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Abstract

Generative models for quantum data pose significant challenges but hold immense
potential in fields such as chemoinformatics and quantum physics. Quantum
denoising diffusion probabilistic models (QuDDPMs) enable efficient learning of
quantum data distributions but require high-fidelity random unitary circuits, which
demand precise control and exhibit susceptibility to noise on analog hardware. We
propose the chaotic quantum diffusion model, a framework that produces projected
ensembles generated by chaotic Hamiltonian time evolution, offering a flexible,
hardware-compatible diffusion scheme. Requiring only global, time-independent
control, our approach reduces implementation overhead across diverse analog
quantum platforms while achieving accuracy comparable to that of QuDDPMs.
This method enhances trainability and robustness, broadening the applicability of
quantum generative models.

1 Introduction

Generative models aim to produce diverse data by learning their underlying distributions, crucial for
understanding datasets and synthesizing new data. Quantum circuits, which can generate classically
intractable distributions, suggest that generative models using quantum systems may outperform
classical models in specific real-world tasks. Consequently, models like quantum generative ad-
versarial networks (QuGANs) [1–3], quantum variational autoencoders (QVAEs) [4, 5], tensor
networks [6], and diffusion-based quantum models [7, 8] have been developed for classical data
generation. However, their advantages over classical models remain unproven.

Recent advancements underscore the critical role of quantum machine learning (QML) in processing
quantum data derived from quantum systems [9]. Unlike classical data such as text and images,
which do not require quantum effects for processing, quantum data pose unique challenges due to
their quantum mechanical properties. Generating quantum data is fundamental to advancing our
understanding of quantum phenomena and harnessing quantum technologies for chemistry, biology,
and materials science applications. Moreover, quantum data generation relies on quantum computing
resources, making classical generative models insufficient.

Quantum generative models such as QuGANs and QVAEs can be used to prepare a fixed single
quantum state [10–12], but are inefficient in generating ensembles of quantum states [13] due to
the need for training deep variational quantum circuits (VQCs). The quantum denoising diffusion
probabilistic model (QuDDPM) [14] provides a promising approach that resolves the training issues
like barren plateaus [15] inherent in the variational quantum algorithms. Inspired by classical
denoising diffusion probabilistic models, QuDDPM learns a map from a noisy and unstructured
distribution of quantum states to the structured distribution E0, utilizing quantum scrambling for
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the forward diffusion and VQCs with projective measurements for the backward denoising process.
QuDDPM employs sufficient circuit layers to ensure expressivity while introducing intermediate
training steps that smoothly interpolate between the target distribution and noise, mitigating barren
plateaus and enabling efficient training. However, the diffusion process in QuDDPM requires high-
fidelity scrambling random unitary circuits (RUCs), demanding implementation challenges of precise
spatio-temporal control. We propose the chaotic quantum diffusion model to eliminate the need for
RUCs, enabling a flexible implementation across quantum hardware.

Figure 1: The general scheme of quantum denoising diffusion probabilistic model (a) and the
implementation of chaotic quantum diffusion in our proposal (b).

2 Learning quantum data distribution

We address the problem of learning quantum data distributions and explain the idea of the conventional
QuDDPM model. Consider a training dataset S of N independent quantum states drawn from an
unknown probability distribution E0. A generative model is characterized by a parameterized
probability distribution Eθ , from which samples can be drawn. If Eθ is realized through parameterized
quantum circuits, θ corresponds to the adjustable parameters of these circuits. The training goal is
to obtain a distribution Eθ that closely approximates E0. We minimize the distance D(Eθ, E0) such
as the Maximum Mean Discrepancy (MMD) and Wasserstein distance between these distributions.
Since D(Eθ, E0) cannot be computed directly, we take a dataset Sθ sampling from Eθ and compute
the distance D(S,Sθ). In the inference phase, we fix the trained θ and generate new states |ψ⟩ ∼ Eθ .

2.1 Forward diffusion process

In the forward diffusion process, K random unitary gates U (j)
1 , . . . , U

(j)
K are applied to each

sample |ψ(0)
j ⟩ (j = 1, . . . , N ) in the training dataset S. This evolves the ensemble Sk ={

|ψ(k)
j ⟩ =

∏k
l=1 U

(j)
l |ψ(0)

j ⟩
}
j

toward a Haar-random states ensemble over the Hilbert space. We

define this scheme as RUCs diffusion (RUCD). Assuming the execution time for each U (j)
k is τu, the

execution time to generate each Sk is τuNk. Therefore, the RUCD requires NK random unitary
gates with τuN

∑K
k=1 k = τuNK(K + 1)/2 execution time to generate all Sk.

2.2 Backward denoising process

The backward process starts with an ensemble S̃K = {|ψ̃(K)
j ⟩}j sampled from Haar random states,

and reduces noise step by step. As depicted in Fig. 1(a), the denoising step applies a parameterized
unitary Vk = V (θk) to the data system D (input |ψ̃(k)

j ⟩) and na ancilla qubits in the ancilla system
A (|0⟩A), followed by projective measurements in the computational basis on A, yielding the state
|ψ̃(k−1)

j ⟩ in D. Assuming the measurement outcome z
(k)
j is obtained on the ancilla, this operation is

formulated as

Φ
(k)
j (|ψ̃(k)

j ⟩) =
(ID ⊗ΠA)Vk |Ψ̃(k)

j ⟩√
⟨Ψ̃(k)

j |V †
k (ID ⊗ΠA)Vk |Ψ̃(k)

j ⟩
= |ψ̃(k−1)

j ⟩ ⊗ |z(k)
j ⟩A , (1)
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where ΠA = |z(k)
j ⟩ ⟨z(k)

j |A and |Ψ̃(k)
j ⟩ = |ψ̃(k)

j ⟩ ⊗ |0⟩A.

Training involvesK cycles with a layerwise scheme. At the cycle (K−k+1) (with k = K, . . . , 1), the
forward diffusion with U (j)

1 to U (j)
k−1 generates the noisy ensemble Sk−1 =

{
|ψ(k−1)

j ⟩
}
j
. Parameters

of V (θk) are optimized to make the denoised ensemble S̃k−1 =
{
|ψ̃(k−1)

j ⟩
}
j

approximate Sk−1

via the minimization of the cost function D(Sk−1, S̃k−1). After optimization, the parameters θk are
fixed for use in the next cycle to optimize θk−1. This layerwise training approach divides the original
training problem into K manageable sub-tasks, ensuring convergence for incremental distribution
transitions and mitigating issues such as barren plateaus [15].

The cost function in QuDDPM measures the similarity between two quantum state ensembles using
a symmetric, positive definite quadratic kernel κ(|µ⟩ , |ϕ⟩). This kernel can be defined by the state
fidelity computed via the SWAP test. We consider two cost functionsDMMD andDWass, corresponding
to MMD distance and 1-Wasserstein distance based on the state fidelity.

The MMD distance between two state ensembles X = {|µi⟩} and Y = {|ψj⟩} is defined as

DMMD(X ,Y) = κ̄(X ,X ) + κ̄(Y,Y)− 2κ̄(X ,Y), (2)

where κ̄(X ,Y) = E|µ⟩∈X ,|ϕ⟩∈Y [κ(|µ⟩ , |ϕ⟩)]. The 1-Wasserstein distance is further presented as
an enhancement in the situation where the MMD distance is not feasible to distinguish two state
ensembles. Given normalized κ (i.e., κ(|ϕ⟩ , |ϕ⟩) = 1∀ |ϕ⟩), the pairwise cost matrix C = (Ci,j) ∈
R|X |×|Y| is computed as Ci,j = 1− κ(|µi⟩ , |ψj⟩). The 1-Wasserstein distance is calculated via the
formulation of the optimal transport problem into a linear programming procedure to find the optimal
transport plan P = (Pi,j) ∈ R|X |×|Y|:

DWass(X ,Y) = min
P

∑
i,j

Pi,jCi,j , s.t. P1|Y| = a, P⊤1|X | = b, P ≥ 0. (3)

Here, 1|X | and 1|Y| are all-ones vectors with size |X | and |Y|, respectively, and a ∈ R|X | and
b ∈ R|Y| are the probability vectors histogram corresponding to X and Y . Normally, we set uniform
histograms as a = 1

|X |1|X | and b = 1
|Y|1|Y|.

3 Proposal: Chaotic Quantum Diffusion

RUCD demands significant computational overhead in designing sequences of random gates, ren-
dering it unsuitable for many quantum systems, particularly analog platforms such as Rydberg atom
arrays and ultracold atoms in optical lattices. These platforms excel in simulating continuous-time
dynamics via global Hamiltonians but lack the fine-grained, time-dependent control needed for
arbitrary gate sequences. Implementing RUCD on analog hardware would require digitizing the
process through Trotterization or pulse shaping, which introduces approximation errors and increases
susceptibility to noise from environmental couplings.

We address this challenge by adopting the projected ensemble framework [16–18], which utilizes
a single chaotic many-body wave function to generate a random ensemble of pure states on a
subsystem. In this framework, projective measurements are performed on the larger subsystem of
a bipartite state undergoing quantum chaotic evolution. This process yields a set of pure states on
the smaller subsystem, accompanied by their respective Born probabilities. Collectively, these states
form the projected ensemble, which converges to a state design when the measured subsystem is
sufficiently large. A chaotic Hamiltonian in this context is characterized by non-integrability, ergodic
dynamics, spectral properties resembling those of random matrix theory, and strong entanglement
generation. This approach offers significant advantages over RUCD, as it requires only global and
time-independent control. Consequently, it is more accessible and adaptable to a wide range of
quantum systems, including analog platforms, where precise gate sequences are challenging to
implement.

3.1 Projected Ensemble

We consider a many-body system partitioned into a subsystem M (with nm qubits) and its com-
plement F (with nf qubits). Let a generator state |Φ⟩ be chosen uniformly at random from the
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Hilbert space on the total system M+ F . We perform local measurements on F , typically in the
computational basis. This yields different pure states |ΦM(zF )⟩ on M, each corresponding to a
distinct measurement outcome zF , which are bitstrings of the form, for example, zF = 001 . . . 010.
The collection of these states, together with probabilities p(zF ), forms the projected ensemble on M:
{|ΦM(zF )⟩ , p(zF )}zF

. The projected ensemble provides a full description of the total system state
as |Ψ⟩ =

∑
zF

√
p(zF ) |ΦM(zF )⟩ ⊗ |zF ⟩. For a case of infinite-temperature thermalization, with

sufficiently large nf = Ω(knm) and the generator state |Φ⟩ obtained by quenched time evolution of
chaotic Hamiltonians, the projected ensemble approximates k-design of Haar-random states [16, 17].
The generator state chaotic dynamics ensure that quantum information is scrambled, resulting in
universal correlations and randomness within the subsystem. Building on this framework, we propose
two schemes in which the diffusion is implemented through chaotic Hamiltonian evolution [Fig. 1(b)].

3.2 Cumulative time evolution diffusion (CTED)

For each |ψ(0)
j ⟩ ∈ S0 on M, we implement a diffusion process to obtain the k-step state |ψ(k)

j ⟩ ∈
Sk. The initial state |x(k)

j ⟩ in F is randomly sampled from the ensemble {|x⟩ , q(x)}x∈{0,1}nf of

computational basis states with probability q(x). The input |ψ(0)
j ⟩ ⊗ |x(k)

j ⟩ of the system (M+ F)

is then evolved cumulatively under the same unitary e−iHk∆t with ∀j, where H is a fixed chaotic
Hamiltonian [17]. Subsequently, a random local measurement is performed on F , yielding the
measurement record z

(k)
j , and the resulting state |ψ(k)

j ⟩ on M. Since the execution time for e−iHk∆t

is generally considered scaling with k, we can assume the execution time for e−iHk∆t is kτc. This
CTED requires K unitaries and τcN

∑K
k=1 k = τcNK(K + 1)/2 execution time to generate all Sk.

X

X

Figure 2: The schematic circuit to compute the
fidelity between the forward state |ψ(k−1)

j ⟩ and the

denoised state |ψ̃(k−1)
j ⟩ using the SWAP test.

In Fig. 2, we depict the schematic circuit to com-
pute The state fidelity between the forward state
|ψ(k−1)

j ⟩ and the denoised state |ψ̃(k−1)
j ⟩ can be

computed using the SWAP test. The SWAP test
consists of two Hadamard gates and a controlled-
swap gate applied on 2nm +1 qubits. The prob-
ability of measure 0 on the SWAP register is

p(0) = 1
2 + 1

2

∣∣∣⟨ψ(k−1)
j | ψ̃(k−1)

j ⟩
∣∣∣2, which di-

rectly derives the fidelity. A post-selection pro-
tocol is applied to the projective measurements
in the forward and backward processes, ensuring
|ψ(k−1)

j ⟩ and |ψ̃(k−1)
j ⟩ remain consistent across

SWAP test measurements.

3.3 Repeated time evolution diffusion (RTED)

Different from the CTED, we consider the input of (M+F) as |ψ(k−1)
j ⟩⊗ |x(k)

j ⟩, where |ψ(k−1)
j ⟩ ∈

Sk−1, then evolve this state under the unitary e−iH∆t with ∀j. This process is then repeated for
k = 1, . . . ,K. Assuming the execution time for e−iH∆t is τr, to generate each Sk, we need to
repeat e−iH∆t for k times, making the execution time is kτr. Therefore, this RTED requires only
one unitary but τrN

∑K
k=1 k = τrNK(K + 1)/2 execution time to generate all Sk.

4 Results

We conduct numerical experiments on generating cluster and circular ensembles of quantum states
with nm = 4 qubits. The cluster ensemble is a set of quantum states near the zero state, in which
the quantum state has the form of |ψ⟩ = 1√

1+ϵ2
∑

j |rj |2

(
|0...0⟩+ ϵ

∑2nm−1
j=1 rj |j⟩

)
with the scale

parameter ϵ = 0.06. Here, |j⟩ represents the computational basis states excluding |0...0⟩, and
rj = xj + iyj are complex numbers with xj , yj ∼ N (0, 1). For the circular ensemble, the quantum
state has the form of |ψ(β)⟩ = cos(β/2) |0...0⟩+ sin(β/2) |1...1⟩ of nm qubits, where β ∈ [0, 2π).
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For CTED and RTED, we consider a complement system F with nf = 4 qubits. The dynam-
ics are governed by a one-dimensional mixed-field Ising Hamiltonian with open boundary condi-
tions, defined on the total system comprising nm + nf sites as H =

∑nm+nf

j=1

(
hxSx

j + hySy
j

)
+

J
∑nm+nf−1

j=1 Sx
j S

x
j+1. Here, Sµ

j (with µ = x, y, z) denotes the spin-1/2 operators at site j, J
represents the interaction strength, and hx and hy are the strengths of the longitudinal and trans-
verse magnetic fields, respectively. In the presence of a non-zero longitudinal field (hx ̸= 0), the
Hamiltonian exhibits ergodic behavior [17], with its eigenvalues and eigenvectors conforming to
the predictions of the Eigenstate Thermalization Hypothesis [19, 20]. To model the non-integrable
regime, we adopt hx = 0.8090, hy = 0.9045, and J = 1.0. The time evolution is discretized with a
time step of ∆t = 0.01 over K = 50 diffusion steps.

For RUCD, we adopt the fast scrambling circuits from Ref. [14], applying
∏k

l=1 U
(j)
k to each initial

state |ψ(0)
j ⟩. Here, U (j)

k = Ωk(s
(j)
k )Wk(g

(j)
k ), where Wk(g

(j)
k ) implements single-qubit rotations

as Wk(g
(j)
k ) =

⊗nm

q=1 e
−ig

(j)
k,3q−1

Zq
2 e−ig

(j)
k,3q−2

Yq
2 e−ig

(j)
k,3q−3

Zq
2 , and an entangling layer Ωk(s

(j)
k ) ap-

plies ZZ rotations across all qubit pairs as Ωk(s
(j)
k ) =

∏
q1<q2

exp

[
−is

(j)
k

2
√
nm
Zq1Zq2

]
. The ranges of

uniformly random rotation angles g(j)k,q and s(j)k are tuned as [−π/8, π/8] and [0.4, 0.6], respectively.

In the backward process with na (na = 4) ancilla qubits, each Vk is constructed using a Hardware Ef-
ficient Ansatz on n = nm +na qubits with L (L = 10) layers as Vk(θk) =

∏L
l=1 Ω̃kW̃k(θk), where

W̃k(θk) =
⊗n

q=1 e
−iθk,2q−1

Yq
2 e−iθk,2q−2

Xq
2 and Ω̃k =

⊗⌊(n−1)/2⌋
q=1 CZ2q,2q+1

⊗⌊n/2⌋
q=1 CZ2q−1,2q.

The training to optimize each Vk involves 500 samples over 2000 epochs with MMD and 1-
Wasserstein distance cost functions for cluster ensemble and circular ensemble, respectively.

Figure 3: MMD and 1-Wasserstein distances between the generated ensemble S̃ ′
k and the true

ensemble S ′
0, sampled from (a) cluster and (b) circular datasets of quantum states, for CTED, RTED,

and RUCD. Lines and shaded areas represent the mean and standard deviation over twenty trials.

In Fig. 3, we illustrate the variation in MMD and 1-Wasserstein distances between the generated
ensemble S̃ ′

k and the true ensemble S ′
0 for the backward process across the CTED, RTED, and RUCD.

For the forward processes, we compute the distance between the diffused ensemble and the true
ensemble S ′

0. At k = 0, the backward processes of all methods yield comparable distances to the true
ensemble, with CTED and RTED exhibiting greater implementation efficiency. The forward diffusion
behaviors of CTED and RTED diverge from that of RUCD, whereas their backward processes more
closely align with their respective forward dynamics compared to RUCD. This discrepancy likely
stems from the design of the backward, which resembles a projected ensemble scheme.

5 Summary

We have proposed a quantum diffusion model with two schemes, CTED and RTED, using chaotic
Hamiltonian evolution. These schemes match RUCD’s accuracy in learning quantum data distribu-
tions while eliminating its complex spatio-temporal control, making them ideal for analog quantum
systems. Future work will optimize forward chaotic dynamics for better backward process trainability,
develop efficient loss functions, dequantize to resolve variational parameter training bottlenecks, and
design conditioned generative diffusion models for applications like molecular data generation.
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