when varying the MLP model parameters, we
automated the calculation of the transition frame by calculating when the MSE between the true
spectral eigenimage dataset and the reconstructed spectral eigenimage dataset first exceeded 15% of
the maximum difference, shown in Figure 7 (left). We then trained various model bottlenecks, from a
bottleneck of size of 1 up to a bottleneck size of 282, the original dimension of the MNIST dataset.
Each MLP was trained 5 times, with a learning rate of 0.002 for 100 steps using the Adam optimizer.
The results are shown in Figure 7 (right).

Figure 7: MSE between MNIST spectral eigenimages and reconstructed MNIST spectral eigenimages
(left) and the transition frame across multiply varying model parameters (right). The scatter plot
(right) has mean and standard deviation across five random initial model weights.

We observe that a smaller model bottleneck results in a smaller transition frame. This is likely due to
the model capacity being smaller, forcing the MLP AE to learn a smaller amount of the low-frequency
information that if the model were larger. Furthermore, we also observe that a smaller number of
layers corresponds to a larger maximum transition frame. This is likely due to the MLP model
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simultaneously having less weights than models with more layers while being trained for the same
amount of steps with the same step-size. As a result, in the smaller MLP is able to reconstruct the
dataset better over the same amount of steps.

In all cases, the MLP AE is learning the low-frequency information first. That is, if the transition
frame is at j = T , then the MSE between the input spectral eigenimage and the reconstructed
eigenimage is very small for all j < T . Then, for all j > T , the MSE between the input and
the reconstructed spectral eigenimage is proportionally larger, corresponding to high-frequency
information.
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